15.093 Optimization Methods

Lecture 23: Semidefinite Optimization



2.1

Outline

. Preliminaries

SDO
Duality
SDO Modeling Power

Preliminaries

A symmetric matrix A is positive semidefinite (A » 0) if and only if

wAu >0 YuecR"

A = 0 if and only if all eigenvalues of A are nonnegative

Inner product A e B = Z Z AijBij

i=1 j=1

The trace

The trace of a matrix A is defined

n

trace(A) = Z Aj;

j=1
trace(AB) = trace(BA)
A e B = trace(A' B) = trace(B’A)
SDO
C symmetric n X n matrix
A;,i=1,...,m symmetric n X n matrices

b;, i=1,...,m scalars
Semidefinite optimization problem (SDO)
(P): min CeX

s.t. AiOX:bi i:l,...,m
X>0
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3.1 Example

n=3and m =2

1 01 0 2 8 1 2 3
A=10 3 7|, As=[2 6 0|, C=12 9 0
1 75 8§ 0 4 3 0 7

T11 T12 T13
X = T21 T22 T23
Tr31 T32 T33

(P): min 11 + 4212 + 6215 + 9292 + 7233
s.t. 11 + 2213 + 392 + 1403 + D3z = 11
4z12 + 16213 4 6292 + 4233 = 19

11 T12 T13
X =221 w22 w3 | =0
r31 T32 T33

3.2 Convexity
(P): min CeX
st. A;eX =0, i=1,....m
X >0

The feasible set is convex:

X1, X, feasible = A X1 4 (1 — \) X2 feasible, 0< A <1

N—_—— N—_——
bi bi

w(AX1+ (1 =N X2)u=Au'X1u+(1 — ) u'X2u >0
——— ——
>0 >0
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3.3 LO as SDO

LO: min cd=z

s.t. Ax =
x>0
;1 0 0 (&) 0
0 ap 0 0 e
A; = . , C=1 . .
0 0 Qin 0 0
(P): min CeX
st. A;eX =b;, i=1,....,m
Xij:(); ’L:L...,TL, j:Z+1,
X =0
X 0 0
0 i) 0
X=1. .
0O 0 ... z,
4 Duality
(D): max Zyibi
i=1
st. > yiAi+S=C
i=1
S=0
Equivalently,
(D): max Zyibi
i=1
s.t. C— Z%‘Az =0
i=1

o

Cn
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4.1 Example
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(D) max 11y; + 19y
1 0 1 0 2 8 1 2 3
0 3 7l+y(2 6 0)J+S=(2 9 0
1 7 5 8 0 4 3 0 7
§-0
(D) max 1ly; + 19y,
1—-1y1 —0y2 2—-0y1 —2y2 3 —1y1 —8y2
s.t 2—0yr —2y2 9—3y1 —6y2  0—"Ty; —Oya 0
3—1y1—8y2 0—7y1—0y2 7—5y1—4y2
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Optimal value = 13.9022
yr & 0.4847, y = 0.4511
4.2 Weak Duality
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Theorem Given a feasible solution X of (P) and a feasible solution (y, S) of
(D),

CoeX - ybi=SeX >0

i=1

IfCeX — Zyibi = 0, then X and (y, S) are each optimal solutions to (P)
i=1
and (D) and SX =0



4.3 Proof
e We must show that if S = 0 and X > 0, then Se X >0
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e Let S = PDP’ and X = QEQ’' where P, Q are orthonormal matrices
and D, E are nonnegative diagonal matrices

S e X = trace(S’' X) = trace(SX)
= trace(PDP'QEQ’)

= trace(DP'QEQ'P) = D;;(P'QEQ'P);; > 0,

j=1
since D;; > 0 and the diagonal of P'QEQ’'P must be nonnegative.
e Suppose that trace(SX) = 0. Then

> D;;(P’QEQ'P);; =0
=1
e Then, for each j=1,...,n, D;; =0 or (P’"QEQ'P);; = 0.
e The latter case implies that the j** row of P'QEQ’P is all zeros. There-
fore, DP'QEQ'P =0, and so SX = PDP'QEQ’ = 0.

4.4 Strong Duality
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e (P) or (D) might not attain their respective optima
e There might be a duality gap, unless certain regularity conditions hold

Theorem

e If there exist feasible solutions X for (P) and (¢, 8) for (D) such that
X>0,5>0

e Then, both (P) and (D) attain their optimal values z5 and 2z}

e Furthermore, zp5 = 27

5 SDO Modeling Power

5.1 Quadratically
Constrained Problems

min (A()(B + b())/(A()af + b()) — C/OQE — d()
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s.t. (AZ:B + bl)/(AlIB + bz) — C;:B —-d; <0,



5.2

(Az +b)'(Az +b) -z —d <0 &

I
(Az + b)

min t

Ax +b
=
cx+d

s.t. (Aow + bo)l(Aow + bo) — C/O:B —do—t <0

min t

Eigenvalue Problems
X: symmetric n X n matrix

Amax (X ) = largest eigenvalue of X

A0$+b0
coxr+do+t

A;x +b;

, i =0 Vi
Cc, T + a;

AM(X) > (X)) > > N\ (X) eigenvalues of X

MN(X +t-1)=\(X)+t

Theorem: Apax(X) <t < ¢t-I—X =0

Sum of k largest eigenvalues:

dNX) <t e

=1

Follows from the characterization:

k
D Xi(X) = max{X oV : trace(V) = k,0 < V < I}

i=1

t—Fk-s—trace(Z) >0
Z~0

Z—-X+sI>0
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5.3 Optimizing
Structural Dynamics

e Select x;, cross-sectional area of structure ¢, i =1,....n
o M(x)= M+, x; M;, mass matrix
o K(x) =Ko+ ), z; K;, stiffness matrix
e Structure weight w = wo + >, z;w;
e Dynamics )
M(z)d+ K(x)d=0

e d(t) vector of displacements

o di(t) = zn: aij cos(wjt — ;)

j=1
o det(K(z) — M(z)w?) =0; w; <ws <--- < wy

e Fundamental frequency: w; = AL/ (M (x), K (x))

min
e We want to bound the fundamental frequency

w1 > Q= M(x)Q* - K(x) <0

e Minimize weight

Problem: Minimize weight subject to
Fundamental frequency wy; > §2
Limits on cross-sectional areas
Formulation

min  wg + Zz T; Wi
st. M(z)Q? - K(xz) <0
li <@ <y
5.4 Measurements with Noise
e x: ability of a random student on k tests
Ez|=z, El(x —xz)(x —x)] =X
e y: score of a random student on k tests

e v: testing error of k tests, independent of x
E[v] =0, E[vv'] = D, diagonal (unknown)
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ey=xz+v; Ely==
El(y-2)(y-2)]=S=2+D

Objective: Estimate reliably & and 3

Take samples of y from which we can estimate &, 5

e’x: total ability on tests

e’y: total test score

Reliability of test:=

Varle'z] e'Ye ) e'De
Varle'y]  e'Se e'Se

We can find a lower bound on the reliability of the test

min e'Xe

st. X+D=%

D diagonal

Equivalently,
max €' De

st. 0XD=X
D diagonal

5.5 Further Tricks
o If B> 0,

_ B C/ —1 v/
A[C D}iO@»DCB cC' =0

/
' Ax +2/x+¢>0, Vo {Z Z}EO
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5.6 MAXCUT
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e Given G = (N, E) undirected graph, weights w;; > 0 on edge (i,j) € E

e Find a subset S C N: ZieSjeg w;; is maximized

e z; =1forjeSand z; =1 for j

B~ =

MAXCUT : max

€S
Z Z wij(l - xixj)
i=1 j=1

st. z;e{-1,1}, j=1,....n

5.6.1 Reformulation SLIDE 23
o Let Y =xa/, ie., Vi =z,
o Let W = [w”]
e Equivalent Formulation
1 n n
MAXCUT : max Zzzwij —WeY
i=1 j=1
st. zje{-1,1}, j=1,...,n
V=1, j=1...n
Y = xz2/
5.6.2 Relaxation SLIDE 29
oY =xz2'>0
e Relaxation
1 n n
RELAX : max Zzzwij ~WeY
i=1 j=1
st. Y;=1, j=1,...,n
Y>~0
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MAXCUT < RELAX

e It turns out that:
0.87856 RELAX < MAXCUT < RELAX

e The value of the SDO relaxation is guaranteed to be no more than 12%
higher than the value of the very difficult to solve problem MAXCUT



MIT OpenCourseWare
http://ocw.mit.edu

15.093J / 6.255J Optimization Methods
Fall 2009

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms

