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~ Sinusoidal Waves: I 
\Vave equation: f (z , I) = liens [k (z - vO + 8] 

= ,lms I"" - wi + I I 

11 = {~: = phase velocity 

0..' = angular frequency = 2r:u 

1/ = frequency 

8 = phase (or phase com;tant) 

k = wave number 

A= 2x / k = wavelength 

T = 2x / '-'-' = period 

Ii = amplitude. 

(Pj 1 (Pj 
----=0 . .)".) .) ')1 '( z- 11- ( 

General solution to wave equation: 

f (z , l) = f.::, A(k) (,eke . "-it) dk , 

where 0..)k = 11,11 = wave speed = phase velocity. 
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Complex amplitude 

+, −, ∙, ⁄, √….  
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General solution to wave equation: 

f(z, I) = i.::, A(k) c,(ke ·",t) dk , 

where :..'fk = 11,11 = wave speed = pha.se velocity. 

d:..' 
",-·\h, .. ,>')-~ ",-·,h,O ..('.)+ dk '>')'>' \ho[} \h' - ho[) >.)+ ••• 

d:..' d:..' 
=:..,(ko)-k +kdk odk + .... 

f(z,l) = ol koC'l",(k ·· 1t]t i.:: dk A(k)c;kCe .1-tt ) 

'rhe integral describes a wave wllich moves with 
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Group velocity:   

Vg : velocity to convey ener   gy
 
 
Anomalous dispersion   
Vg can be Negative, zero or > c 

Vg & Vp in different directions Vp
 
Signal velocity still < c 
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Solid line: A wave packet.
Dashed line: The envelope of the wave packet. 
The envelope moves at the group velocity

Image by MIT OpenCourseWare.



Electromagnetic Plane Waves 


l'vllncwellEqllatiom; in Empty Spll{~e: 

---> a1]
vxE=-==

(}l -' 
---> 1 aE 

vxB=~')I'c- ( .... 

where 1/e2 _ !Jnco.l'vlaniplllaLing, 

V 
---> 

x (v 
---> 

x E) 
---> 

= V 
---> 

(v 
---> 

. E) 
---> 

-
---> 

\1 E . . "-v-" 

-
=0 

1)/1
=Vx 


i}l 
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so 


This is the -wave eq ua.tion in ;~ d imem;ions . An identica l equation
holds for B: 

,"> ,.... 

v-,> _ 1 0- B 
B - , = 0 

c" - ('JI ' " -
(1 7 ) 
• ,

where - Eo .is a C011lpJex aUlpli !',ll<ie, it IS a unit, vee t,or, 
:..:.=llkl = Vp h ase = (:. Ttwn 

.., - Z-" - " k' .... Z" ,,, 'C t: " - '-~t,lV • ~. - U t • ~'O (: , \ 

SO we reqmre 

(tirarL'we,rse wave) . 
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IEnergy and Momentum: I 
:Energy defL';it,y: 

- -
1 [ -.,., 1 

u = " £,,11'1- + - IBI-.,] 

- /-10 

'rho E and B eont,ributiions are eqmti. 

- , 1;:2 (.(~.2('.., _ ' .. 
- ..{I . 0 . A-:> \"' ''' _ 

I 
" , . 

+ 
C') 
':) (;: \1\. -- ",. •. '" ;)

v 
,

averages t,o 1/2 

--0 1 ____ 
S = - E x LJ = 11(: z

1'0 

PEM = ~>.§ = 1i i
{:- e 

I (inl,eTLqil,y ) = (lSI) = ~ ([) E1. . 
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REVIEW-MW-EQ-WAVE--SOL-S 


In material n 


Momentum flux =
 
DxB (c/n)=S/(c/n) 
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Given E  

find B, S, intensity and power 


Given B?
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Potentials 
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Coulomb Gauge; 1~ . A=::0 ·1 (12) 

;} ... a ---# ---# 1 ",;} \. .. 1V-\I + -,.(V· A) =:: --(1 v- 1 =:: --(1 . 
dl . . £0 £0 

V is easy
---# 

., to .find.
/ 

but A is hard. V responds ilLSt 
---# 
anta

neolLs.ly to changes in (1~ but \I is not Ineasnrahle. E~ and 
IJ 

---# 

receive in!{)rntation only at the speed of light. 

---# ---# 1 a v 
Lorentz Gauge; v· A =:: ---':} ~).! . (14)

c- (.: 

(15 ) 
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     A’ = A + delλ = > Δλ = - div A 
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 Boundary Conditions
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Reflections, transmission,  pressure
 

What is the pressure on each of the 
boundary? Use 
Momentum flux = DxB (c/n)=S/(c/n) 
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1
Solution to []2V -- --p 


£0 

OlVlethod: Guess a solution and then show that it works. 

\Ve know that 

/ ;} , - ,-.- 1 (.J (-F,.I /-) 

V ~ I (,--:! -- _ 1 :J,.I \, , :;;;;;; - - (1 -----=i.......
 J ~ -
~- \ \,' J) - _ d J I--:! --:!I I .

f.o 41rf.o " -'I 

\Ve try the ~ss 

where 


11' :;;;;;; I _ 1-( - -1/1 :;;;;;; ret.arded Linie. 
(: 

16



Gauge
invariant?

To differentiate, 
use change of 
variables 
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Coulomb Gauge~ 1t7 . A ;:;;:;; 0 .1 (12) 

') ... a -7 -7 1 ~') \.. 1Y- \! + -,.(y. ;1) ;:;;:;; --p v ..... ar I == -----p . (1 i)). . LO LO 

V .is easv., to .find.
/ 

but 
-7 

;! .is hard. V responds .i w;;tanta
rwolLs.ly 1,0 changes .in p~ but V .is not nwasllrab.le. 

-7 

E~ and 
11 
-7 

receive .inl{}rnlat..ion only at the speed of light.. 

-7 -7 1 a\I
Lorentz Gauge~ y.;!;:;;:;; --

(:'2 ar . (14)

') \... 1 i:j'2 V 1 
V/ / - / ~ - - ,. -(:- ar-

- --0')
') ') ,. . (15)

LO 

18

http:nwasllrab.le
http:rwolLs.ly


 

 

Retarded A Lorenz Gauge invariant? 

tr= t - r/c 

J(r’, tr) 
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Review-radiation-dipole-V 
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Review-radiation-dipole-V 
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Review-radiation-dipole-E-B 


Max at θ=π/2 


= power radiated by of an antenna 
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IPoynting Vector: I 

SinH) }' , ( r cos[w(t-r/c)] r, 

(Hi) 

I Intensity: I 
 vcrage the Poynting vector over 11 c

(1

" 4 
fl·ufJ5W = power radiated by of an antenna 


 12r.c 

A omplete cycle: (cos2
) = 1/2, 

7) 
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of an antenna 

I = dq / dt = q0 ω sin ωt 
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PROBLE1VI : A ROTATING ELECTRIC DIPOLE 

Griffiths P roblem 11.4 (p . 50). 

A rotating I ctrIc dipole can b ,hough , of as t h superposi ion of two o.scillating 
dipo[ s on along ,he ,x axis a nd ,h ot.h r along t.he y axi (Fig. 11.7) \vit.h he 

o ,at r ou of phase by 9D : 

p = po[cos(wt) X+ sin(wt) Y1 . 
U ing t.he principIe of superposit ion and Eq . (11.1 ) and (11.19) (p r haps In t he 
form ugg st d by Pmb. 11.2) find t.h fi Ids of a 1'0 ating dipol . Also find h 
Poyn ing vee or and th int nsity of t h radiation . k ch t.h intensity profil a 
a function of ,he po ar anglO, and calcuIa , he ot.aI power radiat d. Do he 
answer s m rensonab ? (Not that pow r b ing quadmtic in he fi Ids does not 
a ,isfy t.h sup rpos] ion principl . In ,his ins , fine , how , er , i eems to. Can J ou 

account. for t his.) 

}' 

p 

Figure U.7 


-" 
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Max at θ=π/2 

M1/E1 ~ c po/m0
  
 ~v/c << 1 


L-C radiator 
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~onsidCl' an arhitr ary timc-dependent 
charge d.L~ tr.ibuLioll per, l-) , TheIl 

.-t"r,( (- ) = 
4r.

E xpand l /I?-
using similar 
IvI inor differcn
d <K .\ 01' cq u
Iii/ i)1 <K c/d, 

VO'

where to .1S the 

Althoup,'h this 
h ad fOl' I,he sim

, >

1 p(I", . I,,) 
("7, 
I ' (25)

f:o , jr - P'I 
r’ dτ'

y

x

?'I and t, . in powcrs ofr', 
apP1'oximations as hcfo1'(~. Image by MIT OpenCourseWare.
ce: hcre we have no w. Pn~ viou.L~ly wc assHIned that 
ivalenlly w <K c/d. H e r e we need to assume that 

with similH.l' bounds on higll.er time dC1'iva tivcs. 

 , I) '" 1 [Q + i-, P\lo) + i-, j;(lo)] , (2(»)
41i(o 'I' r - rc 

1'(:l:aHkd Lime a l: the origirL Final .result: 

br, "'(- I) . ~ 11,0 [( "" " ' 11t'-11~) " ~ I
4r.'I' (27) 

lJt" (-) ' , t:::::- 1'-0 [. 'l'Xp "I
41i'f'(; 

looks dillerent. it is n :ally the samc as whal: we 
ple ekd1'ie dipole. ehanp;inp; to vee tor notation and 
- h " ' ,

C p Iaemg -v":-po y p. 

f
rz

l'
27
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The Lienard-Wiechert Potentials 


.Finallv .., . , 

1 q
\f (7 ~ l.) ;;;;;; .. ,• 

41f£O 17 - 7 l (1 !

p - -. .~ ~i l' ....' ''-V' l ' ~i

:.-...:t ~ ; 
l

) 
C j f ' '''-Y' l' ~ i 

. . 

where 7p and vp are the position and velocity of the pn.rtide 
Si ntil ady~ starti ng with 

J ("1 ~ l) ;;;;;; qv8:J(r - -rp (l) ) 

t{}r a point partide~ we find 

--r --r 

7 (""""! , .) _ 1"0 ____-,------q_v~p________:__ _ vp 
r 

' / I""""! ,.) 
/1 \' . '. . .. - -41f 17 _ ( 1 _ ) - ;) i \ ' ~.. • 

~ I _it,; • ~ .••.~ ,; , (: - . . 
I J I e; l' ... . l' .; 

d : ~I : 
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Review-radiation-point-Q-E 


Vp << c 
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REVIEW-MW-EQS-GAUGE-SOLUTI
E-B 

ON-

=> c-v for linear 
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For Vp << c 

 

g-2 experiment to 
measure e dipole moment 
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For Vp �   c
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Charges in a given 
quantum state re
absorbs its own 
fields 

33



 Radiation Reaction Force 


The run-awa  y solution 
In the textbook  
misused the formula 

<0 
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Radiation reaction Power =? Radiated power 


 
V * da/dt = a2? 
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V * da/dt = a2  ?
 
t'rob lem 11. 17 

(aj To CO\lnl~r"d the radiation reaction (Eq, ! 1.80) , yOll must exert a force F . '" ~ 1,'0(/' ;. . 
• < 

Fer circwar m~ji"fI , r{t) = R lem(""I) " + s;n(""I) y], v (t) = r = It..; [- sin(wI) it + 003("'1) yJ; 

a(t) = v = -Illil [cos{",t} X + "in(wI) y ] = -w'r; ;. == -,.ii- = = Ifnq'W' ··. - w' v S 

, " ". 6",c . 
P ,= _··= llc'l'".,,2 F•• ~ v Thi~ 6lfC is the power yo. ",ust supply. 

1'<)'1',,2 , 
Meanwh ile, the power rodiatal is (Eq. 11.10) P, .,. == , ' and (> = ",' r2 = ",' n' '" ",'II' , so 

« 

P,od '" 
",,' 
__ W2~'. lind the two expr=ions "lin..:.. 
6.< 

(h) fo r . jm, 1.o harmowc motion, r (t) == Awsl:.tt J i ; v ", r '" - Aws in( ... ·I ) i ; "'" l/ = -/l-"'C05(wl) z = 

:he p6wcr- yOu deliver is root (lfjuaJ to the l)~wer radiated. H<)I<.~\er, ~n(e the lime O VCflJg~l of siul(:.J!) nruI 
2ws Iw!) lIre cquu. (to I'dt: 1/2), Ottl' a full eyclt the €nc!!I,Y radiated h the same as the energy input. (In the 

llmll li llie eller~y IS e~idenlly hci n ~ sklred temporarily ill the nearby 6dds_) 
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Paradox of radiation reaction force? 


V * da/dt = a2?  

??? 
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Two errors cause this paradox 


1. a =? g = constant? 

2. Wrong application of the formula 
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• Rest m = gravita  tional mass? ma = mg?
 
• ma = mg –Frad       �
• a = g [1– e-t/α]  a = g – α da/dt 

• a = 0 at t = 0!!!!       da/dt not = 0! 
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7-1 '2 
(J. df= dJ 'u d'u - ( -

- - - d/= ('Ii ' -_ d") dl 
12 

- 1' -'Ii , 'udl (:l5 ) 
, I I ,dl dl _ t, d/'2 

, t , 
y 

, 
=0 

So, (,11('rg,y cOl1s('r vatiol1 holds if 

t , 
.I I I 

, 'ud/=O, (:lO ) 

which will hold if 

-, 
Ito'r .:.. 

0. , ( :l7) 
(hie 

Free fall is NOT cyclic! The v * a terms at t1 and t2 must 
be kept to make Eq. 35 hold! 

t ' 

Derivation of Radiation Reaction Force  

[ For c,yelic IIl0ti0l1, 1\1(' 101al (,11('rg,y loss ov('r 011(' (',yel(' should Illa1ch 

1h(' (,11('rg,y loss d('scrilwd h,y 111(' L arllior forllnda. if a c,yel(' ('x1(,l1ds 

frolll 11 10 1'2 1h(,11 
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Last example: against free f  all
 
A vertica   l bouncing loop in B-field
 

w emf = -B w dy/dt –L dI/dt = IR 

F = ma = I w B – mg + Frad 

x x x x x x x
 Multiply by v

         B d/dt[1/2 mv2 + mgy +1/2 LI2   ] 

=-I2R - power radiated 
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Pset10 2c 


Since the fring  ing fields can be ignored, this implies, like most capacitors, the linear dimension 
L >> d, which is the distance between the plates, so Ampere loop integral  yields  
 
ܮʹ ܧ ሺݖ ൌ ݀Ȁʹሻ�݀ݕ Ȁʹ~   ���ǡ݀ ʹ ݕ   Ͳ െ݀Ȁʹ ܧ���ǡ �ሺݖ ൌ ܮሻ�݀ݖ�  
 

+
���ǡܧ ܮʹ  ~ Ͳݕ ቀݖ ൌ  ݀

  ʹቁ 
 �ݕ݀ 
̱�  2L * Eind,y(z=d/2)  
 
which equals d  ΦB/dt and Problem #2-C can be solved accordingly just like in the original 
version of the solution. As long as L>>d, Eind,y(z=d/2) can be shown to be constant, independent 
of y by taking many smaller loops, similar to the case of an infinite solenoi  d. 
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Pset10 2c 


Faraday’s law is independent of the charge distributions on the plates. Even if the electrons in the 
conductor will rearrange to their equilibrium configuration under the influence of the induced 
electric field to stop the current,  Using Faraday’s law we still have Eind,y  ~ dΦB/dt  /(2L+2d) ~ 
dΦB/dt /(2L). Eind  does not vanish inside the conducting plates, and Eind,y does not vanish just 
outside the plates on the horizontal surfaces. Surel  y Ey must be continuous.  
 
To further elaborate, let me define Etotal y=Eind,y   + Estatic-y   
 

Where   Estatic-y  is the static field produced by the (re-distributed) charges alon  g one plate and it will 
produce an internal force between the charges on the plate and thus will not produce an  y net 
horizontal force . Eind,y will produce a net ho  rizontal force 
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