The fundamental theorems of calculus.

Here are the two basic theorems relating integrals and
derivatives. You should know the proofs of these theorems.
First, we need to discuss "one-sided” derivatives.

If a function 1is defined on an interval [a,b], we

know what it means for £f to be continuous on [a,b].

It means that £ 1is continuous in the ordinary sense at

each point of the open interval (a,b), and that f satisfies
the appropriate version of one;sided continuity at each

of the end points a and b. .

What shall it mean for f to be differentiable on

fa,b]? It will mean that f 1is differentiable in the
ordinary sense at each point of (a,b), and that the appropriate
one-sided derivatives of f exist at the end points. More
gspecifically, the one-sided derivative of £ . at a 1is

the one-sided limit

f{a+h) - f(a)
h - 0+ h

fr{a) = 1lim
Similarly , the one-sided derivative of £ at Db 1is the
one-sided 1limit

f{a+h) - f(a)
—» 0~ h *

£'(b) = 11mh

Of course, if it happens that f 1is defined and differentiable
in some open interval that contains [a,b], then it is

automatically true that f 1is differentiable on f[a,b],



in the sense just defined. This is the situation that usually

occurs in practice.

Now we prove a lemma:

Lemma 1. Suppose f 1is integrable on the closed interval

having ¢ and d as end points and that |[f(x)| < M on this

interval. Then

a .
g[ £] < M|a - c].
C

Proof. Assume first that ¢ < d. Now

-M< £f(x) <M

for all x in [c,d]. The comparison theorem for integrals

talls us that
d
-M(d~c) < L f < M(d-c).

Oon the other hand, if 4 < ¢, the comparison theorem

tells us that
c
-M(c=-d) < L f < M(c-d).

d
In either case, we conclude that IL £f] <Mld-c|. O



Theorem 2. Suppose f is integrable on [a,b]. Let

be a point of [a,b]. Let

X
A(x) = [ f(t) dt
(o4

for x in [a,b]. Then A(x) is continuous on [a,b].
Proof. Throughout this proof, let h denote a number

such that h # 0 and xd +h is in [a,b]. This means that

j%*- —3 y h is small, and that h
0
X, Kotk E*Elf —3 is positive if Xg = a,
— —3 and h 1is negative if
X+ A C 7 5
x.f!. X, xO = Bb.

We know f 1is bounded on [a,b]; choose M so that

|£(x)| <M for x in [a,b]. Then we compute

_ xo+h X,
A(x,.+h) - A(x.) = [ £ - j £
0 0 c c
x0+h
- f £(x) dx.
X0

By the preceding lemma, we have
xo+h
|A(xg+h)-A(xg) | = |j £(x) dx| < M|n].
X
0
We use this inequality to show that A(x) is continuous at

Given € >0, let § = e/M. Then if |h| <'§, the above

inequality shows that



|A(xy+h) - A(xg) | < M|h| < M(e/M) = e. O

Theorem 3. (First fundamental theorem of calculus.)

Let f be integrable on [a,bl; let ¢ be a point of [a,b].

Let

X
A(x) = f f(t) dt.
c

If f is continuous at the point x, of [a,b]l, then At (x4)

e

exists and A'(xo) = f(xo).

Proof. Let h be as in the preceding proof. As before,
we compute

‘x0+h
A(x0+h) - A(XO) = [ f(t) dt.
%0

Now since f(xo) is a constant, we have the equation

x0+h

-f(x0)°h = I f(xo) dt.
*0

Subtracting and using linearity, we see that

Alxg*h) = A(xg) L Xgth
(*) h - f(xo) = ‘H [ (f(t)-f(xo))dt‘
h b4

0




Ul

K.

To prove that - A'(xo) exists and equals f(xo) is equivalent

to showing that

A(x0+h) - A(xo)
lim B = f(xo).
h->0
(The limit is a one-sided limit if X5 edquals a or b).

To prove this statement, it suffices to show that the right side

of (*) approaches zero.
We use the continuity of f at Xy Given ¢ > o,
choose § > 0 so that

[£(x) - f(xo)l < g

whenever ]x-xol <6 and x is in [a,b]. Then if 0 < [h| < s,

the inequality
[£(x) - f(xo)l <e

holds for all x in the interval having end points Xq and

Xg + h. It follows from the preceding lemma that
' o*h .
LL. (£(x) - f(XO))dx, < ¢|h].
0

We conclude that for 0 < |n] < g,

R - f(xo), < g,

as desired. O



Theorem 4. (Second fundamental theorem of calculus.)

Suppose P(x) 1is defined on [a,b] and that P'(x) exists

and is continuous on [a,bl. Let c be a point of [a,b].

Then for all x in [a.,b],

xX
J pr(t)dt = P(x) - P(c)-
(o

Proof. Since P'(x) is continuous on [a,bl, it is

integrable. Furthermore, if

A(x) P',

i
Q%

then by the first fundamental theorem, A' (x) exists and
equals P'(x). We conclude that the function P(x) - A(x)
is continuous on f[a,b] (in fact, differentiable on [a,b])
and that its derivative vanishes on [a,bj.

It follows from the mean-value theorem (see p. 187 of

the text) that P(x) - A(x) is constant on {fa,b]. Let

- P(x) - A(x) = K
fér all x iﬁ [a,b]. Setting X = ¢, we see that
P(c) - 0 = K.
Therefore,

A(x) = P(x) - K = P(x) - P(c),
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Definition. If f£(x) is a function defined on fa,b],

a primitive of f is a function P(x) defined on [a,b] such

that P'(x) = f£(x). (Such a function P does not always exist,

of course.) We also call P(x) an antiderivative of f, and we

write
] fi{x) dx = P(x) + cC.

The second fundamental theorem says that if f is
continuous, one can compute IZ f provided one can find a
primitive P of £; for then [P £=p(b) - p(a).

Remark. These two theorems may be summarized as

follows:
a (¥
(1) = j £ = £(x) if f 4is continuous at x.
c =13
*4a ap
(2) L: dx P = P(x) - P(c) if dx 1S continuous

on the interwval having end points ¢ and x.

These theorems say, in essence, that integration and differenti-
ation are inverse operations. But in each case, there is a

continuity requirement that the integrand must satisfy in order

for the theorem to hold.

Corollary 5. Let r be a rational constant with r # -1.

If a and b are positive real numbers, then

b r+l r+l
r . b - a
L X" dx = r+1 :
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. ;

Proof. Let P(x) = xF l/(r+l) for all x > 0. Then we

lhave shown (see notes I) that P'(x) = <t for all x > 0. Since
. r ' .

the function x 1s continuous for all x > 0, it is continuous

on [a,b], so the second fundamental theorem applies to give our

formula. - O

Exercises

1. If b > 0, show that

b
J {(t] @& = Y4[p] (20 - [b] -1).
o .
n b
[Hint: Let n = [b]. Evaluate J (t] dt and J (t] dt.]
0 n

X
2. Let A(x) = [ [t] dt.
0

(a) Use the first fundamental theorem of calculus to show
that A'(x) = [x] when x is not an integer, and that A'(x)

does not exist when x 1s an integer. See the figure on p. 127
of Apostol.
(b) Use the formula of Exercise 1 to verify the same

result.

3. Use the chain rule to evaluate:

2 2
@ 2 r‘ at__ o 4 [1 a - r‘ at__
dx 1 l+t5 ' dx x3’ 1+1:5 dx x3 1+t5

4. Suppose F(t) is continuous for a < t < b. Let

x .
A(x) = [ F(t) dt

a

for x in [a,bl.



(a) Suppose g(u) is a function whose values lie in

the interval [a,b], with g differentiable. Consider the
function
g (u)
B(u) = A(g(u)) = f F(t) dt.
a

Use the chain rule to show that

B'(u) = F(g(u))g' (u).

We express this fact in words as follows: The derivative of

g(u) :
j F(t) dt

a

with respect to u equals the integrand, evaluated at the upper

limit, times the derivative of the upper limit.

(b) If g(u) and h(u) are two functions whose values
lie in [a,b], and if g and h are differentiable, derive a

formula for the derivative with respect to u of

g(u)
f F(t) dt.

h (u)

[Hint: Write



[a,b]. Let

5. Suppose £ 1is integrable on
X
A(x) = J £(t) dt
- “‘a

for x in [a,b]. Let Xg be a

(a) If £ 1is continuous

the function A(x)?
is continuous

(b) I£f £

about A(x)?

If £ 1is continuous

(c)
can you say about A(x)? [Hint:
fundamental theorem.]
exists on

(d) If £

A(x)?

{a,b]

point of (a,b).

at Xy what can you say about

on [a,b], what can you say

from the right at x what

0’
Examine the proof of the first

what can you say about

Justify your answers, using the theorems we have proved.



MIT OpenCourseWare
http://ocw.mit.edu

18.014 Calculus with Theory
Fall 2010

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


