2.032 Dymamics

Proble 1 Fall 2

iidaaid Fractice Froblems No. 2 004

.
(0.) 2ey coordinate system noves with O.
N A
ol eyt. = "P %2 f
Q/Uock: "f 52
3 6
No slif between the le[fndcr and, \ x

) | A .
the floor : T7777777777777
.oA
v S 4y & Ro+ %) &+ 3 &
~c = 1’0+ xC~7L+3c~3 = ( ?-'. C)sz‘ryc”y

No sllP betweern, the block and the gyl«."mlcr—'

'yB/CJL - Z)B /Alock

'yBIC_«;[. = Yot 6’)Ic_yl.x 08 = Rf —é\z + (‘f’gz) X (Rsi"e é\z + RCosOé‘j)

= Reg (1+cose) e, - Re s;neé‘j

Vel = Yot @l x @ = (RprAR)A ¢ 8y 4 (-98, ) [(R’sé’na_zc :,
+(RCose_yc)§JJ

= (R + 2 4 RS caso - by ) &, + (Y - RO Sinb 4 6% ) g,

R‘ip Cose = %, + R6 Cosg - 8y, Sing %, + Cossjc -8Y,.5me + 8% Cosg = 0

~RP Sim@ =y, - RG Sin0 + 62, R(p-8) = Cos@ %, ~ Simo 3_ - 8Cos0 Yy, -6% Simg

{j‘é—(Si’ne x. ¢+ Coso yc) =0

g [0 g [eome 2o

\‘.



Problem |

2//,
(a.) Sin6 %, + Cosey = Const. = R H (at 6=0 % =0 =R H
— - e .- = +-z_ =0 > =%, 3, ‘1'3-)
Cos® %, _s,:,,,g_-ycz R(?_e)
%, = R(?-e) Cos6 + (R4 .Z.'i) Sin@
= (R+ zﬁ.) Cos® - R(?_O) Sim@
(b)
Jkl = & fz =0 Cmnfle‘te Set of imdcfenalcﬂt _9c—ncra,&.}eal coord imates
- - 2 ,2
Mass of the block = m Iélocé = l_‘z.vn<H +L)
T=1 !
MY Y + Tryl Loyl Doyt + T M Ve Ve t ‘-Iuock ~l=lacl< '*’Lloc/:
TR 2, .2 L :
T=gMRE) + L (£M)F + £m [(rpr3) s 30 ] + £ [hm(n2D)]6°
0
V= ™Y, + Mg)f{: 'mgjc
2.2 2 ..,
T = _}MR? + ?’m[R? + R (79 9) 6 + R (? 6) + (R.,. H) 6% - 2R 9?(?_9)5,;,,9
' 2.2 . . . .
+ 2R°p" Cose + RH p6 Coso 4 ZR(r—G)(Rf 3"!.) 9J+;’;‘”’(H2+L2) 62
V= mg [(ng_) Cosa — R(p-0) Sl’mO]/
Z =T-
2oz 3rfp v [ 1 2K (5-0) - 26 (p-0) 6 Sima + 26 (25) Coso + KNG Cus0 120 (rs 4)5]
2

— __.;L’. {ZRO (? 9) ZR Br SmG] + ‘ng 5m@
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Problem ]

(b)

% = _"ZZ'_ [2;22(?»—9)26' - 2R2(73-é) + 2(R+ _2'!.)245 - ZRZ?Q (?-e) Sin6 + RHP Cosg

+ 2R (p-28) (R+ H)] + J(H40)0

2 2.2 2, - 2. . _. 2: . 2.2 _,
72‘ = %[24( e (a-cr) - 2R%6@ P Cos6 2R 6p Simb ¢ 2R6p 6 Cosb - 2R " Sing
_RH?;G' SL'-nO] + Mg (Rf Lz"_) Sim8 4+ —nyR?Cose - ‘m_9R6 Los 9 - mgR Sing

T 2]
S f 2 2 2 . 2 ) mRH Cos & / o
(P ! [?MR + 2mR (/+ Cosa)] 79 + [-mR<<P_9) Sind ¢ > oS 1-) L]
d o = ijSi‘nG =0
2 2 2 . . "
fo: [R(3-0Tr M) I8 1 [R(p)sin 4 2H (ceror)) |
§ oo — m_q_;‘_sa-ne + MgR cose (6-¢) =0 '
Qovermimg E?Mtions of Motion
Note that missing terms do mot /olcfy a role in the f;ﬂwifg Lincar Sta.&'&'ty amészs.
()
8 and P are mon- 'gmrable coordimates. =3 eiwﬁldériu.m position ; i ;s
s

5P => -mgRSin8=0 —e 6.,=0 f;;ﬁ

- Se _ _mj_zi Si'nes + ‘h'ljk Cosss (65—?5) =0 ——— TS =0

E}wﬁ/«férium position  Os= @ =0




-PI’ 01)16‘)'" ]

©
0= s+ Eg(t) = E5 ()

? :?s + ET(t) = ST(t)

86 = (4—-»;&2-;- ziMRz) é;r + MRH £, - mgRE; =0

2
S = (-mg_f-m_) £, + MRH S? + mj(k-w)s - MR Ep = 0

R (IMt4m) ™RH o [’ 0 -mgR &p { o}
.'- =
mRH _*!_2.,. ._f Eg -m9R - mg(R-4) £ 0

_wZRz(_z’iM.'. 4‘m) -mR (g.rqu)' ‘ x} {0}
o

—'mR(_g.,.cozH) +mj(k H) uvn(“z Lz E

2,2 /3 ,
-~ R - M m —mR H
Non-trivial soldtion : (2 +4 ) (91-“ /) .
2

-WR(S-,-NZH) ‘Mj(k-} H)-a‘m(” I-

P

= [ L))o s [argr T Mg 2 Mrg]e® ~5%-0

This e:}uat:.'ow has a negative  root :ér c.,z. . \ /

So P08 =0 s umstable . \ ~9%
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Froblem

Note that in the limiting case of M —wee, the problem turns imto the rolling
“m

block on a Fixed c_-_:/&:—nalcr. In that case, we get

° o °

(20 £)+ 4 2(FD] s [y + 39 -F09] "= 35 =0

(Fr£)et e s (n2) =

2 _ _.4._3._3 (ZR—H) ;=0 is stable for H<2R ,
2 2
_'2"_ + -!'8_ 6520 s unstable Sfor H>2r ,

X% Another way +o f&nal t/\g location of the center of mass C of the uocé (’(’c)yc)

I"_‘/ Stu.d_'_yi'n_q the ﬁcmgtf_'y of motion : P

To ama.tyz: the Llock

rol[fazj constraint, asSsume
the block (s _glu.ecl to the

cy[i‘nalcr alu.n.'n_q rotation

?7 and then rolls back - e “
Ry

to locatiom 6.

Let roll-back angle be o (x:?-e)- The absolute rotation of the block is through angle 6.

Location of cemnter of wmass of the block : (No slip between the block amd the cylimdler

yiclols cc'z Rx = R(?- G)) {zc = (R*?H) Sime + R(?'e) Coso

Y, = (R-,- Zi) Cos;e - R (?-9) Sing



Frob lem 2

%y 2

Asswme

/wi'n‘t masses.

rotates about

27 Cos® e
~Z

A"

z with n.

are

small disk B and slider ¢

Ac =
~— -
d PP
YV o= = = 2TSs
~C dtic f“naegz
d
Y =-——A8 = & A
8 dt ~ “ag* 2
- A - N A A
9/38— _Géx-i--n-gz QB— sim6 53.,. Lcoso [
A . .
Y, = (_ee +.n_c)x(—{’smee + L Cos 6 e) = _9'{51'.1;65:\2.,.6’(6056?3—-"_{5&4:99;‘
T2 Loy | . 2,2 2263 L (422 sin%0 6
Zvn‘BBPB"_-{’vnl)c.llc_ .2_’”0 (9{ +.ﬂ_{5m9)+7m 4.{5::»66)

2
V = mgyc + ”:7:18 + %k(z{_Z{Cose)

L =T-

o1

s

3mg T Cos@ ¢+ zk—fz(l- cose)z

v

2, 2. 2 2,2 2.
.;l_ (‘m‘( 0 + 4.—;,,‘[ 9 sa-ne) - mT S5in6 Coso - 4.—mf 62511»6 Cosg - 3-m_9f$i-ne
t

+ 4./<—(’2(I_casa) Sin@ = 0

S—tea.ol_—y motion 6 =6g

now - ignorable =




Problem 2

W

[—'rn _n_z—t’ZCosas - 3,,,_3{ + 4k-(2 (/- cosas)] Sin@s =0

@ Simes = 0 —_ 6,=0 <o< 65<%)

2
Cost = 4kt~ 3mg” _ Cos (4—/<{-3"’9 )/

gkt mate? 4kt om e

possible a'nt_.l 74 0< _i'_lfi‘_glﬂ_

4k-€+’"\ "( < >

e N

Stability of 6,

Hold -n  cComstant awnd s“ff‘_’y z, as needed .
= es + E(t)

2. 2 . 2 2.2 2 ) 22 2
So =3 me £ + 4mt Si’hzes 3 —m-QZ{,aS[T{SCOSGS ~mANLE Cosb. € Mt Simeg
/

g

_375%”’&:1 8; - 3mgL CosOgs 4 M{y{ses) Sin0s + 4/:-( Sin20g &

+ 4k—t’ Cos 65 (I-Cos@s) € =0

O(l) terms cancel. { [-’m-n.z'(ZCosas - 371'_'9{+ 4&-(2(/- Coses)] Sim O .-_0}

—

2\ . 2,2, 2 2 2.2 2 2
mL (I./- 4 Sin 65) € .,.[-m-n.-(’ (Sun - Cases) - 3-m_9f Cos0c 4 4k€ (Sm 8¢ — Cos 85) ¥ 4{ Coses]€ =0

@  mt' iy (ma g e -

=0 — 6,20 is unstable .

2 . 2 2 2_,
mt (l,« 4351,295) £ 4 (—m.n.z-t’ Sin s + 4k€ Sinl8s)E =0
—— g + ( JL + 4 /'m

)St'n 8 £
I+4—Svn€

95 = Cos., ________~4'k{?3m-9‘
4k—£’+'m_n.2{

1

is Stable.

exists oﬂnfy of /<> —3%’2
-~
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Froblem 3

xy3 coordinate system rotales with oL

about 2.

"

[1], =

I3 o o 0 o o I © . 0
[I]o/, - 4 0] + ™ L o = L +mL 0
L 2 I”.-le
I o o
I -
[ ]olz Ilf"""'Lz 0
2
I,-f-4.1hl.
m
I3 A
QI‘= o é\ = ‘.II’ sz?"' .J'L(-Cosaé\zf S&negj) = (‘f;—-ﬂ-COSO) Q"-f-JLSénOé\
» ~ N v A A . .Y . A . -
= = s - s, = - € ns
e’z_ l’lzsx.'._n_sz (’é e+ < °s8 & Sin@ s__y) (l,lz ose)~ + ""99_-,
—
-n

absolute Spin about z)

( Note that, in this Rroucm, N is

. H = I3 ° ) o ) I3 ) o - ,
~a = I, ymL o , L Sine + I,+4-rnL2 ° N.Sim@ } = (21;meL).n.s",,9 ‘é‘J
I 4L o 1',+4:mL2 0
2 2 | required o
= JLSLMO(ZI,.'-S‘ML) . §'_‘j = — 1L Sim@ Cos @ (21',+5‘an2)§ 2 ed rque
dt } to maintain
the Precession

T, = 24,
—~

ne_ , o Cose &
~zx§3 = - 4L Coseo 53



Problem 4

z&% WIIPII?7] LLL2Ldll.

\ L—A [-»

2 2 __'\ 92\ 63\
T = _2’..'110 ({é’) + % (2'm) ('{92) 4 i\ < \\ 4 \\ 5
[ . 2 \ b \
-+ - ™ ('{ 93) & b & NOVUID X b
. m k 2m k m

For 6, €, and 65 s-,,,all,) /:atcmt[a.l emergy correct to gu.adra-tic terms in 8, 6,, o ¢

2 2 2 2 2 f 2 2
V = 'rn_9§9/ + 21?13:2..{;. 92 + 7)7_9—_2-(; 93 + .?.i.kz’ (92-93) + ?kf (93—92)

L =T-V
59, m 0 0 8, m3 Lk ~ k ) 8
? 2| T 3,2k k =
38, - o 2m 0 6, p + ¢ -k z—= - 8, = {0
§83: 0 0 m 83 K 79 Lk 63 0
‘
— 2 m o . 0 z’_fg,'.k
(M]=T |6 2m o 5 (k]=7 -k
0 ] m 0
For a single pcna[ulwm (e Smu) :
2 .
..-._‘-i—ﬂ ﬁo= [I]oe =191'¢'9§X

2\ A
z,= - (mgfe+ k€ 6) 2,



PYOLLCW 4‘ 19
= é+(—_§*+-7§-)9=0 —— c.sz-

and f there is mo S/”':’_"j" Q2=_-.;i_ o\ 7

So it is easy to quess two of the modes :

!
- 2.9

In  this wmode, Springs do mot Come into play and pendulums  oscillate

/"r'cgucnc_y &t = l/-t:”:' .

with,

I
FLofo] ek

In  this

mode ; Mmass 2m s statimm.r_—y and outer masses a.lwa.:ys move n opposite

directions.

To  Find the third mode :

/
e { A \/4 ' \
! \
Using ortho jonali-tj of mede Slzafes : o T s
m

a3, [m]{a}, = 0
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Problem 5

Free le'nij. o){ the Sfrl:ﬂjS: £

(-3

Lc'njt‘h orf ‘lLAc Sffim_gs at static

c;uiliérl:u.m 4

At  static cgzu:/iériu.'m:

Fxcl Fer(et)

Fa.D. mg = 2FCos30” = V3F =5 k(Z-T)
™9
Lo Zon
4f’::. l/(‘:zé'fx)z"' (_g__S—{-B)Z \ . / y"{
3

P
I
|
f
2 2
(£ (£ N

V= mgy+ K [{z‘f- R T (t+t)+ ‘f’,z]

i:T-—V = - —

\N



Pro l)Lc‘m 5

)

gi‘: -rnx+f<(2z-1' _:: :‘f -

27

F- G G ()T
T () [(E (B0 ]

-af, - (V'-{_-y)[(-(”‘) (E{—j)]-?'
% - (L) [(Z-9+ (L)) 2

%, y are small and ome can approximate the clerivatives using Taylor series expansion:

4
Fa,b)= (@44°) *

!
_ 2 2.7 £
J[(a’.,..da., A,.,.AL) = ((a.,,,Aa.) + <A°+AI>) ] /(a 1,) + 7/4:4’A4 + ‘:;_Zfada, ab
2 -+ 2 2-3 2 ,-Z b<k. b=4.
= (GrE) T ca () Tea - n () T u
, -lop -2

T (F) [ By ) bt B2

(a:_;_f_, b= E‘f) Aa =2 , AL=_J)
- V3
:: -(—Zi—f—é-—_;‘- -+ 'f"_g——%) (a_ =§; é°= _‘/‘3‘—1‘, La =-2x, AA:.J)
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(Note that mg-VFk(£-L)=0 in 5y )

e MI+ (K] <0 = “f = (2‘“23‘?);/5 g {“}: - {c:}




