15.093: Optimization Methods

Lecture 14: Lagrangean Methods



1 Outline

e The Lagrangean dual
e The strength of the Lagrangean dual

e Solution of the Lagrangean dual

2 The Lagrangean dual

e Consider
Zip =min cdz
st. Ax > b
Dz > d
@ integer

e X = {« integer | D > d}

e Optimizing over X can be done efficiently

2.1 Formulation

e Consider
Z(A)=min dx+ )\/(b — Awz)

st. #xe X (D)

e For fixed A, problem can be solved efficiently
o Z(A) =min—1, m (c’azi +X(b- Aazl))

e Z(A) is concave and piecewise linear

2.2 Weak Duality
If problem (D) has an optimal solution and if X > 0, then Z(X) < Z1p
e Proof: x* an optimal solution to (D).

e Then b— Ax* < 0 and, therefore,
de* + N(b— Az*) < o™ = Zip

e Since #* € X, Z(A) < c'&* + X' (b— Ax*), and thus, Z(\) < Zip
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2.3 Key problem
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e Consider the Lagrangean dual:
Zp =max  Z(A)
st. A>0
® ZD S ZIP
e We need to maximize a piecewise linear concave function
SLIDE 6
3 Strength of LD
3.1 Main Theorem
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X = {@ integer | Da > d}. Note that CH(X) is a polyhedron. Then
Zp =min =z
st. Ax>b
x € CH(X)
3.2 Example
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min 31 — 22
s.t. r1 — T2 > -1
—T1 —|— 21‘2 S 5
31‘1 —|— 21‘2 Z 3
61‘1 —|— T2 S 15
r1,22 > 0 integer



Relax 1 — x2 > —1, X involves the remaining constraints

X ={(1,0),(2,0),(1,1),(2,1),(0,2),

(1,2),(2,2),(1,3),(2,3)}.

For p > 0, we have

Z(p) = min (3l‘1—l‘2 —|—p(—1—l‘1+l‘2))

(1,22)EX

p* =5/3, and 7p = Z(5/3) = —1/3

Trp = (1/3,4/3), ZD = —1/3
wrp = (1/5,6/5), Zup = —9/5
xrp = (1,2), Z1p =1

Zip < Zn < Zip

In general, Z1p < Zp < Zip

For ¢’& = 3z, — x5, we have Z1p < Zp < Z1p.
For ¢’®& = —x1 + xo, we have Z1p < Zp = Z1p.
For ¢’ = —x1 — x5, we have Z1p = Zp = Z1p.

It is also possible: Z1p = Zp < Zip but not on this example.
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3.3 LP and LD SLIDE 14

e Z1p = 7Zp for all cost vectors ¢, if and only if

CH(X N {e | Az > b}) = CH(X) " {= | Az > b}

e We have Z1p = Zp for all cost vectors ¢, if

CH(X) = {# | Dz > d}

o If {& | Dz > d}, has integer extreme points, then CH(X) = {# | Dz >
d}, and therefore Zp = Z1p

4 Solution of LD

o Z(A) =min—1, m (c’azi +X'(b- Aazi)), le.,
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Z(A)= min (hi + fiX).

i=1,...,m

e Motivation: classical steepest ascent method for maximizing 7 ()

AT =X 4, VZ(A, t=1,2,...

e Problem: Z(A) is not differentiable



f(x*) +s' (X -x*)

Z(p)

4.1 Subgradients
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e A function f : 1" — R is concave if and only if for any x* € R", there
exists a vector s € i"™ such that
f@) < (") + 8@ — 2,
for all & € k™.
e Let f be a concave function. A vector s such that
f@) < (") + 8@ — 2,
for all ® € 1" is called a subgradient of f at x*.
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4.2 Subgradient Algorithm
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1. Choose a starting point Al let ¢t = 1.

2. Given X', choose a subgradient s’ of the function Z(-) at A’. If s' = 0,
then A’ is optimal and the algorithm terminates. Else, continue.



t p s | Z(p")
1 500 | —3 | —9.00
2 2.60 | =3 | —1.80
3 068 | 1| —1.32
4 119 | 1] —081
5 1.60 | 1| —0.40
6 192 | —2 | —0.84
7 140 | 1| —0.60
8 161 | 1] -039
9 178 | —2 | —0.56
10 || 151 ] 1| —049

3. Let X' = X' 40, s", where 0, is a positive stepsize parameter. Increment

t and go to Step 2.

3a If A>0, p§+1 = max {p§ + 6t5§';0}a

4.2.1 Step sizes

e Z(p') converges to the unconstrained maximum of Z(-), for any stepsize

sequence f; such that

> 6 =, and lim 6, = 0.
oy t— o0

e Examples 6, = 1/1

* Ht zﬁoat, 5

Zp—Z(pt

the optimal value Zp.

4.3 Example

Recall p* =5/3 = 1.66 and Zp = —1/3 = —0.33. Apply subgradient optimiza-

tion:

t=1,2

g oo

bl

v j.

ot where « satisfies 0 < o < 1, and Zp is an estimate of
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