
S o l u t i o n s  
ÿ lock 5: Mul t ip le  I n t e g r a t i o n  

Uni t  5: More on P o l a r  Coordinates 

5.5.1(L) 

Knowing t h a t  p= 6 w e  may conclude t h a t  t h e  p o i n t  P ( p , @ , 8 )  i s  on 

t h e  sphere  cen te red  a t  t h e  o r i g i n  wi th  r a d i u s  6 ( i . e . ,  { ( p r @ r 8 ) :  

= 6 )  i s  t h e  locus  of  a l l  p o i n t s  i n  3-space which a r e  6 u n i t s  

from t h e  o r i g i n .  This  i s  why ( r , @ , 8 )  a r e  r e f e r r e d  t o  a s  

s p h e r i c a l  coord ina tes ;  namely t h e  sphere  of r a d i u s  6 centered  -a t  

-t h e  o r i g i n  has t h e  simple equa t ion  p= 6 i n  s p h e r i c a l  coordinates . )  

Knowing t h a t  (I = ;* t e l l s  us t h a t  P  ( p ,@ ( 8 )  must be t h e  cone 

whose a x i s  of symmetry is  t h e  z-axis  and whose c e n t r a l  angle  i s  

f r ad ians .  

Thus, s i n c e  p= 6 - = 4¶ P ( p , @ , 8 )  must be on both ( i . e . ,  t h eand @ -, 
i n t e r s e c t i o n )  of t h e  sphere  and t h e  cone; and t h i s  i n t e r s e c t i o n  

i s  a c i r c l e  p a r a l l e l  t o  t h e  xy-plane. P i c t o r i a l l y ,  

, I n t e r s e c t i o n  of  t h e  cone and 

= 6 cos 4 5 O  = 3 47 
= 6 s i n  45' = 3 fi 

Therefore ,  curve of i n t e r s e c t  
i s  t h e  c i r c l e  x2 + y2 = 18 
z = 3 J Z  

F i n a l l y ,  g iven t h a t  0 = ;,
 t h e  p o i n t  i s  uniquely loca ted  on t h e  

above c i r c l e  of i n t e r s e c t i o n .  I n  o t h e r  words 0 = $ i s  a ( h a l f - )  

* Since by definition @ is an angle (not a number),$ = -71 
4 means @ = radians.4 
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5.5.1 (L) cont inued 

p lane  which i n t e r s e c t s  t h e  above c i r c l e  i n  e x a c t l y  one p o i n t .  

P i c t o r i a l l y ,  looking "down" along t h e  z-axis  we have, 

Y 

t The circle x  2  + v2 = 18.  

Thist h e  p lane  n o t  p a r t  Q = of.k Q i s  t h e  only  p o i n t  
a t  which t h e  h a l f -  

r a t h e r  t h e  d o t t e d  
l i n e  r e p r e s e n t s  

p lane  meets t h e  
c i r c l e .  

t h e  ha l f -p lane  
8 = 240'. 

+ 
3[Since = 3 a, OR = 3 a cos  60° = Zfland = 3 s i n  60° = 

3 3 3-2 &. Hence i n  C a r t e s i a n  coord ina tes  Q i s  t h e  p o i n t  (Tn, 6, 
3 m1. 

The main p o i n t  i s  t h a t  p=p,,$ =$, and 8 = Q0 uniquely r e p r e s e n t s  

t h e  p o i n t ,  g iven i n  Car tes i an  coord ina tes  by (posin$ocos$of 

~ ~ s i n $ ~ s i n $ ~ ,~ ~ c o s $ ~ ) .  

Moreover, i f  w e  want no two d i f f e r e n t  3 - t r i p l e s  ( p , + , 8 )  t o  denote  

t h e  same p o i n t ,  w e  may r e q u i r e  t h a t  
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5 .5 .1  (L) continued 

which i s  t h e  convention adopted i n  t h e  t e x t .  

Notice t h a t  i n  t h i s  con tex t  w e  have a d e v i a t i o n  from our con-

vent ion  concerning 2-dimensional p o l a r  coord ina tes  where r 

could be p o s i t i v e  o r  nega t ive  and 8 could be changed by mul t ip les  

of  360°. What we a r e  r e a l l y  saying i s  t h a t  i f  a l l  we want i s  a 

coordinate  system f o r  l o c a t i n g  p o i n t s  i n  space wi thout  worrying 

about  equat ions  of motion then we can r e s t r i c t  our coordinates  

i n  t h e  way we have done. For example, i n  2-space, i f  we simply 

wnat t o  l o c a t e  a p o i n t  wi thout  worrying about t h e  equat ion  of 

t h e  curve s a t i s f i e d  by t h e  p o i n t ,  we can obviously r e s t r i c t  r t o  

being non-negative and we can r e s t r i c t  8 t o  t h e  range 

i n  which case  each p o i n t  i n  t h e  p lane  has a  unique r e p r e s e n t a t i o n  

i n  t h e  form ( r ,  8 ) .  

5.5.2 

r = a means e i t h e r  t h e  c i r c l e  of r a d i u s  a centered  a t  (0,O) o r  

t h e  c i r c u l a r  c y l i n d e r  wi th  t h a t  c i r c l e  a s  cross-sec t ion  depending 

on whether our  domain (universe  of d i scourse )  i s  2-space o r  

3-space. That  i s  

i s  a c i r c l e ,  whi le  

i s  a c y l i n d e r .  Every p o i n t  on t h i s  
cy l inder2pro  ' e c t s  onto  t h e  

P i c t o r i a l l y  c i r c l e  x + yJ= a2 ,  i.e .  , 
r = a .  
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5.5.2 continued 

This  i s  why ( r , Q , z )  i s  r e f e r r e d  t o  a s  c y l i n d r i c a l  coordinates .  

Namely, t h e  equat ion  of t h e  above c y l i n d e r  i s  simply r = a .  

5.5.3 

a .  	 The f a c t  t h a t  p= 3 ,  l o c a t e s  us on t h e  sphere centered  a t  t h e  

o r i g i n  wi th  r a d i u s  3 ,  while 8 = n/4 rad ians  l o c a t e s  us on a 

( h a l f - )  p lane  ( i n  p a r t i c u l a r  t h e  p lane  pass ing through t h e  f i r s t  

quadrant  p o r t i o n  of t h e  l i n e  y = x ,  perpendicular  t o  t h e  xy-plane). 

Hence, i f  p =  3 and 8 = n/4 radians,we a r e  on t h e  i n t e r s e c t i o n  -
of t h e  sphere  and t h e  p lane  which i s  t h e  semic i rc le  of r a d i u s  

3 cen te red  a t  (0 , O f  0)  , having t h e  z-axis between (0,O ,-3) and 

(0 ,0 ,3 )  a s  i t s  diameter ,  and l y i n g  i n  t h e  p lane  formed by t h e  

z-axis  and h a l f - l i n e  ( r a y )  y = x ,  x 2 0. 

b. 	 8 = n/4 impl ies  t h a t  we a r e  i n  t h e  ha l f -p lane  y = x ,  x -> 0 .  

@ = n/4 impl ies  w e  a r e  on t h e  cone desc r ibed  i n  Exerc i se  5.5.1. 

Thus, wi th  8 = IT/^ and $= IT/^ w e  a r e  on t h e  i n t e r s e c t i o n  of t h e  

p lane  and t h e  cone, which i s  a p a r t i c u l a r  s t r a i g h t  l i n e  through 

t h e  o r i g i n .  

[More s p e c i f i c a l l y  8 = n/4 -+ s i n  8 = cos  8 = f fi and += n/4 

s i n  	@ = cos $ = -1 JZ. NOW2 


x = psin+ cos  8 


y = psin@ s i n  8 


z = pcos$ 


Hence 

Therefore ,  2x = 2y = 2z/ a ( = p  ) o r  x = y = z /  a. Therefore 

t h e  l i n e  passes  through (0 ,0 ,0 )  and i s  p a r a l l e l  t o  t h e  v e c t o r  
3 
1 + 	- j +  nz]. 
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I n  s p h e r i c a l  coord ina tes  t h e  sphere S i s  given by 

I n  C a r t e s i a n  coord ina tes  t h e  r equ i red  mass i s  given by 

Since k2+y2+ z2 = p we may f i n d  i t  h e l p f u l  t o  convert  (1) t o  

s p h e r i c a l  coord ina tes .  This  y i e l d s  

From t h e  r e l a t i o n s  

x = p  s i n $  cos  8  


y  = p  s i n $  s i n  8  


z = p  cos$ 


w e  o b t a i n  t h a t  

I s i n  cb cos 8 s i n  c$ s i n  8 cos $ 


a ( ~ , c $ , 0 )  pcos; cos  8 
pcos $ s i n  8  - psin  $
= I  

- p i n $  s i n  8  ps in  $ cos $ 0 

s i n $  s i n 8  c o s  $ 
= -psin$ s i n  8  

pcos $ s i n  8  -ps in  @ 

s i n  $ cos 8 cos $ 
-psin$ cos  8  

pcos $ cos  8  -ps in  $ 

2 	 2 

= 	-psin$ s i n  8  (-0  s i n  $ s i n  8  - p  cos $ s i n  8 )  + 

-psin$ cos  8 ( -p  s i n2$ cos  8 - p  cos 2@ cos 8 )  
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5.5.4(L) continued 


2 2 2 
= 	p s i n  $ s i n  8  ( s i n  I$ + cos2$) 

+ 	p 2s i n  $ cos 28 ( s i n2$ + cos  2$)  


2 2 2 2 

= p s i n  (I s i n  8  + p s i n  4 cos  8 


2 2 2 

= 	p s i n  $ ( s i n  8  + cos  8 )  

= p 
2s i n  $ 


s o  t h a t  (2)  becomes 


1 

3 

p s i n  @ dp d$ de. 

[Notice t h a t  we could have ob ta ined  (2)  by t h e  geometric  argument 

given i n  Sec t ion  16.8, b u t  our  method shows t h e  more g e n e r a l  use  

of t h e  Jacobianl  

A t  	any r a t e ,  d i r e c t  ingegra t ion  now y i e l d s  
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5.5.5 

P i c t o r i a l l y  our  region R i s  given by 

1. For f ixed  r and 8 
z v a r i e s  from 0 t o  5.  

2 22 .  	 x + y = 4 - + r = 2 ;  
t h e r e f o r e ,  

X 


Therefore ,  
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I n  s p h e r i c a l  coord ina tes  R i s  def ined by 

R =  { ( p , $ ,  8 ) :  a (p ( b ,  0 I+ZIT, 0 - < 8 - < 21~1. 

Hence. 

*i2J7b(pcos $12 pZs in  + dp dm dB 

O O a  


= ([ p4dp) ('10s24 s i n  $ d+) (i?e)

1 
= 175 P lo 1I[- -3 cos  4 ] [  2ITl 

10 

5.5.7 (L) 

Technica l ly  speaking,  t h i s  e x e r c i s e  could have been given i n  

Uni t  3 of t h i s  Block, b u t  we e l e c t  t o  do it here  a s  a pre l iminary  

t o  a 3-dimensional change of v a r i a b l e  problem which makes up 

t h e  nex t  e x e r c i s e .  Our main aim here  i s  t o  show how w e  may 

o f t e n  use  more than one change of v a r i a b l e s  i n  t h e  same e x e r c i s e .  

I n  t h i s  e x e r c i s e ,  t h e  f i r s t  " t r i c k "  i s  t o  " s t r a i g h t e n  ou t "  t h e  

e l l i p s e  R and shape it a s  a c i r c l e .  This  i s  r e a d i l y  accomplished 

by t h e  change of  v a r i a b l e s  
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5.5.7 (L) continued 

That  i s ,  we map R on to  -f (R) = S, where 

wi th  u and v a s  i n  (1). 


W e  a l s o  see from (1) t h a t  


s o  t h a t  

where 

[That is ,  

t h e r e f o r e ,  

Now, s i n c e  S ( i n  t h e  uv-plane) i s  a u n i t  d i s c  cen te red  a t  t h e  

o r i g i n  wi th  r a d i u s  1, a swi tch  t o  p o l a r  coord ina tes  i s  

d e s i r a b l e .  
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5.5.7 (L) continued 

That  i s ,  w e  now map t h e  uv-plane i n t o  t h e  re-plane by t h e  mapping 

where 


u = r cos  0 


v = r s i n 8  


From (3)  it fol lows t h a t  


which checks wi th  t h e  geometr ica l  i n t e r p r e t a t i o n  t h a t  dv du = 

rdrde * . 

A t  any r a t e ,  then ,  

ab)  3 ~ 2 v 2  dv du = (r cos 0) 2 (r s i n  e l 2  r d r  dQ 

g(S)  

2

Q cos  Q d r  de 

2 2
6: ~ d r  J2:in 6 cos  Q dB 

*Do n o t  b e  c o n f u s e d  by o u r  b e i n g  i n  t h e  u v - p l a n e  r a t h e r  t h a n  t h e  
x y - p l a n e .  A f t e r  a l l ,  t h e  u v - p l a n e  i s  a r e p l i c a  o f  t h e  x y - p l a n e  
( i . e . ,  t h e  p l a n e s  a r e  t h e  same b u t  t h e  mapping  " s c r a m b l e s "  
t h e  p o i n t s ) .  T h u s ,  s w i t c h i n g  t o  p o l a r  c o o r d i n a t e s  i n  t h e  uv-
p l a n e  i s  s t r u c t u r a l l y  t h e  same a s  i t  was  when we d e a l t  w i t h  
t h e  x y - p l a n e .  

S.5.5.10 
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5.5 .7  (L)  continued 

- a3b3 J 2T
1+ cos 48 de 

224  0 

3 3 
- a s i n  4  - - [ + 

4 8 

[Note: Had t h e  problem been i . fxy  dy dx,  i n  p l a c e  of equat ion  

( 4 )  w e  would have had 

( d e t a i l s  a r e  l e f t  t o  you).  Notice t h a t  

1s i n  8  cos 8  d8 = - s i n26'" 
I n  o t h e r  words /_I,, dy dx = 0.  The reason f o r  t h i s  i s  t h a t  

n 

t h e  s i g n  of xy i s  p o s i t i v e  i n  t h e  f i r s t  and t h i r d  quadran t s ,  

and nega t ive  i n  t h e  second and f o u r t h  quadrants  so  t h a t  by 

symmetry t h e  i n t e g r a l s  cance l .  I n  s t i l l  o t h e r  words 

I $ £  ( x I y )  dAR i s  a " n e t  volume" i f  f ( x , y )  i s  n o t  always 
R 


p o s i t i v e . ]  
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5.5.7 (L) continued 


P i c t o r i a l l y ,  what w e  have done is: 


Aside: 

W e  c l e a r l y  can view t h e  composite mapping shown i n  our  diagram 

a s  a  s i n g l e  mapping from t h e  xy-plane i n t o  t h e  r8-plane. 

A n a l y t i c a l l y  t h i s  corresponds t o  t h e  f a c t  t h a t  w e  may 

s u b s t i t u t e  

u = r cos 8  


v = r s i n  8  


i n t o  

*Again n o t i c e  t h a t  OC i s  n o t  p a r t  o f  g ( S )  i f  g i s  1-1. 
However,  t h e  a r e a  of  g ( S )  i s  n o t  a f f e c t e d  by t h e  i n c l u s i o n  
( o r  e x c l u s i o n )  o f  O C .  I n  t h i s  same v e i n ,  o n e  o f t e n  
r e f o r m u l a t e s  t h i s  e n t i r e  e x e r c i s e  by s a y i n g  t h a t  R i s  
t h e  i n t e r i o r  o f  t h e  e l l i p s e  

2 2 
X- + ? = I ;  

a  2  b 


t h e  p o i n t  b e i n g  t h a t  t h e  b o u n d a r y  o f  t h e  e l l i p s e  c o n t r i b u t e s  
n o t h i n g  t o  11 x Z y 2  dy dx .  

R 


S.5.5.12 
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5.5.7 (L) continued 

t o  o b t a i n  

x = a r  cos  9 


y = b r  s i n  9 


(and t h i s  i s  a pa ramet r i c  equat ion  f o r  t h e  e l l i p s e  

A s  a f i n a l  no te  on t h i s  e x e r c i s e ,  n o t i c e  t h a t  we could have 

eva lua ted  t h e  given i n t e g r a l  wi thout  r e s o r t i n g  t o  any change of 

v a r i a b l e s ,  b u t  c e r t a i n l y  t h e  change of v a r i a b l e s  converted t h e  

given double i n t e g r a l  i n t o  a form t h a t  was much e a s i e r  t o  e v a l u a t e  

than was t h e  given i n t e g r a l .  A s  t h e  number of v a r i a b l e s  

i n c r e a s e s ,  it becomes even more important  from a computational 

p o i n t  of view t o  make t h e  type of change of v a r i a b l e s  d iscussed 

i n  t h i s  e x e r c i s e .  We s h a l l  s e e  t h i s  i n  more d e t a i l  i n  t h e  next  

e x e r c i s e .  

W e  f i r s t  map R o n t o  -f (R) = S by mapping f ( x , y , z )  = (u,v,w) where 

[ i.e. , w e  make t h e  change of v a r i a b l e s  given by (1)1 

Therefore x = au ,  y = bv, z = cw and 

0 0 

b 0 = abc. 

0 c 

Hence, 



where S = {(u,v,w): u 2+ v 2+ w2 -< 1; u,v,w, 2 0) . 

Thus, in uvw-space S is the solid sphere of radius 1 centered 


at the origin, and this suggests spherical coordinates. In 


other words, in the language of mappings, we map S onto q(S) 


by 


where 


u = p sin $ cos 8 

v = p sin $I sin 8 

w = p cos l$ 

I T  71
(and 0 -< $ <- 7,0 5 85 since u,v, and w are all non-negative) 

so that 

This leads to 


2 

= /// (abc) (p sin$ cos8) (psinm sin81 (pcosm) [p sinmldp dm do 

(I cos $ sin 8 cos 8 dp dm d8 

0 0 p=O 



- -  
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5 .5 .8  con t inued  

IT

1 
 li jo'sin
s i n 3 +  s o s +  d@ 9 cos 9  d9 

-'R -IT 
1 2 2 

6 1 4 1 2 

= (abc)2 1  

b P  
p=O 

g s i n  + +=d- s i n  9  e=o 


2 2 2  
- a b c  


4 8 


Comparing (2 )  w i t h  (3 )  w e  s e e  t h a t  

2 2 2  
/J/xy~ dz dy dx a b c= 4 8 

2 2 2 

where R = { ( x I y , z ) :  + 1--+ ?- < 1 ) 
2 b2 c2 -a  

[Not ice  t h a t  i f  ii i s  t h e  e n t i r e  e l l i p s o i d  32 
+ f 

2 
+ 52 

5 1 

then  xyz i s  n e g a t i v e  i n  f o u r  o c t a n t s  and a b c 

p o s i t i v e  i n  t h e  o t h e r  f o u r  o c t a n t s .  Consequently Jd,xyz dzdydx = 0 ,  

by symmetry. However, by t h e  same symmetry, we can  u s e  equa t ion  

( 3 )  t o  deduce t h a t  

2 2 2  
- a b c  I 
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