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So lu t ions  
Block 2:  Vector Calculus 

Pretest 

1 .  ( a )  z ( t )*z' (t) = 0 ,  i . e . ,  if f (t) and f ' (t) # 0 then ?(t)J-?I (t). 
(b)  The a c c e l e r a t i o n  is always d i r e c t e d  toward t h e  center  o f  
t h e  circle. 

2.  ( a )  a = -4 t  % =  -2 

1 3 


3 .  r=O ( t h e  o r i g i n ) ,  [%(0 .23 ,+141° ) ] ,-

1( -1 ,+90° ) ,- (-2,+ 60') (Therefore, seven p o i n t s  i n  a l l )  



Solu t ions  
Block 2 :  Vector Calculus 

Unit  1: D i f f e r e n t i a t i o n  of Vector Functions 
- . - .,. - --

2.1.1 (L) ! '. .lP . :,! 

The only  reason t h i s  i s  a l e a r n i n g  e x e r c i s e  i s  t h a t  we wanted 

a t  l e a s t  one more oppor tun i ty  t o  emphasize how t h e  p a r a l l e l  s t r u c -

t u r e  of v e c t o r  a r i t h m e t i c  t o  numerical  a r i t h m e t i c  al lows us t o  

c a r r y  proofs  over from one t o  t h e  o t h e r .  

While we do n o t  inc lude  t h e  s t e p s  used i n  t h e  numerical p roofs ,  

you should be a b l e  t o  v e r i f y  t h a t  each proof i n  t h i s  e x e r c i s e  is  

a " t r a n s l i t e r a t i o n "  of t h e  corresponding numerical  theorem. 

The only  p l a c e  w e  must b e ' o n  our  guard i s  i n  any p lace  where a  

s c a l a r  proof h inges  on t h e  f a c t  t h a t  l a b l =  la1 l b l  f o r  wi th  r e s p e c t  

t o  e i t h e r  t h e  d o t  product  o r  t h e  c r o s s  product ,  t h e  b e s t  w e  can 

g e t  i s  

With t h e s e  remarks i n  mind, w e  cont inue  wi th  t h i s  exe rc i se .  
-+ -+ + 

a .  Here w e  p ick  f ( x )  = c i n  our  d e f i n i t i o n  of l i m  f ( x ) .  What w e  
x-ta 


must show is t h a t  f o r  E > 0 we can f i n d  6 > 0 such t h a t  


In  t h i s  example, f (x)  = 
+ c and w e  a r e  t e s t i n g  

+
L = 

-+ 
c. Thus, w e  

must show t h a t  f o r  E > 0 w e  can f i n d  6 > 0 such t h a t  

But I C-+ - +
cl  E 0. 

Therefore,  E > 0 + 1; - < E *  

Hence w e  may choose 6 > 0 a r b i t r a r i l y  t o  s a t i s f y  (1). 



Solutions 
Block 2 :  Vector Calculus 
Unit 1: Dif fe ren t ia t ion  of Vector Functions 

2 . 1 . 1  (L) continued 

b. For a given E > 0 we must show t h a t  we can f i n d  6 > 0 such t h a t  

So given E > 0 pick 6 > 0 such t h a t  0 < Ix - a1 < 6 -+ I f ( x )  - L I  
** 

E< - . This is  poss ib le  by t he  de f in i t i on  of l i m  f (x) = L.

lzl x+a 

Combining t h i s  with ( 2 )  y i e ld s  

-+ +
there fore ,  0 < Ix - a1 < 6 + 1; $ (x)  - c L I  < E 

-+ + + +
there fore ,  l i m  c f (x) = c L. 

x+a 

(Notice t h a t  h is  a s c a l a r  function.)  

* N o t i c e  t h a t  we needed noth ing  s t r o n g e r  than 1; gl 6 IS]. 
**This i s  p e r m i s s i b l e  prov ide2  f 0 .  I f ,  however,  lbl a 0 ,  we 
a r e  i n  no t r o u b l e  s i n c e  when c = 0 ,  

i s  t r i v i a l l y  t r u e ,  s i n c e  both  s i d e s  equal  0 .  



Solu t ions  
Block 2: Vector Calculus 
Unit  1: D i f f e r e n t i a t i o n  of Vector Functions 

2 . 1 . 1  (L)  continued 

I
Therefore ,  h '  (xl) = l i r n  

Ax+O 

-f +1 ; f ( x ,  + Ax) c f ( x , ) l  

-+ 

, and by p a r t
Ax b. above, 

[ t ( x l  + Ax) - f (xl) ]= l i r n  z l i r n  
Ax+O Ax+O Ax 

-+ -* 
From a. l i m  c = c whi le ,  by d e f i n i t i o n ,  

Ax-tO 

P u t t i n g  t h e s e  r e s u l t s  i n t o  (3) ' y i e l d s  

I n  o t h e r  words, j u s t  a s  i n  t h e  s c a l a r  analogue 

Therefore ,  z ( t )  xG(t )  = x j g 

t t2 2 t + l  

t3 3 t  t 2 + 1  



So lu t ions  
Block 2: Vector Calculus 
Unit  1: ~ i f f e r e n t i a t i o n  o f  Vector Functions 

2 . 1 . 2  continued . 

Therefore. d - +-[f (t) xd t  
-+ g ( t ) 1 = ( 4 t 3  - l o t  - 3): 

+ ( 6 t  - 5 t 4 ) z .  

+ ( 8 t 3  - t1)3 

b. 
-tZ '  (t)= 1 + 2t; + 2% 

-+ 
ct)  = 3t2P + 33 + 2tk  

Therefore, [ P ( t )  x G' (t)1 + [Z' ( t )  x G ( t ) I = 



Solu t ions  
Block 2: Vector Calculus 
Uni t  1: D i f f e r e n t i a t i o n  of Vector Functions 

2.1.2 continued 

c .  	 Comparing (1)and (4)  y i e l d s  t h e  d e s i r e d  check. 

d. 	 From ( 2 )  we know t h a t  

i(t)x (t)= ( 2 t 3  - 6 t  - 3 ) z  + ( 6 t 3  + t2
)-J
+ + ( 3 t  - 3 t4)kt 

(5 )  

and s i n c e  G ( t )  x g' (t) = - [g' (t)x (t)I ,  (3)  y i e l d s  

G ( t )  x P' (t)= ( 4 t  - 2 t 3 ) f  + (1+ t2 - 2 t 3 ) f  + ( 2 t 4  - 3 t ) k -
(6) 

Adding (5 )  and (6) y i e l d s  

e. 	 Comparing (7)  wi th  e i t h e r  ( 4 )  o r  (1) shows t h a t  t h e r e  i s  an e r r o r  

caused by changing t h e  o r d e r  of t h e  f a c t o r s  i n  t h e  c r o s s  product  

and i n  f a c t  by t h e  t i m e  w e  g e t  t o  t h e  f i n a l  s t e p  our  e r r o r  i s  more 

than " j u s t  a s i g n  change" ( i .e . ,  we cannot  conver t  ( 7 )  t o  (4)  j u s t  

by changing a s i g n ) .  

This  d o e s n ' t  c o n t r a d i c t  our  g e n e r a l  procedure. I t  merely means 

t h a t  w e  must t a k e  c a r e  wi th  c r o s s  products  n o t  t o  m i m i c  s c a l a r  

p roofs  which use  t h e  commutativity of  m u l t i p l i c a t i o n  s i n c e  t h e  

c r o s s  product  i s  n o t  a commutative opera t ion .  

b 


+ 

L e t  k = ( A t  # 0). 


Then, by (11, 



j Solutions 
Block 2: Vector Calculus 
Unit 1: Differentiation of Vector Functions 


2.1.3 continued 


From (2) we have 


where, from (31, l i m Z t O =  

At+O 
 1 

Observe that k must be a vector rather than a scalar because it 


is the difference of two vectors. Notice also that such expressions 


as djfi At and 2 At are well-defined vectors since each is a scalar 
times a vector. (Perhaps this would be more suggestive had we 


written At 2 or At dft which is our usual order for writing scalar 
multiples.) 


b. We have by part a. that 


(Replacing t by x has no bearing on our discussion since either 


t or x denotes a real variable.) 


From (5) we have 


If we now let Au+O we observe that liln = by definition of 
Au+O 


the fact that x is a differentiable function of u and we also 


notice that Ax+O as Au+O since x is a (continuous) function of u. 

-+ 

Then, since k+O as Ax+O, equation (6) becomes 


+ 
lim -A; = dR dx + Q dx 


Au ?fii Xi
Au+O 




S o l u t i o n s  
Block 2: Vector Calculus 
u n i t  1: D i f f e r e n t i a t i o n  of  Vector Functions 

2.1.3 continued 

'Y' 

But t = u4 ; hence d t  = 4u3. Combining t h i s  wi th  ( 7 ) ,  t h e  chain  

r u l e  of p a r t  b. y i e l d s  

On the o t h e r  hand, l e t t i n g  t.=u4 i n  our  o r i g i n a l  express ion f o r  
-+ 
R, w e  o b t a i n :  

whereupon 

which checks wi th  our  r e s u l t  i n  ( 8 ) .  

2.1.4(L) 

a .  W e  have t h a t  

P i c t o r i a l l y ,  



Solutions 
Block 2: Vector Calculus 
Unit 1: Dif fe ren t ia t ion  of Vector Functions 

I f  w e  now d i f f e r e n t i a t e  (1)with respec t  t o  t, we ob ta in  

In  terms of Car tes ian coordinates,  t he  s lope  of a vector  is t h e  

quot ien t  of t he  tJ component divided by t h e  -t 1 component, and the  

magnitude of t he  vector  is  the  square r o o t  of t h e  sum of t he  

squares of the components. Applying t h i s  t o  ( 2 ) ,  w e  f i nd  tha t :  

The s lope  of d'; is (dy/dtfldx/dt) = dy/dx ( 3 )  

and the  magnitude of d$dt is 

where s denotes t he  arclength of t he  curve. 
d3

If w e  analyze ( 4 )  we see  t h a t  t he  magnitude of i s  the  ins tantan-  
eous r a t e  of speed of t he  p a r t i c l e  'along the  curve ( f o r  t h i s  is 

p rec i s e ly  what ds /dt  measures, namely t h e  instantaneous rate of 

change of t h e  a rc length) .  

A t  t h e  same time ( 3 )  tells us t h a t  i f  dit is placed a t  the po in t  
P on t h e  curve, it is tangent t o  the curve a t  t h a t  po in t  (since 

t h e  s lope  of t h e  curve is dy/dx).
-+ 

Thus dR is tangent t o  t h e  curve and its magnitude is t h e  speed 

a t  which t h e  p a r t i c l e  moves along t h e  curve. This is a mathemati- 
c a l  v e r i f i c a t i o n  of t h e  usual  physical  convention t h a t  ins tan ta -  

neous speed is t angen t i a l  t o  t h e  path  and its magnitude is t h e  

speed a t  which t h e  arclength is being traversed.  Again p i c t o r i a l l y ,  



Solutions 
Block 2: Vector Calculus 
Unit 1: Dif fe ren t ia t ion  of Vector Functions 

2.1.4 (L)  continued 

NOTE: Throughout t h i s  exerc i se  w e  have assumed t h a t  t denoted 

time. I t  should be noted t h a t  i f  is  a function of any s c a l a r  

var iab le ,  say, q,  then t h e  vector  d' w i l l  s t i l l  have i t s  s lopeT 
equal t o  and i t s  magnitude w i l l  be 

This follows mechanically with respec t  t o  q. X.e., 

From a more i n t u i t i v e  po in t  of view, we r e a l i z e  t h a t  s i nce  5 is  

measured from the  o r i g i n  t o  a point  on t he  curve, 3 r e a l l y  

va r i e s  only with s (a rc length) ,  bu t  how f a s t  it changes w i l l  

depend on the  r a t e  of change of the  parameter q .  

In  p a r t i c u l a r  t he re  w i l l  be times i n  our discussions  when we 

wish t o  choose arclength a s  our parameter. For one th ing  arc- 

length seems "natural"  i n  t he  sense t h a t  it i s  independent of 

any p a r t i c u l a r  coordinate system. Notice t h a t  i f  we l e t  s = q ,  

w e  f i nd  the  i n t e r e s t i n g  r e s u l t  t h a t  

s i nce  



Solut ions  
Block 2: Vector Calculus 
Unit 1: Dif fe ren t ia t ion  of Vector Functions 

2.1.4(L) continued 

b. 	 I f  H ( t l )  = 
-b
R ( t 2 )  t h i s  means t h a t  t he  same poin t  occurs on t he  

path  f o r  two d i f f e r e n t  values of t. P i c t o r i a l l y ,  

R terminates here f o r  two d i  , f f e r e n t  values 
say t = tl and t = t2 

In o the r  words, i n  terms of the  vector  form, the  f a c t  t h a t  6 i s  

a 1 - 1 funct ion of t means t h a t  t he  path of motion never crosses  

i t s e l f .  

Notice t h e  d i f fe rence  between I*R being 1 - 1 and f being 1 - 1 as  

f a r  a s  graphing i s  concerned. When f is  1 - 1, t h e  usual Carte- 

s i a n  coordinate graph ind ica tes  t h a t  a l i n e  p a r a l l e l  t o  t he  

x-axis meets t he  graph i n  a t  most one point .  When % is  1 - 1, 

t h e  graph can double back a s  f a r  a s  x and y coordinates a r e  con- 
cerned, bu t  it cannot cross  i t s e l f .  Graphically, 



Solu t ions  
Block 2: Vector Calculus 
Unit  1: D i f f e r e n t i a t i o n  of  Vector Functions 

a. S ince  x = et and y = eZt, t h e  equat ion  of  motion i n  vec to r  form-- 7 - .  .- -
,becomes : 

I -

whereupon 


-+ 2 t  +

v = e t Z + 2 e  j 

and 

b. A t  t = 0 w e  have: 

and 

Hence, a t  t = 0,  t h e  p a r t i c l e  is a t  (1,l)and has a speed of 

v = v(1)
2 + (212 = 6 f t / s e c  i n  t h e  d i r e c t i o n  tangent  t o  t h e  -

pa th  and an a c c e l e r a t i o n  o f  Jff f t / s e c z  i n  t h e  d i r e c t i o n  of 
+ -b 

i + 4 j .  P i c t o r i a l l y ,  

v = t h e r e f o r e ,  speed = I:I = 2:+: 


I , .  .I .. . - . 



Solutions 
lock. 2: Vector calculus  

Unit 1: Dif fe ren t ia t ion  of Vector Functions 

2.1.5 continued 

-k -+ t* 
c. We know t h a t  v i s  tangent t o  t h e  curve R = e I + e2tf, but  t h i s  

is  the  same curve a s  the  one whose parametric form is x = e t  arid 
2 t  + t y = e . Thus, from p a r t  b. 1 + 2 3  i s  tangent t o  t he  curve a t  the 

poin t  corresponding t o  t = 0, and t h i s  po in t  i s  (1,l). The 
+ -+ 

vector  1 + 2 j  has s lope 2. Hence the  given curve has s lope  2 a t  

9 

2AS a check, we observe t h a t  x = e t  implies t h a t  e2t = (et12 = x . 
Thus, e l iminat ing the  parameter $ e l l s  us t h a t  t h e  equation of 

motion i s  y = x2 and a t  (1,l)the  s lope  of t h i s  curve i s  2, 

which checks with our answer. 
-f 

(Notice t h a t  v t e l l s  us more than the  d i r ec t i on  of t he  curve a t  

a point .  It tells us how f a s t  t he  p a r t i c l e  i s  moving along the--
curve when it passes through tha-t point . )  

2.1.6 (L) 

a. W e  know from the  product r u l e  f o r  do t  products t h a t  

-+ -+ -+ 
Now 2' (t) f (t)= f (t) f' (t) s ince  t he  do t  product i s  commuta-

t i ve .  Thus (1) becomes 

-k 

Now g ( t )  f (t)= l$(t)1 2 .  

Therefore, $ 1 %  (t)l 2  = 2 [t(t) 2' (t)1. 

2I f  If (t)I is constant* s o  a l s o  is I% (t)I and t h e  de r iva t i ve  of 

a constant  i s  zero. Pu t t ing  t h i s  i n t o  ( 3 )  y ie ld s  

2 [ $ ( t )  3'  ( t ) ]  = 0. 

* N o t i c e  t h a t  h e  f a c t  t h a t  t h e  magnitude i s  c o n s t a n t  does  n o t  
r e q u i r e  t h a t  f be c o n s t a n t .  A v e c t o r  depends on both  magnitude 
and d i r e c t i o n .  Thus i f  the  magnitude i s  c o n s t a n t  but  t h e  d i r e c -
t i o n  i s n ' t  then  t h e  v e c t o r  i s  a v a r i a b l e .  We s h a l l  d i s c u s s  t h i s  
i n  more d e t a i l  i n  b .  

S.2.1.12 



Solu t ions  
Block 2 :  Vector  Calculus d ' ~ .  

Y n i t  1: D i f f e r e n t i a t i o n  of  Vector Functions 

2.1.6 (L) continued 

Therefore ,  $(t) Z 1 ( t )  = 0 

+ 
Therefore,  e i t h e r  f (t)= 0,  Z 1 ( t )  =-4, o r  f ( t )1 Z 1 ( t ) .  

b. Le t  2 denote  t h e  v e l o c i t y  of  our  p a r t i c l e .  The f a c t  t h a t  t h e  
+

p a r t i c l e  has c o n s t a n t  speed means t h a t  Ivl is  constant .  Hence 

t h e  hypothes is  f o r  p a r t  a. p r e v a i l s  and w e  have 

+ 
dv = (= a c c e l e r a t i o n ) .But, by d e f i n i t i o n ,  

Hence, (4) becomes 

from which w e  conclude 

+ + 
(1) v = 0, which means t h e  p a r t i c l e  is  s t a t i o n a r y ,  a r a t h e r  

t r i v i a l  s i t u a t i o n  

-+ +
( 2 )  a = 0,  which means t h a t  t h e r e  is  no a c c e l e r a t i o n ,  and t h i s  

means t h a t  t h e  v e l o c i t y  a s  w e l l  a s  t h e  speed is  cons tan t  ( i n  

o t h e r  words our  p a r t i c l e  changes n e i t h e r  speed nor d i r e c t i o n ) ,  

o r  

(3)  f 2, which means t h a t  t h e  a c c e l e r a t i o n  is  always perpendi-

c u l a r  t o  t h e  ins tan taneous  d i r e c t i o n  of  t h e  p a r t i c l e  ( s i n c e  2 is  

I 
i n  t h e  d i r e c t i o n  of motion).  

Case (3)  i s  p a r t i c u l a r l y  i n t e r e s t i n g ,  a t  l e a s t  i n  t h e  fo l lowing 

I sense .  Before w e  have t h e  no t ion  of v e c t o r s ,  w e  t h i n k  of  acce le r -

a t i o n  a s  caus ing a  change i n  speed. What we have now seen i s  t h a t  

when t h e  speed i s  c o n s t a n t  t h e r e  can s t i l l  be  a c c e l e r a t i o n .  The 

I f a c t  t h a t  t h e r e  is  a c c e l e r a t i o n  means t h a t  t h e  v e l o c i t y  (a  vec to r )  

5.2.1.13 



I Solut ions  
I Block 2: Vector Calculus 

Unit 1: Dif fe ren t ia t ion  of Vector Functions 

must be changing, b u t  s i n c e  t he  magnitude of the veloc i ty  (speed) 

i s  constant  it m u s t  be the d i r e c t i o n  t h a t  is changing. Case ( 3 )  
slzows t h a t  this change i n  d i r ec t i on  is always a t  r i g h t  angles t o  

t h e  d i r e c t i o n  of  motion. 

c. 	 In  t h e  case of a particle moving with constant  speed i n  a circle 

we know from plane gerslaetry t h a t  a t  any pint oa khe circle, the 

tangent  to tfie circle a t  t h a t  po in t  i s  perpendicular t o  the 

rad ius  drawn frsm the cen te r  of the c i r c l e  to  t h a t  point .  Thus 

i f  a p a r t i c l e  m v e s  w i t h  non-zero constant  speed i n  a c i r c l e ,  

case  (33 05 p a r t  b, applies, and w e  have t h a t  the acce le ra t ion  

is perpendicular to the veloc i ty .  Since the ve loc i ty  is tihngen-

t i a l  t o  She circle, it follows t h a t  the accelerakion is directed 

along the radius, 

a. 	 W e  have 

Hence, 



Solu t ions  
Block 2: Vector Calculus 
Uni t  1: D i f f e r e n t i a t i o n  of  Vector Functions 

2.1.7 continued 

Therefore = i '=cons tan t .  

Therefore ,  (from (1)and (2)) = (-1 (pyi)+ t ( l )  

Therefore ,  t h e  magnitude of 2 is v a r i a b l e ,  even though t h e  magni-
+ 

tude  of v is  cons tan t .  

3d. When t = 5, (1)and ( 2 )  y i e l d  

2.1.8(L) 

a .  The main aim of t h i s  e x e r c i s e i s  t o  show t h e  c l o s e  p a r a l l e l i s m  

between f i n d i n g  t h e  a n t i - d e r i v a t i v e  ( i n d e f i n i t e  i n t e g r a l )  of  

f  (t)and t h a t  of z ( t ) .  



Solutions 
Block 2: Vector Calculus 
Unit l a  D i f fe ren t ia t ion  of Vector Functions 

2.1.8 (L) continued 

The po in t  is  t h a t  when we wr i t e  f (t) i n  f and f components, w e  
have 

To f i nd  a function 3 such t h a t  8' (t)= f(t), w e  may argue a s  

follows: 

Since we d i f f e r e n t i a t e  a  vector  component by component, t h e  f 
component of $(t)must  be a  function whose de r iva t i ve  with respec t  

t o  t i s  g (t), and, i n  a  s imi l a r  fashion,  t he  f component of $(t) 

must be a function whose de r iva t i ve  with respec t  t o  t i s  h ( t ) .  

From our knowledge of s c a l a r  calculus  (and it i s  c r u c i a l  t h a t  

you recognize t h a t  g,  h, G, and H a r e  s c a l a r  funct ions  of t, 

with t he  vector  contr ibut ion coming from and f ) ,  we know t h a t  

i f  G i s  any function such t h a t  G' (t)= g (t), then t h e  family of 

-a l l  funct ions  whose de r iva t i ve  with respec t  t o  t is g ( t )  is 

given by G ( t )  + cl where cl i s  an a r b i t r a r y  ( s ca l a r )  constant.  

Similar ly ,  i f  H (t) is one function such t h a t  H '  (t)= h ( t ) , a l l  

o ther  such functions a r e  given by H ( t )  + c2,  where c2 is another 

a r b i t r a r y  ( s ca l a r )  constant.  

In o the r  words, i f  8 (t) i s  any function of t he  form: 

from ( 2 )  we s e e  t h a t  

and comparing t h i s  with ( I ) ,we have t h a t  

a s  desi red.  

The f a c t  t h a t  (2) y i e l d s  a l l  funct ions  3 such t h a t  $' (t)= $(t) 

follows from the  f a c t  t h a t  i f ,  say,  t he  2 component of 3 i s  

d i f f e r e n t  from the  form G ( t )  + cl ,  i t s  de r iva t i ve  cannot be g ( t ) .  
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2.1.8 ( L )  continued 

Thus, i n  t h i s  case  (t) could n o t "  equa l  % ( t) s i n c e  t h e s e  two 
+v e c t o r s  then have d i f f e r e n t  1 components. (Remember, i n  Car tes i an  

coord ina tes  i n  t h e  p lane ,  two v e c t o r s  a r e  equal  i f  and only  i f  t h e
* 	 -+two 	1 components a r e  equal  and t h e  two j components a r e  equa l . )  

We nex t  n o t e  t h a t  (2)  can be r e w r i t t e n  a s  

* tP ( t )  = + ~ ( t ) ;c l l  + c2].~ ( t ) :  + 

* tSince  c  1 and c 2  a r e  a r b i t r a r y  s c a l a r s ,  cl i  + c 2 j  i s  an a r b i t r a r y  

v e c t o r  cons tan t* ,  and ( 3 )  becomes 

and from ( 4 )  w e  see t h a t  t o  i n t e g r a t e  a v e c t o r  func t ion  i n  

Car tes i an  coord ina tes ,  w e  i n t e g r a t e  component-by-component and 

add an a r b i t r a r y  v e c t o r  cons tan t .  
+ + 

Resta ted ,  then,  i f  8 i s  any func t ion  such t h a t  F t  (t)= f (t), then 

t h e  fami ly  of  a l l  func t ions  whose d e r i v a t i v e  wi th  r e s p e c t  t o  t i s  

f ( t )  i s  given by 

( 3(t)+ g: i s  an a r b i t r a r y  cons tan t  vec to r .  

This  shows t h a t  t h e  i d e a  of i n t e g r a t i n g  v e c t o r s ,  a t  l e a s t  i n  

Car tes i an  form, i s  analogous t o  our  techniqaes  i n  t h e  s c a l a r  case.  

+ 	 dGb. 	 Knowing t h a t  a = z,w e  may use  p a r t  a .  t o  conclude t h a t  i f  
-+ 
a = 	 (8cos 2 t ) z  + ( 8 s i n 2 t ) J ,  then 

+
Since  w e  a r e  t o l d  t h a t  v  = 0 when t = 0 ,  w e  may p u t  t h i s  i n t o  

(1) t o  ob ta in :  
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2 . 1 . 8  (L)  continued 

-+ t
whereupon w e  may conclude t h a t  cl  = 41. This, i n  tu rn  means 


t h a t  (1)may be wr i t t en  a s  
-

-+ ditR 
Since v = =, w e  may again use p a r t  a.  applied t o  (2) t o  obtain:  

-+ -+
R = (-2cos 2t): + ( 4 t  - 2 s i n  2 t ) j  + c2. 


Since 8 = b when t = 0 ,  ( 3 )  becomes 


-b * 
Therefore, c2  = 21. 

Therefore, 
-+
R=(-2cos 2 t ) x  + ( 4 t  - 2sin 2 t ) j  + 2f 

In  o the r  words, the  equation of motion i s  given parametr ical ly  'by 

x = 2 (1- cos 2 t )  

y = 2 ( 2 t  - s i n  2 t ) .  

(Notice how t h e  vector  equation replaces  a pair of s c a l a r  equations. 

In  3-dimensions 
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2.1.8 (L)  continued 

x = x ( t )  

r e p l a c e s  t h e  t h r e e  s c a l a r  equat ions  


z = z ( t )  . )  


71 

C. From b. when t = T; x = 2(1  cos 2($))= Z ( l  - COST) = 2 ( 1  - (-1)= 4;-' 

ITwh i l e  y = 2(2[+] - s i n  2 ( 2 ) )  = 2 ( n  - 0) = ZIT.  

Hence t h e  p a r t i c l e  is.a t  ( 4 , 2 1 ~ ) .  
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