
Study Guide 
Block 3 :  Se lec ted  Topics i n  Linear  Algebra 

Uni t  2: The Dimension of a Vector Space 

1. Overview 

In  t h i s  u n i t ,  w e  analyze t h e  not ion  of what i s  meant by t h e  dimen- 

s i o n  of a v e c t o r  space. The b a s i c  i d e a  involves  f i n d i n g  t h e  few- 

e s t  number of v e c t o r s  that span t h e  given space,  and t h i s ,  i n  t u r n ,  

involves  some knowledge of t h e  concept  of l i n e a r  independence. 
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2 .  Lecture 3.020 

I -
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3. Exerc i ses :  

3.2.1(L) 

Le t  V b e  t h e  v e c t o r  space  of 4-tuples ( r e l a t i v e  t o  a p a r t i c u l a r  

set  of four  v e c t o r s )  and l e t  alcV be  de f ined  by al = ( 1 , 2 , 3 , 4 ) .  

a. Describe t h e  space S ( a l )  [ i . e .  t h e  space spanned by all and show 

t h a t  a 2  = (2 ,5 ,7 ,7 )  4 S ( a l )  

b. Descr ibe  t h e  space S (a l ,  a2 )  . 

[Note: A t  t h i s  t ime,  Exerc ise  3.1.10 of t h e  previous u n i t  should 

no longer  be  viewed a s  o p t i o n a l .  I f  you have n o t  done t h i s  exer-

c i s e  b e f o r e ,  you should do it now, e s p e c i a l l y  i f  t h e  n o t a t i o n  

S (a1,a2) is  s t r a n g e  t o  you. I 

c .  Show t h a t  a3  = (3.7,8.9) 4 S ( a l l a 2 ) .  

d .  For what v a l u e ( s )  of  y and z does (3 ,7 ,y ,z)  belong t o  S (a l , a2 )?  

a. Let  a1,a2*a3,a4&V. Show t h a t  

S(aIIa2,a3,a4) = SIal,a3,a4 , a 2 ) .  

b. Show t h a t  S(a1,a2,a3) = S(3a1,a2,a31. 

c. Show t h a t  S (a l ra2 ra3)  = S(al  + a 2 , a 2 , a 3 ) .  

3.2.3 (L) 

L e t  al = ( 1 , 2 , 3 , 4 ) ,  a 2  = ( 2 , 5 , 7 , 7 ) ,  and a3  = ( 3 , 7 , 8 , 9 ) .  

a .  U s e  t h e  row-reduced mat r ix  technique t o  f i n d  B 1 , B 2 , B 3  such t h a t  

(xl ,x2 ,x3 ,x4)ES (a1,a2 , a3 )  i f  and only i f  (x1,x2 ,x3 ,x4)  = 

xlBl + X 2 B 2  + x3B3* 

b. Using p a r t  ( a ) ,  show how x4 must be  r e l a t e d  t o  x l ,  x 2 ,  and x3 i f  

( X ~ , X ~ , X ~ , X ~ ) E S ( ~ ~ , ~ ~ ) .I n  p a r t i c u l a r ,  show t h a t  

(4,9,13,14)~~(a~,a~,a~). 

c. Show t h a t  ~ B 1 , B 2 , B 3 ~ ,  where t h e  B's a r e  a s  i n  p a r t  ( a ) ,  i s  a l i n -

e a r l y  independent set .  
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a. Use the row-reduced matrix technique to determine S(alla2,a3,a4). 

In particular, show that (x1,x2,x3,x4) E S(al1a2,a3,a4) if and 

only if x4 = 5x2 - 2x3. 

b. Show that ~al1a2,a3,a4} is linearly dependent by exhibiting a4 as 

a linear combination of all a2, and a3. 

c. Express (4,7,12,11) as a linear combination of all a2, a3, and a4. 

Let al = (1,2,3), a2 = (2,4,6), a3 = (3,7,8), a4 = (l13,2), and 
a = (1,-2,7).5 


a. 	Show that S(a11a21a31a41a5) = S(BlIB2) where B1 = (1,0,5) and 

B2 = (Oil,-1). In particular, what is the dimension of 

S(alra21a31a41a5)? 

b. 	 Express B1 and B2 as linear combinations of a1 and a3. Also show 


how a2, a4, and a5 may be expressed as linear combinations of al 


and a3. 


a. 	Let all ..., a , B . B E V. Suppose that Call ..., an) span 
V and that iBl. ..., Bm) is linearly independent. By appropri-

ately investigating the set iB1, ..., Bml all an), in the 

given order, conclude that n >, m. 

b. 	 Let al = (1,1,1,1,1), a2 = (1,2,2,3,3) and a3 = (2,3,4,3,6). Aug-

menting a1,a2,a3 by u1 = (1,0,0,0,0), u2 = (0,1,0,0,0), 

u3 = (0,0,1,0,0), u4 = (0,0,0,1,0), and u = (0,0,0,0,1) in the 
,- 5 

given order. construct a basis for E' which includes all a2, and 

a3 by using the row-reduced matrix technique. 


3.2.7 


Let al = (1,3,-1,2), a2 = (2,0,1,3), a3 = (-1,1,0,0). 

(continued on next page) 

3.2.4 
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3.2.7 continued 


a. 	 Show that (x1,x2,x3,x4) E S(alIa2,a3)* 5x 1 + 5x2 + 8x3 - 6x4 = 0. 

b. 	What is the dimension of S(al,a2,a3) and what is a natural basis 

for S(al,a2,a3)? [That is, -find BlIB2,B3 such that ( X ~ , X ~ , X ~ I X ~ )E 	 S(alIa2,a3) ( x ~ ~ x ~ ~ x ~ ~ x ~ )= xlBl + x2B2 + x3B3.I

~ e tal = (1,2,3), a2 = (2,5,4)I a3 = (3,8,9), and a4 = (4,9,9). 

a. 	 Show that the dimension of S (a1 ,a2 ,a3 ,a4) = 3. In particular, 

express (0,0,1) , (0,1,0), and (1,O ,0) as a linear combination of 
a1, a2, and a4. 

b. 	 Express a3 as a linear combination of al, a2, and a4. 


c. 	Express (2,1,4) as a linear combination of al, a2, and a4. 


3.2.9(L) 


Show that the space of all polynomials cannot have finite 


dimens ion. 
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