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Block 3: Partial Derivatives 


Unit 3: Differentiability and the Gradient 


1. Lecture 3.030 
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2. 	 Read Thomas, Sec t ions  15.4, 15.5, and 15.6. 

3. 	 Exerc ises :  

3.3.1(L) 

Define g  by 

g(x .y)  = 

Show t h a t  gx(O,O) and g  (0.0) both e x i s t ,  y e t  g  i s  n o t  continuous 
Y 

a t  (0,O).  Does t h i s  t e l l  us  anything about  the  behavior  of e i t h e r  

gx o r  gy a t  (0.0) ? Explain. 

3.3.2 


2  3  3  
a .  	 Le t  w = f ( x , y )  = x +x y  + y . Express f ( x  + Ax, y + A Y )  i n  

t h e  form 

where kl and k2+0 a s  Ax and Ay-tO. 

b. 	 Use ( a )  t o  f i n d  an approximation f o r  

3.3.3(L) 


5 3 2  4

Le t  	w = f ( x . y )  = x +x y  +y 

dw a .  	 Find t h e  value  of -
. 

a t  (1 ,2)  i f  s i s  t h e  d i r e c t i o n  of t h e  l i n eds  
from (1 ,2 )  t o  (3.4) [Do n o t  use  t h e  concept of vf here .  I 

b. 	 Derive t h e  same r e s u l t  us ing  ?f ( 1 , 2 )  . 
dw 

7 .  	 U s e  $f (1.2) t o  compute a;; a t  (1.2) i f  s i s  t h e  l i n e  which passes  

through 	 (1.2) and (4.6). 


dw

d. 	 What i s  t h e  maximum value  t h a t  can have a t  (1.2) , and i n  what 

d i r e c t i o n  does t h i s  maximum take  p lace?  
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X 2
L e t  	w =  f ( x , y )  = e c o s y  + x y 

IT 

a .  	 Compute ?f (en 2 ,  T ). 
b.  	 Compute -dw -t

a t  (en 2, $) i n  t h e  d i r e c t i o n  d s  I.
dw IT t c .  	 Compute a t  (Rn 2 ,  2) i n  t h e  d i r e c t i o n  J .  

dw ITd.  	 I n  what d i r e c t i o n  i s  a t  (Rn 2, Z) maximum and what i s  t h i s  

maximum value? 

3.3.5(L) 

a .  	 Given t h a t  w = f ( r , 8 )  = r s i n  8, compute -a W ;  + -aW ' 
* 

i n  termsar r a e U e  

t 

o f x ,  y ,  1, and J .  


b. 	 R e w r i t e  w i n  terms of  x and y and compute *1+ 	* 5 and compare 
aw i x  

t h i s  wi th  ( a )  t o  show t h a t  
;+ ae + 

ue 
8:. 

3.3.6 (L) 

2
Determine t h e  normal t o  t h e  curve y = x +4 a t  any p o i n t  by con-

2
s i d e r i n g  $f where f  (x ,y)  	= y-x . 

3.3.7(L) 

Find a v e c t o r  normal t o  t h e  s u r f a c e  S a t  t h e  p o i n t  (1,1,1)i f  t h e  

Car tes i an  equa t ion  of S i s  

3.3.8 

Find t h e  equat ion  of t h e  p lane  which i s  tangent  t o  

x4 + 6 y z + xyz5 = 3 

a t  	(l,l,l). 
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3.3.9 (Optional) 

(The main aim of t h i s  exerc i se  i s  t o  give addi t iona l  i n s i g h t  i n t o  

understanding why i f  f ( x l ,  ...,xn) t h a t  f ,..., and f must be 
X l  
A 	

x-
I1 


continuous ( a s  wel l  a s  merely e x i s t )  a t  -a = ( a  l, . . .Ian) i f  we a r e  

t o  be ab le  t o  consider t h a t  f i s  d i f f e r e n t i a b l e  a t  -x = -a. The 

key s t r u c t u r a l  i dea  is t h a t  t h e  bas i c  formula i n  1-dimensional 

space 

f (a  	+ A X )  - l i m  k f (a )  = 0= f '  ( a )  Ax + khx, where Ax+O 

has 	a r a t h e r  n ice  n-dimensional analog. 

P a r t  (a )  of t h i s  exerc i se  has us simply rewri te  a previously 

obtained r e s u l t  i n  vector  form so  t h a t  we g e t  an idea of what 

i s  happening, and p a r t  (b) has us genera l ize  t h i s  r e s u l t  i n t o  

4-dimensional space. 

This exerc i se  br idges  t h e  gap between the  f a i r l y  i n t u i t i v e  

approach of t he  t e x t  and our approach i n  t he  next (opt ional)  

u n i t  wherein we s h a l l  t r y  t o  def ine  d i f f e r e n t i a b i l i t y  i n  terms of 

preserving the  s t r u c t u r e  of the  1-dimensional de r iva t i ve ,  without 

reference t o  those spec i a l  der iva t ives  f , . . . , f  . I  
X1 xn 

a .  	 Le t t ing  -x = (x1,x2),we have already seen t h a t  i f  f and f 
X1 X2 

e x i s t  and a r e  continuous a t  -a = (al,a2) then 

where kl and k2 approach 0 a s  Axl and Ax2 approach 0 .  Rewrite t h i s  
r e s u l t  i n  vector  notation.  

b. 	 Show t h a t  the  r e s u l t  of p a r t  ( a )  can be extended i n t o  n-dimensional 

space, using a s  a s p e c i f i c  i l l u s t r a t i o n  t h e  4-dimensional case. 
4That is, ass- f:E +E, o r ,  i n  o ther  words, using n-tuple notat ion,  

f i s  a funct ion of t h e  four  independent var iab les ,  xlIx2,x3, and x4 ,  

s o  t h a t  w e  have f(x1,x2,x3,x4). 
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