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Uni t  2: In t roduc t ion  t o  Matrix Algebra 

--. 4.2.1 

The main aim of t h i s  e x e r c i s e  i s  t o  he lp  you become more a t  

ease  wi th  t h e  idea  of t h e  "game" of matr ices .  To t h i s  end, 

w e  wish t o  use our  b a s i c  d e f i n i t i o n s  t o  a r r i v e  a t  c e r t a i n  

s t r u c t u r a l  p r o p e r t i e s  of ma t r i ces .  Rather than run t h e  r i s k  

of becoming too  a b s t r a c t  w e  have chosen t h e  s p e c i a l  case  

of 2  x  2  ma t r i ces  s i n c e  i n  t h i s  case  t h e  a c t u a l  computations 

a r e  n o t  overwhelming (al though they a r e  a  b i t  t ed ious )  and a t  

t h e  same time t h e  procedure used i n  t h e  2 x 2 case  genera l i zes  

r a t h e r  e a s i l y  t o  t h e  case  of n  x  n  ma t r i ces .  Hopefully, t h e  

i n t e r e s t e d  reader  w i l l  be a b l e  t o  s e e  t h i s  on h i s  own i f  he 

s o  d e s i r e s .  

To begin wi th ,  l e t  us denote  A ,  B ,  and C a s  s p e c i f i c a l l y  

(and y e t  a s  g e n e r a l l y )  a s  p o s s i b l e  by l e t t i n g  

Our approach w i l l  be  t o  compute A ( B  + C)  and AB + AC, then 

show t h a t  t h e s e  two matr ices  a r e  equal  term by t e r m ;  hence 

equal  by t h e  d e f i n i t i o n  of e q u a l i t y .  

I n  a s i m i l a r  way we s h a l l  compare A ( B C )  wi th  (AB)C. 

Using t h e  n o t a t i o n  i n  (1)-we have 

By our  d e f i n i t i o n  of ma t r ix  a d d i t i o n  we have t h a t  

* 	N o t i c e  t h a t  t h i s  v e r i f i e s  t h e  r u l e  of  c l o s u r e  t h a t  

t h e  sum o f  two 2 x 2 m a t r i c e s  i s  2 2 x 2 m a t r i x .  
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4.2.1 (continued) 

and s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  (2)  y i e l d s  

Therefore,  

[Where t h e  only  d i f f e r e n c e  between ( 4 )  and (3) i s  t h a t  i n  ( 4 )  

w e  have regrouped t e r m s  t o  sugges t  t h e  form AB + AC which w e  

s h a l l  i n v e s t i g a t e  nex t ]  

* Remember t h a t  b l l  + c i s  2 number  a s  i s  b21 + c T h u s  
11 2 1 '  

we a r e  s i m p l y  e m p l o y i n g  o u r  u s u a l  r u l e  f o r  m a t r i x  m u l t i p l i -

c a t i o n ;  i n  t h i s  c a s e ,  d o t t i n g  t h e  f i r s t  row o f  A w i t h  t h e  

f i r s t  c o l u m n  o f  B + C ,  
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4.2.1 (cont inued)  

On t h e  o t h e r  hand 

while 

Combining (5)  and (6), w e  have 

From our  d e f i n i t i o n  of matr ix  a d d i t i o n ,  (7)  becomes 

rallbll + a12b21 + 

Comparing (8)  wi th  ( 4 )  and r e c a l l i n g  our d e f i n i t i o n  of matr ix  

e q u a l i t y  ( i . e . ,  t h e  ma t r i ces  must be equal  e n t r y  by e n t r y )  it 

fol lows t h a t  

A ( B  + C)  = AB + AC. 

-...- --

* From now o n  w e  s h a l l  o m i t  t h e  s t e p  o f  w r i t i n g  a m a t r i x  
p r o d u c t  i n  t e r m s  o f  d o t  p r o d u c t s  o f  n t u p l e s  a n d  w r i t e  
t h e  r e s u l t  d i r e c t l y .  T h e  s t u d e n t  who s t i l l  f e e l s  
i n s e c u r e  s h o u l d  s u p p l y  t h e  m i s s i n g  s t e p .  
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4.2.1 (continued) 

[Notice t h a t  t h e  more experienced s t u d e n t  could have der ived 

(9) d i r e c t l y  from ( 4 )  by observing t h a t  

A s  f o r  v e r i f y i n g  t h a t  k ( B C )  = ( A a ) C ,  w e  have 

Hence 



S o l u t i o n s  
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- -

4 . 2 . 1  ( c o n t i n u e d )  

On the  o t h e r  h a n d  f r o m  (5)  , 
r 

H e n c e ,  

(AB)C = 
allbll+ a 1 2 b 2 1  

a 2 1 b l l  + a 2 2 b 2 1  

= 1 b ) c( a l l b l l  + a 1 2 b 2 1  l C 1 1  + ( a l l b 1 2  + a12  2 2  2 1  
b ) C( a 2 1 b l l  + a 2 2 b 2 1  l C 1 1  + ( a 2 1 b 1 2  + a 2 2  22  2 1  

( a l l b l l  + a 1 2 b 2 1 ) c 1 2  + ( a l l b 1 2  + a 1 2 b 2 2 ) c 2 2  

( a 2 1 b l l  + a 2 2 b 2 1 ) c 1 2  + ( a21b12  + a 2 2 b 2 2 ) c 2 2  

r I 

or  m o r e  s u g g e s t i v e l y ,  

b c 
+ a l l b 1 2 c 2 1  + a 1 2 b 2 1 c 1 1  + a 1 2  22  2 1  

+ a 2 l b 1 2 C 2 1  + a 2 2 b 2 1 c l l  + a22b22c21  

a11 11 1 2  + a l l b 1 2 = 2 2  + a 1 2 b 2 1 c 1 2  + a 1 2  2 2  2 2  

2 1  11 1 2  
b ca 

+ a 2 1 ~ 1 2 ~ 2 2+ a22b21c12  + a 2 2  22  2 2b c l( 1 3 )  

C o m p a r i n g  ( 1 1 )  w i t h  ( 1 3 )  s h o w s  us t h a t  
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4.2.2 (continued) 

Now 

S u b s t i t u t i n g  t h e  r e s u l t  of  (2)  i n t o  (1)y i e l d s  

Since  mat r ix  e q u a l i t y  means t h a t  t h e  ma t r i ces  must be  equal  

e n t r y  by e n t r y ,  equa t ion  (3)  impl ies  t h a t  

bll + b21 = 0 

and 

Equation ( 4 )  is obeyed provided only t h a t  b21 = -bll whi le  

equat ion  (5)  i s  obeyed provided only t h a t  b22 = - b12. 

This  tel ls  us ,  for example, t h a t  bll and b12 may b e  chosen 

completely at random whi le  b21 and b22 must then be  given by 

b21 = - bll and b22 = - b12* 

I n  o t h e r  words, i f  AB = 0, then  

To check t h i s  r e s u l t ,  observe t h a t  wi th  B a s  i n  (6) 
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4.2.2 (cont inued)  

What t h i s  Exerc i se  shows us i s  t h a t  it i s  q u i t e  p o s s i b l e  

f o r  t h e  product  of two mat r i ces  t o  be t h e  zero matr ix  even 

i f  n e i t h e r  of t h e  f a c t o r s  i s  t h e  zero  matrix.  In  t h i s  

p a r t i c u l a r  example, we showed t h a t  i f  

then  i f  B was any matr ix ,  such t h a t ,  e n t r y  by e n t r y ,  the  

second row was t h e  nega t ive  of t h e  f i r s t  row, t h e  product  

AB would be  t h e  zero  matrix.  I n  o t h e r  words, t h e r e  a r e  

i n f i n i t e l y  many d i f f e r e n t  ma t r i ces  B f o r  which AB = 0, even 

though n e i t h e r  A nor  B need be t h e  zero matrix.  

H e r e  we wish t o  emphasize t h e  problems t h a t  occur because 

mat r ix  m u l t i p l i c a t i o n  i s  no t  commutative. We have j u s t  

seen t h a t  f o r  AC t o  be t h e  zero  matr ix ,  then  C must have 

t h e  form 

where x and y  a r e  any r e a l  numbers chosen a t  random. 

I f  w e  now use  ( 7 )  t o  compute CAI we o b t a i n  
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4.2.2 (continued) 

and from (8)  we see t h a t  f o r  CA t o  be  t h e  zero  matr ix ,  both 

x + y and -x -y must be 0, and t h i s  i n  t u r n  means t h a t  y 

must be -x. 

I n  o t h e r  words, i f  CA i s  a l s o  t o  be  t h e  zero matr ix ,  w e  need 

t h e  a d d i t i o n a l  c o n s t r a i n t  t h a t  only one e n t r y  of  C can be 

chosen a t  random. I n  p a r t i c u l a r ,  i n  terms of t h e  n o t a t i o n  

i n  ( 7 )  , w e  must have t h a t  

With C a s  de f ined  i n  ( 9 )  both  AC and CA a r e  equal  t o  t h e  

zero  matrix.  A s  a check w e  have 

whi le  

The impor tant  t h i n g  t o  observe,  however, i n  t h i s  case ,  is 

t h a t  t h e  set  of  ma t r i ces  B f o r  which AB = 0 i s  n o t  t h e  

same a s  t h e  set  of  ma t r i ces  C f o r  which CA = 0. This r e s u l t  

i s  q u i t e  d i f f e r e n t  from t h e  corresponding r e s u l t  of  o rd ina ry  

m u l t i p l i c a t i o n  and a l s o  o f ,  s ay ,  d o t  product  m u l t i p l i c a t i o n  

where i t  is t r u e  t h a t  A B can be  0  even though n e i t h e r  A- - -
nor B is 0 ,  b u t  i n  t h i s  case  it i s  a l s o  t r u e  t h a t  A ' B = - - - -
B A.- -

I n  t h i s  c a s e  l e t t i n g  
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4 . 2 . 3  (cont inued)  

w e  have t h a t  AB = 0 mean; 

Hence, 

Thus by d e f i n i t i o n  of ma t r ix  e q u a l i t y ,  we have 

and 

The system (1) [ a s  may be v e r i f i e d  by f i r s t  adding and then 

s u b s t r a c t i n g  t h e  two equa t ions ]  i s  s o l v a b l e  i f  and only i f  

bll and b21 = 0. S i m i l a r l y  t h e  system (2)  is s o l v a b l e  i f  and 

only i f  b12 and b22 = 0 .  

Thus, i n  t h i s  example B must i t s e l f  be  t h e  zero matr ix  

A comparison of t h i s  e x e r c i s e  and t h e  previous one r e v e a l s  t h e  

fo l lowing i n t e r e s t i n g  (and complicat ing) f a c t ,  Given a square 

ma t r ix  A which i s  no t  t h e  zero matr ix ,  t h e r e  a r e  s i t u a t i o n s  i n  

which i t  i s  p o s s i b l e  t o  f i n d  i n f i n i t e l y  many matr ices  B such 

t h a t  AB = 0. On t h e  o t h e r  hand, t h e r e  a r e  o t h e r  s i t u a t i o n s  i n  

which f o r  t h e  given mat r ix  A t h e r e  i s  only one matr ix  B (namely 

t h e  zero  mat r ix  i t s e l f )  such t h a t  AB = 0.  



-- 
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4 .2 .3  (continued) 

This  r e s u l t  is  d i f f e r e n t  from most a r i t h m e t i c  w e  have s t u d i e d .  

For example, i n  numerical a r i t h m e t i c  i f  a + 0 then ab = 0 if 
-and only if b = 0,  whi le  i n  dot -product -ar i thmet ic  i f  -a i s  
a non-zero v e c t o r  -a . b = 0 always has i n f i n i t e l y  many 

s o l u t i o n s  f o r  b.-

I n  t h e  nex t  u n i t  w e  s h a l l  d i s c u s s  t h i s  p roper ty  of matr ix  

m u l t i p l i c a t i o n  i n  more d e t a i l .  

Notice a l s o  t h a t  i n  t h e  case  i n  which B = 0 is  t h e  only mat r ix  

f o r  which AE3 = 0,  then CA = 0 y i e l d s  only t h e  s o l u t i o n  C = 0. 

For example, us ing  A a s  i n  t h i s  e x e r c i s e ,  w e  s e e  t h a t  i f  

then  

whereupon w e  conclude a s  be fo re  t h a t  cll = c12 = 0 and 
-C21 - C22 = 0. 

The r e s u l t s  of t h e s e  l a s t  two e x e r c i s e s  should n o t  be  confused 

wi th  t h e  converse problem. That i s ,  whi le  AB = 0 does no t  t e l l  

us whether e i t h e r  A o r  B must b e  t h e  zero  matr ix ,  it should be  

c l e a r  t h a t  i f  0  denotes  t h e  zero  mat r ix  then A0 = 0. Namely. 

i n  t h e  2  x  2 c a s e  w e  have 

= 0 


That  is, AO= 0, b u t  AB = 0 does no t  always mean t h a t  B = 0.  
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4.2.4 

This e x e r c i s e  i s  a c t u a l l y  a companion, o r  a c o r o l l a r y ,  of t h e  

previous two e x e r c i s e s .  Recal l  t h a t  t h e  f a c t  t h a t  ab = 0 -1
implied t h a t  e i t h e r  a  = 0 o r  b = 0 hinged on t h e  f a c t  t h a t  a 

e x i s t e d .  Our c la im i s  t h a t  i n  p a r t  ( a )  t h e  ma t r ix  A has an 

i n v e r s e  ( t h a t  i s ,  we in tend  t o  show t h a t  t h e r e  i s  a matr ix  X 

such t h a t  AX = 1, and X i s  then denoted by d l ) ,whi le  t h e  

ma t r ix  B i n  p a r t  (b)  does n o t  have an inver se .  

a. L e t t i n g  

w e  have 

Hence AX = I impl ies  t h a t  

Therefore ,  

and 

Solving t h e  p a i r  of equat ions  (1) f o r  xll and x21 y i e l d s  
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4 . 2 . 4  (continued) 

S i m i l a r l y  s o l v i n g  ( 2 )  y i e l d s  

P u t t i n g  ( 3 )  and ( 4 )  i n t o  our  d e f i n i t i o n  of X y i e l d s  

As  a check 

Therefore,  

b. L e t t i n g  

w e  have 

Then s i n c e  BX = I ,  equat ion  (5)  i m p l i e s  t h a t  
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4.2.4 (cont inued)  

Xll + X21 = 1 

and a l s o  t h a t  

x + x  = o .
11 21 

Equations (6)  and (7)  toge the r  imply t h a t  1 = 0 ( s i n c e  both  

equa l  xll + x ~ ~ ) .  

This c o n t r a d i c t i o n  e s t a b l i s h e s  t h e  f a c t  t h a t  t h e r e  i s  no 
mat r ix  X such t h a t  BX = I. 

Thus B-ldoes no t  e x i s t  (and, t h i s  is  c l o s e l y  r e l a t e d  t o  why 

t h e r e  a r e  i n f i n i t e l y  many mat r i ces  Y such t h a t  B = 0 while  only  

t h e  zero  mat r ix  s a t i s f i e s  AX = 0 ) .  I n  o t h e r  words, t h e  ma t r ix  

equat ion  BX = I has no s o l u t i o n s .  

Therefore,  

[ s i n c e  mat r ix  m u l t i p l i c a t i o n  i s  a s s o c i a t i v e  (see Exerc ise  4 . 2 . 1 1 1  

S u b s t i t u t i n g  t h e  r e s u l t  of (1) i n t o  (2)  we o b t a i n  



Solu t ions  
Block 4 :  Matrix Algebra 
Unit  2: In t roduc t ion  t o  Matrix Algebra 

4 . 2 . 5  (continued) 

Aside: The i n t e r e s t e d  reader  may observe t h a t  mul t ip ly ing 

a  matr ix  X on t h e  r i g h t  by 

y i e l d s  

Thus, i n  any event  t h e  f i r s t  column of XA is  obta ined by 

adding t h e  e n t r i e s  i n  each row of X. I n  p a r t i c u l a r  i n  computing 
2

A w e  p ick  X = A so t h a t  

The s p e c i f i c  choice  of X = A a l s o  t e l l s  us t h a t  t h e  e n t r y  i n  

t h e  f i r s t  row, second column i s  t h e  same a s  t h e  e n t r y  i n  t h e  

second row, f i r s t  column, whi le  t h e  e n t r y  i n  t h e  second row, sec-

ond column i s  t h e  sum of t h e  e n t r i e s  i n  t h e  f i r s t  column. Thus, 
t h e  va r ious  powers of A w i l l  be given by 
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4.2.5 (cont inued)  

+ L :::I 
A6 

Comparing ( l ) ,( 2 ) ,  and ( 3 )  w e  may con jec tu re  t h a t  

S ince  
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4.2.5 (continued) 


and 


One way of confirming our  con jec tu re  i s  by use of mathematical 

induct ion .  Namely w e  a l r eady  know t h a t  

is t r u e  when k = 1,2,3.  


W e  must then show t h a t  t h e  assumption t h a t  


impl ie s  that Ak+1 


To t h i s  end,  


Hence 

and our  proof by mathematical induc t ion  is  complete. 
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4 . 2 . 5  (continued) 

Therefore,  

There fo re , ,  

A3 = AAA 

= (AA)A 

Therefore ,  

This  example shows t h a t  i t  i s  p o s s i b l e  f o r  a power of a non-

zero  mat r ix  t o  be t h e  zero  matr ix .  Such a matr ix  i s  given a 

s p e c i a l  name. Namely i f  t h e  non-zero mat r ix  A has  t h e  
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4 .2 .5  (continued) 

p roper ty  t h a t  t h e r e  i s  a p o s i t i v e  whole number n such t h a t  

A" = 0 (where 0 denotes  t h e  zero  m a t r i x ) ,  then A i s  c a l l e d  

a n i l p o t e n t  matr ix.  

Therefore,  

Now r e c a l l i n g t h a t  cA means t h e  ma t r ix  ob ta ined  by mul t ip ly ing  

each e n t r y  of A by c, w e  a l s o  have 

Then - 2 4 1  = 

Hence 

Combining equa t ions  (1), ( 2 )  , and ( 3 )  w e  have 
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4.2.6 (continued) 

That is, 


- ZA - 2 4  I = IJ [where 0 is the zero matrix). 

Although the proof is beyond the scope of our course, there is 


a very remarkable theorem that applies to square matrices. We 

shall discuss the meaning of the theorem in more detail in Part 

3 when we talk about eigenvalues but the "mechanics" are the 

following. Suppose we have a 2 x 2 matrix (and corresponding 


results hold for matrices of higher dimensions, but the compu- 


tations are messier) 


We then form the matrix A - XI, which is given by 
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4 . 2 . 6  (continued) 

We then look a t  t h e  equat ion  obta ined by s e t t i n g  t h e  

determinant  of t h e  ma t r ix  A - XIequa l  t o  0. This y i e l d s  

Without worrying h e r e  about why one would want t o  use equat ion  

(i)t h e  amazing f a c t  is  t h a t  i f  t h e  ma t r ix  A i s  used i n  p lace  

of x i n  equat ion  (i)and mat r ix  a r i t h m e t i c  r e p l a c e s  numerical 

a r i t h m e t i c ,  equat ion  (i)is  s t i l l  obeyed. 

For example, i n  t h i s  p a r t i c u l a r  e x e r c i s e  

Hence, 

Therefore ,  


de t (A - XI)= O impl ies  
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4.2.6 (cont inued)  

L e t t i n g  A r e p l a c e  x i n  (ii)we o b t a i n  

which agrees  wi th  t h e  r e s u l t  of  t h i s  exe rc i se .  

b. 	 W e  observe,  of course ,  t h a t  j u s t  a s  i n  t h e  previous e x e r c i s e  

w e  could compute A3 d i r e c t l y .  Namely, from (1) i n  p a r t  ( a ), 

So t h a t  

W e  wish, however, t o  emphasize t h e  r e s u l t  t h a t  f o r  our choice  

of A, A2 - 2A - 24 I = 0. To t h i s  end w e  w r i t e  A3 i n  a form 

which emphasizes A2 - 2A - 24 I. 

Namely, i f  w e  mul t ip ly  A2 - 2A - 24 I by A we o b t a i n  an A
3 

.. 
t e r m  b u t  a l s o  t h e  t e r m  -2AL - 24 A I ,  o r  s i n c e  I i s  t h e  

*We m u s t  b e  c a r e f u l  t o  o b s e r v e  t h a t  w h i l e  2 4  i s  a number  

i t  i s  n o t  a m a t r i x .  T h e  i n t e r p r e t a t i o n  u s e d  i n  t h e  t h e o r e m  

i s  t h a t  2 4  i s  r e p l a c e d  by  2 4  I ,  
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4.2.6 (continued) 

i d e n t i t y  matr ix ,  -2A 2-24A. Hence i f  we add 2A 2 + 24A t o  t h i s  

express ion w e  have t h e  i d e n t i t y  

Since  - 2A - 24 I = 0, it fol lows from (6)  t h a t  

Notice t h a t  (7)  shows us t h a t  w e  can compute i n  t e r m s  of 

t h e  lower powers and A. 

I n  f a c t  w e  may "reduce" A
3 even f u r t h e r  by observing t h a t  

and, aga in ,  s i n c e  - 2A - 24 I = 0,  (8)  impl ies  t h a t  

2~~ + 24A = 28A + 48 I, 

P u t t i n g  this r e s u l t  into 17) y i e l d s  

Eguatioa (9 )  is p a r t i c u l a r l y  convenient  for  computing A
3 

since 

*This f o l l o w s  from t h e  fact t h a t  i f  0 i s  t h e  zero  matr ix  

then A0 = 0 .  Therefore  A ( A ~- 2 A  - 2 4  I )  = A0 = 0 and s i n c e  

0 i s  t h e  i d e n t i t y  matr ix  w i t h  r e s p e c t  t o  a d d i t i o n  

A 3  = 0 + 2~~ + 2 4 A  = 2 A 2  + 2 4 A .  
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4.2.6 (cont inued)  

Equation (10) checks wi th  t h e  r e s u l t  i n  (5) . 

c .  	 The main aim of p a r t  (b)  was t o  emphasize t h a t  w e  may "reduce" 

powers of ma t r i ces  by a technique which i s  e s s e n t i a l l y  t h e  

same a s  t h e  r e c i p e  f o r  performing long d i v i s i o n  o f  polynomials. 

For example, when w e  want t o  d i v i d e  x3 by x2 - 2x - 24, t h e  

r e c i p e  i s  nothing more than a convenient  form f o r  f a c t o r i n g  

x2 - 2x - 24 from x 3. Without going through t h e  s p e c i f i c  

d e t a i l s ,  t h e  p o i n t  is t h a t  

Consequently, it i s  easy t o  s e e  t h a t  when x3 is div ided by 

x2 - 2x - 24, t h e  q u o t i e n t  is x + 2 and t h e  remainder i s  

28x + 48. I n  p a r t i c u l a r ,  i f  x2 - 2x - 2 4  happens t o  be  

zero 	then t h e  remainder is t h e  quo t i en t .  

A t  any r a t e ,  i f  w e  now go through t h e  procedure i n  (b)  b u t  

use t h e  convenience of t h e  long d i v i s i o n  n o t a t i o n ,  we have: 
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4.2.6 (continued) 

Hence, 

Then, s i n c e  A2 - 2A - 24 I = 0. 

While t h e  d i v i s i o n  i n  a r r i v i n g  a t  (11)was a b i t  cumbersome 

and whi le  t h e  r i g h t  s i d e  of (11)may look a b i t  cumbersome 

a s  w e l l ,  t h e  p o i n t  i s  t h a t  it would have been even more 

cumbersome t o  compute A7 d i r e c t l y  i n  Lie manner t h a t  w e  

computed A3 i n  p a r t  (b). 

The impor tant  p o i n t  is  t h a t  s i n c e  A2 - 2A - 24 I = 0,  any 

polynomial i n  A can be reduced t o  t h e  form cA + k I I  

where c and k a r e  r e a l  numbers. That i s ,  w e  can f a c t o r  

o u t  A2 - 2A - 24 I from t h e  polynomial which means t h a t  

t h e  remainder can be  no more than a f i r s t  degree polynomial 

i n  A. 

A t  any r a t e ,  wi th  r e s p e c t  t o  our s p e c i f i c  problem, equat ion  

(11) shows t h a t  
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4.2.7 ( con t inued)  

w h i l e  

Comparing (1) and (2)  we s e e  t h a t  AB = BA i f  and only  i f  

Both (3)  and (4)  imply t h a t  

With b21 = 0 ,  equa t ion  ( 3 )  s a y s  t h a t  b  11 = bll ,  and s i n c e  

t h i s  i s  an  i d e n t i t y ,  bll may b e  a r b i t r a r i l y  chosen. 

S i m i a r l y  w i t h  bZ1 = 0 ,  equa t ion  (6)  becomes 2b22 = 2b22 which 

is  s a t i s f i e d  by any v a l u e  of  b22 .  So b22 may a l s o  b e  

a r b i t r a r i l y  chosen. 

F i n a l l y ,  e q u a t i o n  (5) i m p l i e s  t h a t  
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4.2.7 (continued) 

Combining ( 7 )  and (8 )  wi th  t h e  f a c t  t h a t  bll and b22 may be  

chosen a t  random, w e  have 

A s  a check, (9)  y i e l d s  

Therefore,  

whi le  

Comparing (10) and (11)shows t h a t  wi th  B a s  i n  ( 9 )  AB = BA. 

A s  s p e c i f i c  examples of  ma t r i ces  which s a t i s f y  (9)  we have 

5 ) e t c .  
0 3 I2 ' ( :  
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4.2.7 (continued 

Since  5 - 3 = 2 and 8 - 7 = 1. 

then 

T
b. The mat r ix  ( A ~ ) ~  Namely form Ai s  p r e c i s e l y  A. we 

by rnrn- ( A ~ )  

by in terchanging t h e  rows and columns of A'I'. I n  o t h e r  

words we ( A ~ ) ~  rows and columns 

in terchanging t h e  rows and columns of A. W e  form ' 

o b t a i n  by in terchanging t h e  

of A twice,  b u t  t h i s  i s  t h e  same a s  l eav ing  t h e  rows and 

columns of A i n  p lace .  

For example, wi th  A = we saw t h a t  

Hence, 


( z  2 :)
, which i s  A. 
o r  


L e t t i n g ,  a s  u s u a l ,  


= and = bll
(a:: 1::) ( 
b21 


w e  have 
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4 . 2 . 8  (continued) 

Therefore,  

On t h e  o t h e r  hand, 

Comparing (1)and ( 2 )  shows t h a t  (ABIT = B
T

A
T. 

From a l e a r n i n g  p o i n t  of view, t h e  c r u c i a l  p a r t  o f  t h i s  

e x e r c i s e  i s  t h e  observat ion  t h a t  s i n c e  mat r ix  m u l t i p l i c a t i o n  

i s  n o t  commutative, w e  must keep t h e  o rde r  of  t h e  f a c t o r s  

i n t a c t .  

Thus, whi l e  it might s e e m  "na tu ra l "  t o  say t h a t  (MIT= ATBT , 
t h e  f a c t  i s  t h a t  i n  genera l  t h i s  r e s u l t  i s  n o t  t r u e .  What is 

t r u e  is  t h a t  ( A B ) ~= B ~ A ~ .I n  o t h e r  words, t h e  t r anspose  of a 

product  i s  t h e  product  of  t h e  t r ansposes ,  wi th  t h e  o rde r  of 

m u l t i p l i c a t i o n  reversed.  

There a r e  many s i t u a t i o n s  i n  which one i s  i n t e r e s t e d  i n  t h e  

t r anspose  of  a ma t r ix  r a t h e r  than i n  t h e  given mat r ix  i t s e l f .  

W e  s h a l l  no t  pursue t h i s  i d e a  f u r t h e r  i n  t h i s  e x e r c i s e  b u t  w e  

s h a l l  i n  our  l a t e r  work. 
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