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Overview 

The usua l  "pre-new-math" t r a d i t i o n a l  t rea tment  of determinants  

i s  q u i t e  s t e r i l e  and o f t e n  s u b j e c t  t o  m i s i n t e r p r e t a t i o n .  I t  

seems t h a t  t h e  reasons f o r  t each ing  determinants  on t h e  pre-  

ca lcu lus  l e v e l  a r e  o f t e n  b e t t e r  handled by t h e  technique of row-

reducing matr ices .  Our aim i n  t h i s  u n i t  i s  t o  exp la in  why 

determinants  a r e  important; what they a r e  designed t o  do; and 

how one works wi th  them e f f i c i e n t l y .  

I n  a sense ,  t h i s  t r ea tmen t  could have come a t  a  d i f f e r e n t  p lace  

i n  our course,  b u t  w e  p r e f e r  t o  i n t e r r u p t  t h e  theme developed 

i n  t h e  previous u n i t  i n  o rde r  t o  in t roduce  matr ices  now. Af te r  

t h i s  u n i t ,  w e  s h a l l  continue wi th  our  s tudy of l i n e a r  t r a n s -  

formations,  b u t  hopeful ly  w e  s h a l l  be  a b l e  t o  handle t h i n g s  

much more e l e g a n t l y  because of  our  knowledge of determinants .  
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3 .  	 Read: Thomas, Appendix I. ( o p t i o n a l ) . This  may be read be fo re  

o r  a f t e r  doing t h e  e x e r c i s e s ,  o r  it may be  omit ted  e n t i r e l y  i f  

you s o  d e s i r e .  Our thought  i s  t h a t  t h e  t r ea tmen t  i n  t h e  t e x t  i s  

r e l a t i v e l y  compact and complete ( a t  l e a s t  i n  s o  f a r  a s  t h e  

va r ious  r e c i p e s  a r e  concerned) . Consequently, it may s e r v e  t o  

t i e  t o g e t h e r  any l o o s e  ends t h a t  might s t i l l  seem t o  be dangl ing  

t o  you a f t e r  our  own t r ea tmen t  of t h e  s u b j e c t .  

4. 	 Exerc i ses : 

3.5.1tL) 

a. 	 Compute 

by w r i t i n g  it a s  t h e  sum of two "simpler" 2 by 2 determinants.  

b. 	 U s e  a s i m i l a r  t echn ique  t o  e v a l u a t e  

a s  t h e  sum of f o u r  

=[:;I. 
2 by 2 determinants .  

C. L e t  A =[:+]and 	 B Show t h a t  	I A ~ + ~ B ~ # \ A+ B I .  

a. 	 Let  

and 
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3.5.2 (L) continued 

Form t h e  mat r ix  AB and compute i t s  determinant  by us ing t h e  

method of  p a r t  (b)  i n  Exerc i se  3.5.1. I n  p a r t i c u l a r ,  show 

t h a t  J A B J = I A ~ I B I .  

b .  Show t h a t  i f  t h e  n by n ma t r ix  is  i n v e r t i b l e ,  then  

c. Ver i fy  p a r t  (b)  by d i r e c t  computation i n  t h e  s p e c i f i c  case  t h a t  

3.5.3 (L) 

Show t h a t  i f  P is  any i n v e r t i b l e  n by n matr ix  and A is  any n by 

n matr ix ,  then  1 PAP-' 1 = I A ]  . 

3.5.4 ( o p t i o n a l )  


Let  


and 

a .  Show t h a t  I A  + 1 1  = I A I  + 1 1 l f - f  all + a = 0. 2 2 

b. The t r a c e  of  a square  ma t r ix  i s  t h e  sum of i t s  diagonal  elements. 
-1


I f  B is  i n v e r t i b l e ,  it t u r n s  o u t  t h a t  B AB and A have t h e  same 

t r a c e .  Ver i fy  t h i s  i n  t h e  s p e c i a l  case  where A is  a s  above and 
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3.5.5(L) 

Consider 

a.  Evaluate  t h i s  determinant  by us ing t h e  method of  co-fac tors  

u n t i l  it is reduced t o  a sum of 2 by 2 determinants .  

b. Evaluate  t h e  same determinant  b u t  now by us ing row-reduction 

techniques  t h a t  r e p l a c e  a l l  b u t  t h e  f i r s t  e n t r y  of  t h e  f i r s t  

column by 0. 

3.5.6 

Evaluate  

by t h e  technique  of  ~ x e r c i s e  3.5.5, p a r t  (b). 

3.5.7 ( o p t i o n a l )  

a. Prove d i r e c t l y  from o u r  axioms t h a t  

(cont inued on nex t  page) 
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3.5.7 continued 

b. Derive a s imi l a r  r e s u l t  f o r  

c. Count the  invers ions  t o  determine the  value of 

3.5.8 (opt ional)  


Use t he  various theorems a t  our disposal  t o  show t h a t  


a	 . l l l 

r r r1 2 3 = (r3 - r2)(r3- rl) (r2 - rl) . 
2 2 2 

r1 '2 '3 
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