5.73 Lecture 39 39 -1
One Dimensional Lattice: Weak Coupling Limit
See Baym “Lectures on Quantum Mechanics” pages 237-241.

Each atom in lattice represented as a 1-D V(x) that could bind an unspecified number of
electronic states.

Lattice could consist of two or more different types of atoms.
Periodic structure: repeated for each “unit cell”, of length /.

Consider a finite lattice (N atoms) but impose periodic (head-to-tail) boundary condition.

L=Nv¢

Each unit cell, eq:

V.(x) i-th unit cell
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This is an infinitely repeated finite interval: Fourier Series

V(x)= i A

Nn=-—co

21 : :
K= " “reciprocal lattice vector”
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5.73 Lecture 39 39-2

V,, is the (possibly complex) Fourier coefficient of the part of V(x) that looks like a
free particle state with wave-vector Kn (momentum 7#Kn). Note that Kn is larger
than the largest k (shortest A) free particle state that can be supported by a lattice
of spacing /.

27

Kn=n— , first Brillouin Zone for k

~|a

<k<X
’

We will see that the lattice is able to exchange momentum in quanta of 7nK with the
free particle. In 3-D, Kis a vector.

To solve for the effect of V(x) on a free particle, we use perturbation theory.

1. Define basis set.
p2 hZ d2
2m  2mdx’
V@ = constant
in) — L—I/ZCikx

hk?

E© =
) 2m

H(O) —

2, :Hmzzji iy
L oy . .
Matrix elements: H{) = JO dx[L e ™ Y ey L% ™ ]

1 L : v
Hg’)k — _J- dxz elx(k+Kn k )V
L Jo - "

n

integral = Oifk +Kn—-k’#0
~k"=k+Kn

1
Hg)k = ELZ Vnsk',k+Kn = Z Vnsk',k+Kn
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Must be careful about H(), (relative to H() )

H%z, _ %J‘LdXE eix(—k+Kn+k’)\/n — Z Vnsk',k—Kn

0
. . . n
but Hermitian H requires H{,, = H{"}

2 Vn6k|’k_Kn = 2 V:Sk',kJrKn

true if V, = V__

So now that we have the matrix elements of H® and H®, the problem is essentially
solved. All that remains is to plug into perturbation theory and arrange the results.

n

3. Solve for ¥, =y +y

wg{O) — L—1/261kx

1) Lik’x ik’x
@O _ L—1/2 2, Hkk'e _ L—1/2 2, \]nak',k—Kne
Vi = " BEO_EO n EO_gO
k k’ k k—Kn
0 P Vnei(k—Kn)x
v, =L""X
k n E(O) _ E(O)
k k—Kn

(X’ means k’ #k)

, V::e—i(k—Kn)x
(0) (0)
Ek _Ek—Kn

Wi{l)* — L—1/2 Z
n

*
V. =V__
—i(k—Kn)x —i(k+Kn)x
ay _y-12y’ V_.e 12y \A
Yy = " E(O) _ E(O) - a E(O) _ E(O)
k k—Kn k k+Kn

But n is just a dummy index, so replace —n by n.
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5.73 Lecture 39 39-4
4. Usewy, and y, to compute E, =E” +E{" + E*.

Rather than use the usual formula for E®@, go back to the A* formulation of
perturbation theory.

= VE{ + NE{ + NVEY = (w WH + YH y )

Retain terms only through A2

1 L . , V —i(k+Kn)x h2 d2 _
== [Tdx|e ™+ A | - A DV, e
L " EV_E® | 2mdx’ m

, V e1(k—Kn )X

1kx
+ A 2
(0) (0)
E.'—E .

1| n h’k> S x|
EY =) —{——(—kz)L} =N — {recall d—zelkX = k%™
X

1 . . . h? 42
EO =2 =] dxe ™) e®™y ¢® 42 terms involvin (———)
=1 | % m S 2mdx?

1st term, only m = 0 term in sum gives nonzero integral.
2nd terms, need n or n” = 0 term from sum, but these are excluded by X’.

E = N LV =NV,
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5.73 Lecture 39 39-5

oy eik—Kn)x

(2) _ 2 —ikx iKmx
E} 7» jdxe Z V. e Z' =0 5O
k k—Kn’

m=—oo n’=—co

V. o~ i(k+Kn)x

iKm | ikx
+jan¢o EO_ED ZVme e

k+Kn m

Ist term 0=-k+Km+k—-Kn’, requiresm = n’
2nd term 0=-k—-Kn+Km+k, requiresm = n
\%& , V?
E\¥ = k{ dXZ = +|dx X o }
e er e e Eoem
EX =2\ f Vo

(0) (0)
m=—e By — Bik,

Combine terms for n and —n and sum 2

n=I1

n’ h’K
EY ~Ejly, = [k’ ~ (k£Kny’| = &

[Kn + 2k]
2m

1 . 1 _4m_ 1
BB, EU-E, B Kni-dk

8m < A
B =0 & ow i

n=1
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But there are many zeroes in this denominator as n goes 0 — co.

Must use degenerate perturbation theory for each small denominator.

E

Recall [ «
v

E, =

) 1/2
N — SE, = E +Ey i{(—Ek _Ek'j +V2}
E, B 2 2
Kk +V +8—m > vy
2m  °  A* & Kn® -4k’
K 2
zeroes at k = +—n— +—Tc = +ﬂ exceptn =0
2 21 |

at k = 0, there are no nearby zeroes

dE hk

kb = (minimum atk = 0)
dk l,., m
d’E, h .

] =— (positive curvature)
dk” lx=o

just like free particle!

Atk = iz, there are zeroes in denominator, so there is a gap in energy of

2V, atk = s
2

2|V,| atk = +K
nK

What does this look like?
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hZ
E=V,+ (—)kz
2m

look at text Baym page 240.
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But we want to shift each of the segments by integer times K to left or right

-K K
so that they all fit within the > <k< > “first Brillouin Zone”.

E

-K/2 K/2

k diagram. Curvature gives m,

3—-D k -diagram — much more information. Tells where to find allowed

transitions as function of 3- D K vector in reciprocal lattice of lattice vector K.

Scattering of free particle off lattice. Conservation of momentum in the sense

— — —

k K.

final — kinilial =
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