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2.2.1(L) Y L - 8 . 

The major aim of t h i s  p a r t  of  t h e  e x e r c i s e  is t o  h e l p  remove a b i t  

of mystery a s  w e l l  a s  a computational s o r e  s p o t  t h a t  many s t u d e n t s  

encounter  i n  t h e  formula 

+ diiT = E. 

What u s u a l l y  happens i s  t h a t  'n i s  not expressed d i r e c t l y  a s  a 

func t ion  of s ( a r c l e n g t h ) .  In  many c a s e s o f a k i n e m a t i c s  n a t u r e ,  
+ 

f o r  example, R w i l l  be expressed i n  t e r m s  of t i m e  ( t ) .  

For t h e  sake  of argument, l e t  us suppose t h a t  'n is  expressed a s  a 

func t ion  of some s c a l a r  q ,  n o t  n e c e s s a r i l y  e i t h e r  a rc leng th  o r  time. 

Then we have a l r eady  seen Exerc ise  2.1.4 t h a t  dii i s  tangent  t o  t h e  Zi 
curve and i t s  magnitude i s  equal  t o  I 
I n  o t h e r  words, then ,  i f  6 is expressed a s  a func t ion  of q ,  w e  may 

f i n d  !f q u i t e  convenient ly  simply by l e t t i n g  

Equation (2)  s u p p l i e s  us wi th  an e x c e l l e n t  h i n t  a s  t o  why equat ion  

(1) is c o r r e c t .  Namely, i n  t h e  s p e c i a l  case  t h a t  w e  choose q  t o  

equal  s ,  we have t h a t  d s  = 1, whereupon equat ion  ( 2 )  becomes equa- 
q


t i o n  (1) by t h e  chain  r u l e  (proven i n  Exerc ise  2.1.3).  That i s ,
-

d'n/dp - dS/d - d'n 

I d$/dq l - a-2 - az-

Yet, t h e r e  i s  an even b e t t e r  ph i losoph ica l  reason f o r  de f in ing  $ 
by (1)r a t h e r  than by (2) , even though, i n  a given case  (2) may 

be more d i r e c t  t o  compute than i s  (1). The thought i s  t h a t  a 

u n i t  t angen t  v e c t o r  t o  a curve is  determined by t h e  shape of t h e  

curve i t s e l f ,  n o t  by e i t h e r  t h e  p a r t i c u l a r  coordinate  system i n  

,. 
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which w e  elect t o  w r i t e  t h e  equat ion  of t h e  curve nor  t h e  v a r i -  

a b l e  used a s  t h e  parameter.  For example, t h e r e  a r e  many d i f f e r -  

e n t  parameters  t h a t  might have been chosen t o  r e p r e s e n t  t h e  

vec to r  equat ion  f o r  t h e  curve. That is ,  i n  t e r m s  of  our  previous 

n o t a t i o n ,  q could have been chosen i n  many ways, among which a r e  

t i m e  and a rc leng th .  However, a r c l e n g t h  (s) is an i n v a r i a n t  of t h e  

curve. I n  o t h e r  words, i f  w e  measure t h e  l eng th  o f  a given 

curve between two p o i n t s  P and Q on t h e  curve,  t h e  l e n g t h  depends 

only  on t h e  cu rvs  and t h e  two p o i n t s ,  n o t  on any p a r t i c u l a r  

coord ina te  system: (al though t h e  degree of  complexity of t h e  

a c t u a l  computations involved may w e l l  depend on t h e  coord ina te  

system).  

I n  summary, then,  t h e  d e f i n i t i o n  t h a t  -.T = dfi. g i v e s  us  a d e f i n i -

t i o n  of  t h e  u n i t  tangent  v e c t o r  which i s  independent of any par- 

t i c u l a r  coord ina te  system under cons ide ra t ion .  I n  t h i s  e x e r c i s e ,  

however, it is our  aim t o  emphasize t h a t  t h e  a c t u a l  computations 

a r e  b e s t  done i n  terms o f t h e  p a r t i c u l a r  v a r i a b l e  wi th  r e s p e c t  t o  

which 6 is  expressed.  

With t h i s  d i s c u s s i o n  i n  mind w e  have 

Therefore ,  

From (3)  

2 Therefore ,  = t + 1. 
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-+ 
Since  $ i s  a t angen t  v e c t o r , - $ -  w i l l  be a u n i t  tangent  vec to r ;  

I v l 
hence, ( 3 )  and ( 4 )  y i e l d  

b. I t  should seem c l e a r  t h a t  no mat t e r  how c l e v e r l y  w e  d i s g u i s e  it, 

equat ion  (5)  somehow must con ta in  t h e  a r c l e n g t h  s. 

The e a s i e s t  way t o  s e e  t h a t  it does is  t o  r e c a l l  from t h e  previous 

u n i t  t h e  f a c t  t h a t  

-* 

Quite  s imply,  then,  when w e  formed -v w e  w e r e  i n  f a c t  computing 
I3 

I n  any even t ,  equat ion  ( 6 )  combined wi th  ( 4 )  t e l l s  us t h a t  

whereupon 
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2.2.7 

W e  have 

Therefore  f = t f + ( 2 t  + 1)1/2 t 
3 

42 1 a .  A t  t = 4 t h e  p a r t i c l e  i s  a t  (=,- ~ L 2 ( 4 )+ 1 1  3/2) = ( 8 , 9 ) ,  s i n c e  
t 2  3/2

from ( I ) , x = -5 and y = $ ( 2 t  + 1) . 
From (2)  , 

+ 
v = 4: + 33 t h e r e f o r e ,  = = 5,  

and, from (31, 

ds and by (2)b. = af 

d sThere fo re  = t + 1 

1 2  
4 

There fo re ,  s = =t + t 1 
0 

=Jt2+ 2 t  + 1 =  It + 11, b u t  0 4 t( 4 

impl i e s  t h a t  It + 11 = t + 1. 
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c.  	 ~t t = 4 ,  
+ 
v =  4 1  

* + 33
t 

and ~ f l= 5. 

+ d~  
+ 

- d&/dt - 1+ - 4; ;3 3 - 4 + 3 tTherefore,  T = - - 5 1 + 5 J 0  

Iv I 


a .  	 The r e s u l t  asked f o r  he re  has been de r ived  twice before--once 

i n  t h e  l e c t u r e  and once i n  t h e  t e x t  ( i n  f a c t ,  it i s  e s s e n t i a l l y  

done twice i n  t h e  t e x t ) .  C e r t a i n l y ,  w e  could j u s t i f y  t h i s  p a r t  

of t h e  e x e r c i s e  on t h e  grounds t h a t  t h e  r e s u l t  i s  important  

enough f o r  you t o  make s u r e  you can d e r i v e  it. Y e t ,  t h e r e  is  

s t i l l  a  b e t t e r  reason f o r  a s s ign ing  t h i s  e x e r c i s e .  It al lows 

us t o  in t roduce  a r a t h e r  i n t e r e s t i n g  s u b t l e t y  concerning t h e  

d i f f e r e n c e  between a curve and t h e  pa th  t r a c e d  o u t  by a p a r t i -

c u l a r  p a r t i c l e .  

The idea  i s  t h i s :  i f  w e  a r e  given a p a r t i c u l a r  p a r t i c l e  and 

w e  s tudy i t s  motion, it i s  very n a t u r a l  t h a t  a t  any p o i n t  on 

its path  we w i l l  p ick  a s  t h e  u n i t  tangent  v e c t o r  t h e  one whose 

sense  i s  t h e  same a s  t h e  v e l o c i t y  vec to r .  That  i s ,  w e  v i s u a l i z e  

t h e  curve a s  being genera ted  by t h e  moving p a r t i c l e .  Of course ,  

t h e  curve,  i t s e l f ,  i s  inanimate.  I t  does n o t  know how t h e  

p a r t i c l e  i s  t r a v e r s i n g  i t ,  and what could be  even more compli-

ca ted  i s  t h e  f a c t  t h a t  d i f f e r e n t  p a r t i c l e s  may t r a v e r s e  t h i s  

same curve i n  d i f f e r e n t  ways. 

The key thought  i s  t h a t  i f  we a r e  mainly i n t e r e s t e d  i n  t h e  curve,  

w e  a r e  f r e e  t o  a s s i g n  it a  sense  i n  any way w e  p l e a s e ,  and, once 

t h i s  i s  done, t h e  p a r t i c l e  may t r a v e r s e  t h e  curve i n  any way it 

wishes. Its speed,  however, w i l l  be nega t ive  i f  t h e  p a r t i c l e  

has t h e  oppos i t e  sense  a s  t h e  curve a t  t h a t  p o i n t ,  and p o s i t i v e  

i f  it has  t h e  same sense  a s  t h e  curve a t  t h a t  po in t .  (This i s  

much l i k e  t h e  convention we have adopted wi th  r e s p e c t  t o  t h e  

x-axis.  I f  a p a r t i c l e  i s  moving from l e f t - t o - r i g h t  a t  a given 

p o i n t ,  we c a l l  i t s  speed p o s i t i v e ,  whi le  i f  it moves from r i g h t -  

t o - l e f t ,  we c a l l  i t s  speed nega t ive . )  

The beauty of t h e  d e f i n i t i o n  3 = dftR i s  t h a t  no mat t e r  how we * 
e l e c t  t o  d e f i n e  t h e  sense  of t h e  curve ,  ? w i l l  always have t h e  
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same sense  a s  t h e  curve. (This i s  expla ined i n  t h e  t e x t  a s  w e l l  

a s  i n  t h e  l e c t u r e . )  I f  w e  now th ink  of  a p a r t i c l e  t r a v e r s i n g  

t h e  curve according t o  some r u l e  3 = %(t) ,w e  have by t h e  chain  

r u l e ,  

+ dii 
from which w e  may s o l v e  f o r  v (= =), t o  o b t a i n  

where a l l  w e  can be s u r e  of  i s  t h a t  9 and $ have t h e  same 

d i r e c t i o n .  W e  cannot  be s u r e  t h a t  they have t h e  same sense.  -
That i s ,  once t h e  sense  of  t h e  -curve is  ass igned,  a p a r t i c l e  

may t r a v e r s e  it s o  t h a t  i t s  sense  is  oppos i t e  t o  t h a t  o f  t h e  

curve ,  i n  which case  d s  i s  negat ive .  

I f  w e  d i f f e r e n t i a t e  (1)wi th  r e s p e c t  t o  t (remembering t o  use  

t h e  product  r u l e  s i n c e  both  d s  and 9 a r e  func t ions  of  t i m e  [i.e. , 
+
T h a s c o n s t a n t  magnitude, b u t  except  f o r  s t r a i g h t  l i n e s ,  i t s  

d i r e c t i o n  v a r i e s  wi th  t i m e ] )  w e  o b t a i n  

dl!To r e p l a c e  by more " f a m i l i a r n  t e r m s ,  r e c a l l  t h a t  i n  t h e  

l e c t u r e  w e  saw 

-b -t t
T = cos  4 1 + s i n  4 J ,  

whence, 
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d9 i- t t-= -s in$  1 + cos$ 3 = cos  ( $  + 90°)i + s i n  ( $  + 90°)]*
d$ 

d*
This  l e d  us t o  t h e  conclusion t h a t  ir was the u n i t  vec to r  ob ta ined4 
by r o t a t i n g  !b 90° i n  t h e  p o s i t i v e  (counterclockwise)  d i r e c t i o n  

d!b That is,and t h i s  u n i t  v e c t o r  is  def ined t o  be 3 ,  i.e. , N 5 a-6 

(biote: had w e  ass igned t h e  sense  of our  curve i n  t h e  oppos i t e  

d i r e c t i o n ,  w e  would have 

-+
I n  o t h e r  words, N may p o i n t  " in"  o r  "out" depending on t h e  

sense  of  t h e  curve.)  

To g e t  t h e  r i g h t  s i d e  of (2)  i n t o  t h e  d e s i r e d  form ( i . e . ,  t o  
dTr e p l a c e  aF by 8) , w e  again  use t h e  chain  r u l e  t o  o b t a i n  

-+ 

and s ince '  = 8, 
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With r e s p e c t  t o  ( 3 )  , w e  observe t h a t  3 = 3 and t h a t  2, being 
t h e  measure o f  how t h e  d i r e c t i o n  o f  t h e  tangent  t o  t h e  curve i s  

changing a t  any i n s t a n t ,  i s  an e x c e l l e n t  parameter by which t o  

measure curvature .  W e ,  t h e r e f o r e ,  l e t  K = and ( 3 )  becomes 

+ d's $ d s  d6 d s  ++ 

aTkfz) (E) 

Equation ( 4 )  is  t h e  d e s i r e d  r e s u l t ,  b u t  n o t i c e  t h a t  our  proof 

o f f e r s  an a l t e r n a t i v e  t o  t h e  t e x t  i n  t h e  sense  t h a t  w e  used t h e  

d e r i v a t i o n  of  (4) t o  mot ivate  t h e  " invent ionn o f  K (while t h e  

t e x t  de r ived  K i n  i t s  own r i g h t  f i r s t  and then a p p l i e d  t h e  re-

s u l t  t o  t h e  d e r i v a t i o n  of  ( 4 )  ) .  

Notice a l s o  t h a t  (4) is t r u e  no mat t e r  how t h e  sense  o f  t h e  

curve  is  i n i t i a l l y  chosen. Once t h e  sense  i s  chosen, observe 
d4t h a t  =(=K )  may be e i t h e r  p o s i t i v e  o r  negat ive .  That  is. 

With t h i s  i n  mind, w e  complete our  problem by r e s e r v i n g  our  

cho ice  of sense  of t h e  curve u n t i l  t h i s  moment ( s i n c e  no harm 

is done by wa i t ing  because ( 4 )  is  t r u e  f o r  any sense  t h a t  w e  

choose) and w e  then a s s i g n  t h e  sense  t o  our  curve t h a t  make? 
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non-negative. For example, given t h e  curve C wi thout  an 

i n d i c a t e d  sense ,  where C is 

W e  choose t h e  sense  of  C a s  shown below i n  o rde r  t o  make 3 > 0. 

A s  t h e  p a r t i c l e  t r a v e r s e s  C i n  
t h e  i n d i c a t e d  d i r e c t i o n  (sense)  
I$ i nc reases .  

I n  cases  where no sense  is  ass igned t o  t h e  curve,  3 has an 

ambiguous s i g n ,  and i n  t h i s  event  it i s  customary t o  d e f i n e  K t o  

be which agrees  wi th  our  d e f i n i t i o n  of  sense  and a l s o  wi th  1 %  
t h e  t e x t ' s  d e f i n i t i o n  of  K. 

There now remains only one major i s s u e  t h a t  must be resolved 

between our  approach and t h a t  of t h e  t e x t .  A t  t h e  moment 8 has 

been de f ined  i n  two d i f f e r e n t  ways. On t h e  one hand, us ing  our  

i n . i t i a t i v e  v i s u a l  model, 
-P
N was a p o s i t i v e  90°  r o t a t i o n  of 3. In 

-t d;+T
t h e  t e x t ,  N i s  t h e  u n i t  vec to r  i n  t h e  d i r e c t i o n  and sense  of E. 

7-


d* - d* d?F d-+That i s ,  - l x 1 ~ * NOW l$$l 1 (&I 1 = l$l 131=(l)( K )  

--

= K g= 

Thus, i f  w e  r e w r i t e  (2)  from t h i s  p o i n t  of view, w e  o b t a i n  
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and comparing this wi th  ( 4 )  we s e e  t h a t  3 has t h e  same meaning i n  

either case.  The beauty of t h e  t e x t ' s  approqch i s  t h a t  w e  need 
+ dT

no knowledge of  geometry t o  s e e  t h a t  T and a r e  perpendicular .  

The drawback is t h a t  t h e  approach i s  s u f f i c i e n t l y  a b s t r a c t  ( i f  you 

a r e  n o t  used t o  th ink ing  i n  t e r m s  of  v e c t o r s )  t h a t  you may g e t  no 

f e e l i n g  f o r  t h e  r e s u l t .  The advantage t o  our  approach is t h a t  

it is s u f f i c i e n t l y  v i s u a l  t h a t  you can see what is  happening. On 

t h e  o t h e r  hand, our  approach depends on being a b l e  t o  d i scover  a 

few geometric  r e s u l t s  t h a t  might n o t  have seemed t h a t  obvious. 

I n  p a r t i c u l a r ,  when we want t o  i n v e s t i g a t e  3-dimensional space  

curves ,  t h e  geometry may be enough more complex s o  t h a t  t h i s  

approach w i l l  be even more d i f f i c u l t  t o  apply,  i n  which c a s e  w e  

may p r e f e r  t o  use  t h e  more a n a l y t i c  approach o f  t h e  t e x t .  

Notice t h a t  t h e  v a l i d i t y  of  ( 4 )  does n o t  r e q u i r e  that w e  be  a b l e  

t o  i n t e r p r e t  t h e  r e s u l t  p h y s i c a l l y ,  b u t  ( 4 )  does have a r a t h e r  

easy  i n t e r p r e t a t i o n .  Namely, t h e  t a n g e n t i a l  component of  t h e  

a c c e l e r a t i o n  i s  t h e  a c c e l e r a t i o n  of  t h e  p a r t i c l e  a long the curve 
d2s( s i n c e  t h i s  is p r e c i s e l y  what zmeasures).  The normal compo- 

nen t  of  ' t he  a c c e l e r a t i o n  i s  t h e  product  of t h e  cu rva tu re  and t h e  

square  of  thespeed  of  the p a r t i c l e  along t h e  curve. While this-
may n o t  s e e m  f a m i l i a r ,  t h e  s t u d e n t  of  elementary physics  might 

remember t h e  f o r m ~ l a  f o r  c e n t r i p e t a l  a c c e l e r a t i o n  i n  c i r c u l a r  

motion a s  be ing v where v is  t h e  speed o f  t h e  p a r t i c l e  and r i s  

t h e  r a d i u s  of  t h e  c i r c l e .  I f  w e  d e f i n e  t h e  r a d i u s  o f  cu rva tu re  

p t o  be  t h e  r e c i e  of  t h e  cu rva tu re ,  i.e., p = - , equa t ion  

(4)  y i e l d s  t h a t  t h e  normal component of  a c c e l e r a t i o n  
K 

is -v2 
P ' 

b. From (1)and ( 4 ) , w e  have t h a t  
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But, since ? I d  and 111= 13.1 = 1, [? x $ 1  = 1. Hence, (5) 

becomes .b 
. , 

1; 

Therefore, K = 

I ~ 1 . ~ -

x 21 


' 

Equation (10) yields K ;) and( 2in terms of the motion of the 

+ -t 

path, a very practical form in many applications, since v and a 


may well be the only available parameters. 


c- We had 


Therefore, 1 = 5 

and' 


-+ -+ 4 - ,  -t v x a = 5(1 x 3 )  + 3 ( 5  x 1) 

4-t = gk - 3% 

Therefore, Iv 
-t 
x 

-f 
a1 = -5 3' 

Therefore, from b. 
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S t a r t i n g  wi th  t h e  " i f H  p a r t ,  we assume t h e  speed is  constant .  
2d sThat is, gg = constant .  Therefore = 0. I n  t h i s  case ,  z 


impl ie s  

From (1) is  a s c a l a r  m u l t i p l e  of 6 s o  t h a t  t h e  a c c e l e r a t i o n  

i s  normal t o  t h e  pa th  i n  t h i s  case .  

Conversely, i f  w e  now assume t h a t  t h e  a c c e l e r a t i o n  i s  normal t o  

t h e  pa th  then must be  0. But t h e  

$-component is  ds i s  cons tan t ,  and t h e  as se r -

t i o n  is  proved. 

(From a r igorous  grammatical p o i n t  of view "only i f "  should be 
dst r a n s l a t e d  t h a t  i f  is  n o t  cons tan t  then t h e  a c c e l e r a t i o n  i s  

n o t  normal t o  t h e  path.  I n  t h i s  c a s e  t h e  argument would be  t h a t  
d s  d2ss i n c e  -- is  n o t  constant,^ cannot  be  i d e n t i c a l l y  0. Hence t h e  d t  d t+

T-component of  t h e  a c c e l e r a t i o n  ( i . e .  d2s is n o t  always 0.2 
Hence the d i r e c t i o n  of  t h e  a c c e l e r a t i o n  i s  n o t  always i n  the 

d i r e c t i o n  of i.) 

a. 	 W e  have K = I$( = 131 , b u t  when t h e  curve is  given i n  t h e  form 

y = f ( x ) ,  n e i t h e r  4 nor s may be  convenient  parameters.  

I n  s t i l l  o t h e r  words, when t h e  equat ion  i s  i n  the form y = f ( x )  
d d2it is u s u a l l y  convenient  t o  compute 2 and 4. 


dx 


Now, what w e  do  know i s  t h a t  
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2.2.5 (L1 continued 


P i c t o r i a l l y ,  


m = t a n  ( 

D i f f e r e n t i a t i n g  (1)with  r e s p e c t  t o  x, y i e l d s  

=sec2( a;;. 

Therefore,  
dx 

Now , t an (  = impl ie s  t h a t  

cos  2( = - ~ -
1 (i.e. ,  sec 2@ - t a n2( = 1). 

[l + (%,'I 
Hence, (2)  becomes 

By t h e  cha in  r u l e  
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2.2.5 (L) continued 

Therefore IC = =1 %  1 a/  \/- '1. 
s u b s t i t u t i n g  (3) i n t o  ( 4 )  y i e ld s  

Had w e  wished, w e  could vec tor ize  y = f ( x )  i n t o  a motion problem 

by wr i t ing  

(i.e., 	x = t and y = f (t) -+ y = f ( x ) ) .  

Then 

-+ t
and a = 	f n ( t ) j .  

By our 	previous r e s u l t ,  

1; x 21 ~ f " ( t , Z l  
5

I K I  = 

$ 1  	 ( ~ l+ [ f '  (t)l 2  ) 

If" c t ,  1 


*The s i g n , e v e n  though i t  w i l l  make no d i f f e r e n c e  when we compute 
K ,  depends upon whether ds  i s  p o s i t i v e  or  n e . g a t i v e ,  t h a t  i s ,  

whether s i n c r e a s e s  or  d e c r e a s e s  i n  the  d i r e c t i o n  o f  t h e  p o s i t i v e  
x - a x i s .  Our d e f i n i t i o n  - that  K i s  p o s i t i v e  a v o i d s  t h i s  problem. 
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2.2.5 (L)  continued 

Note-
Unfortunately t h e r e  a r e  s e v e r a l  mathematical concepts  t h a t  lend 

themselves t o  more than one convention. Curvature i s  one of these .  

W e  have e l e c t e d  t o  use  t h e  approach t h a t  K = , whence K 1 0.1 
Some people d e f i n e  K t o  be  p o s i t i v e  o r  nega t ive  depending u p o n  . 

whether t h e  curve  i s  "convexn o r  "concave" wi th  r e s p e c t  t o  t h e  

p o s i t i o n  vector .  

I n  t h i s  case ,  one w r i t e s  t h a t  

Therefore,  = 2e2x 

Therefore ,  I K I = 4e2X s i n c e  1 K 1 = 


(1+ 4e4X)
3/2 


-f 2 t  +b. ? i = t l + e  J 

Therefore,  
-P 
v = 

-t 
1 + 2e

2 t  t 
J 

--Therefore,  , and l e t t i n g  K = t, we o b t a i nA 

(1+ 4eit ) 
3 / L  

-



a .  From Exercise 2 .2 .5 ,  y = ax + b 0 .  Therefore,+ += 
dx 

(Note: t h i s  i s  what we would expect in tu i t i ve ly  for  s tra ight  l i n e .  

Had we wished t o  see the % f o r  curvature, not ice  that  for  a 

s tra ight  l i n e  $ is  constant. Hence 3 = 0 .) 

Therefore, 8 = +(a2 - x2) 
-1/2 

(-2x) = 
2 

-X 
7 

2 

a2 

X 

-
2 

- x2;
(a  - X I  
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2.2.7 continued 

Note: y = i s  t he  equation of a  semicirc le  of radius  2, 
centered a t  (0 ,O) with y  b 0.) 

For t h i s  c i r c l e ,  of course, a i s  constant  and 	$I = a + 90° o r  d$I = do. 
da 1Also s = aa hence ds = ado. Therefore, 3 = -;r = -- as  before. In  a a  a 

t h i s  case ,  t he  curvature is  the  rec iproca l  of the  radius.  With t h i s  

i n  mind, given K f o r  any curve, we def ine  i;1 = p t o  be t he  radius  of 
curvature  a t  t h a t  point .  P i c t o r i a l l y ,  p is the  radius  of an "instan-

taneous" c i r c l e  ca l l ed  t h e  osculatory c i r c l e .  I .e . ,  

In  many kinematics problems, w e  study the  
motion of a  p a r t i c l e  by assuming the  par- 
t i c l e  i s  on the  osculat ing c i r c l e  a t  the  
given in s t an t .  

2.2.8(L) 

W e  have 
-+ 

a.  R = t X  + (t2+ 1)s 
-+v = 1 + 2 t f+ 

-f t 
a = 23 .  



I . 
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2.2.8 continued 

we al ready know t h a t  ;is  a tangent vector  but  no t  necessar i ly  a 

u n i t  tangent. This is e a s i l y  remedied by dividing f by i ts  mag-

nitude.  From (2) we-then obtain  

r+
~ e t t i n gT = -$- w e  have our desi red u n i t  tangent vector. Namely,

1.1 

-+ dsWe saw i n  t he  previous sec t ion  t h a t  (v l  = and we know t h a t  

1 = i n  t h i s  exercise.  See note  a t  end of t h i s  exercise .  

Hence, 
w 

But, w e  know t h a t  aT = dLsze 
dLs  d ds  d (d1  + 4 t L )Therefore, aT = ;;;2= (af = .  -dt 

Therefore, a = 8 t  - 4 t  
T 

From (3) w e  know t h a t  1; ( = 123( = 2 ,  and we a l s o  know t h a t  
-+ -b1 a . (Here it i s  most important t o  observe t h a t  R, v, 

and 2 a r e  proper t ies  of t he  motion of t he  p a r t i c l e ,  no t  of t he-
7' t -bcoordinate system. Thus, while t he  1 and J components of a a r e  

+ -b
d i f f e r e n t  from t h e  % and 8 components of a ,  a i s  t h e  same vector  

i n  e i t h e r  case. P i c t o r i a l l y ,  
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2.2.8 cont inued 

= aT % + aN $, byt 
-+ 
a 	 is  t h e  same 

+ -t 
,., - .  

= ai 1 + aj J, i n  e i t h e r  case . )  

I n  any even t ,  

(Recal l  aT and aN are s c a l a r s  s i n c e  they a r e  
aN2 = 2 - aT 	 t h e  com onents  of  a c c e l e r a t i o n  i n  t h e  9 and 8 

dire* 

So from (3)  and (6) 

Therefore,  aN = 2 

6F-Z 
ds 2 	 a

Nb. 	 W e  know t h a t  aN = K (=). Hence K = 7-.ds. 
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2.2.8 continued 

Note: t he  procedure used here ou t l i ne s  a r a the r  common approazh 

f o r  f inding the  tangent ia l  and normal components of accelerat ion 

when the  equation of motion is  given i n  Cartesian coordinates. 

From t h e  given equation we compute 2 and 
+ 
a. The magnitude of 2 

is the  speed of t he  p a r t i c l e  along the  curve, which i s  a l s o  

denoted by ds/dt. From ds/dt  we can f i nd  t he  t angen t i a l  compo- 

nent of acce le ra t ion ,  s ince  t h i s i s  simply d2s /d t  2. Since we 

then know both t he  t o t a l  acce le ra t ion  (which is  the  same whether 
+ -f 

we a r e  i n  Cartesjan coordinates o r  i n  T and N coord ina tes ) ,  we 

use t he  Pythagorian Theorem t o  determine t he  normal component of 

accelerat ion.  That is ,  

'Ear l ie r  w e  showed how t o  f i nd  the  curvature  a s  a "bonus" i f  we 

already know the  speed of t he  p a r t i c l e  and the  normal component 

of accelerat ion.  In  p a r t  b. we want t o  emphasize t h a t  w e  do 

not  have t o  r e s o r t  t o  any spec i a l  s e t  of coordinates t o  compute 

t he  curvature.  A s  we mentioned i n  Exercise 2.2.3 b., curvature  

is  a property of t he  path and no t  t he  coordinate system. This 

was why w e  developed a formula f o r  curvature completely i n  t e r m s  

of t he  ve loc i ty  and the  acce le ra t ion  of t h e  p a r t i c l e  a t  a p a r t i -  

cu l a r  point .  Recall  t h a t  t h i s  formula was given by 

From (2) and (3) w e  see t h a t  



Solut ions  
Block 2: Vector Calculus 
Unit 2: Tangential and Normal Vectors 

2.2.8 continued 

ds -J2:Moreover, I ;I = - 1 + 4 t  lmpiies t h a t  

Put t ing (10) and (11) i n t o  (9)  y i e ld s  

which checks with our answer i n  s t e p  5 i n  Equation (8) .  

In  c losing t h i s  exerc i se  we would l i k e  t o  take a few moments t o  

show the  advantage, computationally,of the  technique used i n  t h i s  
+ 

problem. We obtained,  f o r  example, K and N a s  na tu ra l  by-products 

of r e l a t i v e l y  simple computations. W e  could have obtained these  

quan t i t i e s  d i r e c t l y  from t h e i r  de f in i t i ons ,  and it is probably 

worthwhile t o  do t h i s  a t  l e a s t  once. 

We have t h a t  

d$From ( 4 ) ,  we can f i nd  =, and by the  chain r u l e  (proven i n  t he  

exercises  of t he  previous u n i t )  w e  have 

ds  J2From ( 5 ) ,  ;IF = 1 + 4 t  

and by one of our product r u l e s  of vector  calculus  we have from 

( 4  
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2 . 2 . 8  continued 

d$ d$ d s  1 d$
Z=aF/a€=, .. a~ from which (14)  y i e l d s  

Therefore, 
-b 
v = 3 t

2-t 
1 + cos t 

t 
J. 
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2.2.9 continued 

+ -t t 
a = 6 t  1 - s i n  	t 1. 

4 ds  <.Therefore,  1 ;1 	 = 4 9 t  + c o s 2 t  = m. -

From (4) , 

1 

d 2 s  1 4 2 


= 2 ( 9 t  + cos t)-T(36t3  - 2 ~ 0 st s i n  t)  

d t  


-- 36t3  - s i n  2 t  

2 J 9 t 4  + c o s 2 t  

Since  t h e  t a n g e n t i a l  component of a c c e l e r a t i o n  aT, i s  equal  t o  ,. 

- 36t3  - s i n  2 t  

d~ - I A 9 


A s  f o r  t h e  normal component of  a c c e l e r a t i o n ,  aN, w e  have 

and from (3)  

P u t t i n g  t h e  r e s u l t s  of (5)  and (7)  i n t o  ( 6 ) ,  w e  o b t a i n  

2
3 6 t2 + s i n2t = 	 (36t3 - s i n  2 t )

2 
+ aN . 


4 ( 9 t 4  + c o s 2 t )  
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2.2.9 continued 


Theref ore, 

2 6 2. 2 4 2 2 2 2 2 

2 - (36) t + 36t 4 cos t + 36t sin t + 4 cos t sin t - (36t3- sin t) 

=N - 2
4 (9t4 + cos t) 

/36tL(4 cosLt + tZ sin2t + 2t sin 2t a-= 

aN 
-- 6t(2 cos t + t sin t) 

2/9t 4 + cos 2t 
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