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1. 2 


3. A l l  s c a l a r  m u l t i p l e s  of 3ul - 2u2 + u3 


5. ( a )  c = 2 and c = 3 


(b)  V2 = [a1] @ [a2] where a1 = u2 + u3 and a2  = 3ul + 2u3 
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Unit 1: The Case Against  n-Tuples 

I n  our  d i scuss ion  of t h i s  e x e r c i s e ,  we s h a l l  r e s t r i c t  our  s tudy 

t o  2-dimensional spaces ,  b u t  t h e  d i scuss ion  i s  e a s i l y  genera- 

l i z e d  t o  h igher  dimensional spaces ,  a s  we s h a l l  show i n  t h e  l a t e r  

e x e r c i s e s .  

Le t  us imagine t h a t  w e  a r e  viewing E~ a s  t h e  space  of  v e c t o r s  

i n  t h e  xy-plane, and t h a t ,  a s  usua l ,  we th ink  of a l l  v e c t o r s  a s  

be ing l i n e a r  combinations of -f t
1 and 1. I n  t h i s  con tex t ,  it i s  

conventional  t o  view t h e  2- tuple  (x ,y)  a s  an abbrev ia t ion  f o r  
i- t 

X l  + y-J. 

I n  p a r t i c u l a r ,  then ,  i f  

w e  would abbrev ia te  (1)by w r i t i n g  

Now suppose w e  cons ide r  a second p a i r  o f  v e c t o r s  i n  t h e  xy- 

p lane ,  say ,  

and 


With r e s p e c t  t o  o u r  given convention, ( 3 )  and ( 4 )  may be re -

w r i t t e n  a s  

and 



Solu t ions  
Block 3 :  Se lec ted  Topics i n  L inea r  Algebra 
Unit 1: The Case Against  n-Tuples 

3.1.1 (L) continued 

W e  n o t i c e ,  a t  l e a s t  p i c t o r i a l l y ,  t h a t  each v e c t o r  i n  t h e  xy-plane 
+ 

has  a unique r e p r e s e n t a t i o n  a s  a l i n e a r  combination of a and 8 . 
+ 

Namely, q u i t e  i n  genera l ,  i f  a i s  n o t  a s c a l a r  m u l t i p l e  o f  8 w e  
have 

Since  v e c t o r  a r i t h m e t i c  and numerical  a r i t h m e t i c  have t h e  same 

s t r u c t u r e ,  w e  may " i n v e r t "  ( 3 )  and ( 4 )  t o  express  f and ;i n  

terms of and . Namely: 

Hence 

t3 = -2: + 38 

and s i m i l a r l y  
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3.1.1 (L) continued 

Hence, 

-t3 - 4 8 .  

Using (5) and ( 6 ), we see t h a t  (1) may be r e w r i t t e n  as :  

I f  w e  now elect t o  view 7 wi th  r e s p e c t  t o  ;and 8 coord ina tes  by 
+ 

l e t t i n g  ( a r b )  now denote aa + bt8 , equat ion  (7)  becomes 

-t -t
Now 7 i s  t h e  same v e c t o r  whether w e  view it i n  t e r m s  of  1 and 1 

-+ 
components o r  i n  terms of a and 6 components. 

Comparing (2)  and (8) , it appears t h a t  (5 ,4)  = (7 ,  -8) , b u t  t h i s  
+ 

i s  no c o n t r a d i c t i o n  s i n c e  (5 ,4)  is t h e  r e p r e s e n t a t i o n  of y with  
+ 

r e s p e c t  t o  

z 
i and j ,  whi le  (7,-8) is  t h e  r e p r e s e n t a t i o n  of y wi th  

r e s p e c t  t o  and 8. 
The d e f i n i t i o n  which says  t h a t  (al ,a2)  = (b  ,b  )++ al = bl and1 2  
a2  = b2 presupposes t h a t  (al ,a2)  and ( b b ) a r e  r e p r e s e n t a t i o n s  1' 2
w i t h  r e s p e c t  t o  t h e  same p a i r  of  vec to r s .  

Our main p o i n t  is t h a t  t h e  n o t a t i o n  (a ,b )  i s  ambiguous s i n c e  it 

means aa + ba2,  and t h i s  i n  t u r n  depends on al and a2 .  
1 

For example, wi th  r e s p e c t  t o  
-t -t
1 and 1, (5 ,4)  denotes 51  + 45; 

b u t  wi th  r e s p e c t  t o  and 6, it denotes 

Note #1: 

Our main aim i n  t h i s  e x e r c i s e  was t o  back up o u r  a s s e r t i o n  

t h a t  t h e r e  is some ambiguity involved when w e  w r i t e  vec to r s  

of E" i n  n - tup le  n o t a t i o n .  Never theless ,  it would be a shame 

t o  throw away t h e  n i c e  s t r u c t u r e  of  n-tuple a r i t h m e t i c  j u s t  

f o r  t h i s  one reason.  
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3.1.1 (L) cont inued 

So what w e  do is  make some s o r t  of  compromise, o r  convention. 
n Namely, given E w e  assume t h a t  w e  have a s p e c i f i c  s e t  of n 

v e c t o r s ,  {G1,. .. + , u 1 , such t h a t  each v e c t o r  of  E" can b e  n 
expressed uniquely ( i . e . ,  i n  one and only one way) a s  a l i n e a r  

+
combination of  ?il , . . . ,  and un. With t h i s  e x p l i c i t  

.
assumption, -

w e  then abbrev ia te  each v e c t o r  i n  E" by (a ,  , . . , a_ )  , where 

,..., + I I1 


(al  a ) m e a n s  a u + ... + a 
-t 
u , Since  no two d i f f e r e n t  n l1- t  n+

l i n e a r  combinations of  ul , . . . ,  and un can y i e l d  t h e  same v e c t o r  of  -
En, w e  see t h a t  o u r  n- tuple  abbrev ia t ion  obeys t h e  usual  r u l e s  

f o r  n- tuple  a r i t h m e t i c .  

The ques t ion  of  how we f i n d  a set  of v e c t o r s  such a s  t h e  above- 
+ 

desc r ibed  {ul, ...,-tun) w i l l  be  d i scussed  w i t h i n  t h e  nex t  few 

Unit of  t h i s  Block. 

The ques t ion  of  how we t r a n s l a t e  (al , . . . ,an)  i n t o  (b l , . . . ,bn) ,  
+ 

where (bl , .  ..,bn) means blvl
-f + . . . bnGn and {Gl ,.. . .V 1 n 

i s  another  set  of vec to r s  such t h a t  any element o f  En can be 

expressed uniquely a s  a l i n e a r  combination of vl, ..., and vn 

w i l l  be  d i scussed  i n  Exerc ise  3.1.3. 

Note 82 

Because of  t h e  s i m i l a r i t i e s  between v e c t o r  and numerical 


a r i t h m e t i c ,  w e  may i n v e r t  ( 3 )  and ( 4 )  by t h e  row-reduced matr ix  

technique.  Namely, 



S o l u t i o n s  
Block 3: Se lec ted  Topics i n  Linear  Algebra 
Unit 1: The Case Against  n-Tuples 
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From (9 )  w e  -t -+ s e e  t h a t  1 = 3a - -t -+ 
4$ and 3 = -2a + 38 which 


agrees  wi th  (5)  and (6). 


This connection between r e p r e s e n t i n g  a v e c t o r  i n  d i f f e r e n t  

coord ina te  systems can be  extended t o  show how matr ix  m u l t i p l i -  

c a t i o n  a l lows us t o  t ransform a vec to r  from an n- tuple  wi th  r e s -

p e c t  t o  one coord ina te  system t o  an n- tuple  i n  another  coordinate  

system. The technique  i s  very s i m i l a r  t o  t h e  one we descr ibed i n  

t h e  course  of our  d i scuss ion  i n  Block 4 of P a r t  2 concerning t h e  

i n v e r s i o n  of a system of n l i n e a r  a l g e b r a i c  equat ions  i n  n unknowns. 

W e  s h a l l  fo l low up t h i s  connection a l s o  i n  Exerc i se  3.1.3. 

3.1.2(L) 

a .  I n  t h e  usua l  mechanical way, we o b t a i n  

b. I f  our  coding system i n  ( a )  i s  t h a t  t h e  f i r s t  t h r e e  columns of 

our  ma t r ix  denote -t t
1, 3 ,  and 2 while  t h e  l a s t  t h r e e  columns denote 

-+ -f 
a ,  if, and y then  (1) becomes 

S.3.1.5 
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3.1.2 (L) continued 

and t h i s  s a y s  t h a t  

~ a t r i x  (2)  then  codes t h e  i n v e r s e  of (3) . Namely 

then we  o b t a i n  from ( 4 )  t h a t  

-+ 
Comparing (5)  and (6)  w e  see t h a t  5 = (5 ,3 ,  -2) is  r e l a t i v e  t o  t h e  

{1,3,%) + 
coord ina te  system whi le  5 = (6,4,-3) is  r e l a t i v e  t o  t h e  

coord ina te  system 1; ,if , -+
y) .  

d. 	 Every polynomial of degree 2 can be w r i t t e n  uniquely i n  t h e  

form a + a x + 2a2x . 2 W e  may now abbrev ia te  a. + a x + a2x
0 1 1 

by (ao,alIa2) . I n  t h i s  way 1 = ( 1 , 0 , 0 ) ,  x = ( 0 , 1 , 0 ) ,  and 

x2 = (0 ,0 ,1)  . Our f i r s t  observat ion  i s  t h a t  we need no longer  
-t -t

t h i n k  of arrowsand 1, 7 ,  and t o  i n t e r p r e t  ( 1 , 0 , 0 ) ,  ( 0 , 1 , 0 ) ,  

and 	 ( 0 , 0 , 1 ) .  

Now, suppose w e  l e t  
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3.1.2 (L) continued 

Then, our  ma t r ix  (1) may be viewed a s  t h e  code: 

whereupon (2)  means 

This ,  i n  t u r n ,  t e l l s  us that 

1 = 4p1(x) - 3p2(x) + p3(x)  

X = -4p1(x) + 5p2 (x)  - 2p3 (x)

or ,  by ( 71 ,  

l 
Using (8)  
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3.1.2 (L) continued 

That is, 

5 + 3x - 2 2x2 = (5 ,3 ,  -2 ) ,  i f  (a ,b ,c)  means a + b x +  cx 

but  

5 + 3x - 2x2 = ( 6 -3) , i f  (a.b.c) 

. 
means apl(x) + bp2(x) 

+ cp3 ( X I  

Our main observation i n  p a r t s  (d) and ( e )  i s  t h a t  they exh ib i t  

an isomorphism between the  "arrows" of xyz-space and the  poly- 

nomials of degree no g rea t e r  than 2. That i s ,  with respec t  t o  

addi t ion and s c a l a r  mul t ip l ica t ion  we cannot d i s t inguish  between 

these  two d i f f e r e n t  models. In  o the r  words, both a r e  models of 

a 3-dimensional vector space; where i n  one model t he  "coordinate" 

vectors  a r e  1 = ( 1 , 0 , 0 ) ,  x = ( 0 , 1 , 0 ) ,  and x2 = ( 0 , 0 , 1 ) .  

Thus, it seems t h a t  both models used i n  t h i s  exerc i se  a r e  spec i a l  

cases of t he  following more general  problem. 

Suppose t h a t  t h e  vectors  i n  E' a r e  each l i n e a r  combinations of 

t h e  vectors  al ,  a2 ,  and a3; and t h a t  they a r e  a l so  l i n e a r  

combinations of t he  vectors  B1, e2, and B 3 .  Given a vector  

which i s  expressed as  a l i n e a r  combination of alr  a2 ,  and a 3' how 

do we express it as an equivalent  l i n e a r  combination of B1, B 2 ,  
and B3? W e  pursue t h i s  i n  t h e  next exercise .  

We have t h a t  every vector  i n  E~ is  a unique l i n e a r  combination 

of a a I and 4 .* Hence, we may use (a ,b ,  c )  a s  an abbreviation 

f o r  aal + ba2 + ca3. 

* - + + +  
We no longer wr i t e  a a a s ince  there  i s  n o  need t o1' 2 '  3 -+ 

r e s t r i c t  E~ t o  the "arrow" model. For example, a ,  c o u l d  be 

a polynomial of degree 5 2 .  
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W e  a r e  now t o l d  t h a t  


I f  w e  now l e t  (x ,y , z )  denote xB1 + yB2 + zB3, w e  have from (1) 

t h a t  (x ,y , z )  = xB1 + yB2 + zB3 

I n  o t h e r  words, w e  see from (2 )  t h a t  i f  

t hen  


y = ( x , y , z ) ,  r e l a t i v e  t o  I B l r  B 2 r  B3) 


whi l e  


., -- ( x  + 2y + 32, x + 3y + 52, x + 4y + 82) r e l a t i v e  t o ~ a l r a 2 , a 3 )  


( 3 )  

Equation (3)  may be  viewed a s  t h e  product  of  two mat r i ces .  

Namely , 
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where t h e  r i g h t  s i d e  o f  ( 4 )  i s  t h e  3-tuple (31, w r i t t e n  a s  a 

column mat r ix  ( v e c t o r ) .  

The major "hang-up" i n  ( 4 )  is t h a t  t h e  matr ix  

i s  n o t- t h e  ma t r ix  of  c o e f f i c i e n t s  i n  (1). Rather it i s  t h e  

t ranspose  of  t h a t  matr ix.  (Reca l l  t h a t  t h e  t r anspose  of 

t h e  m by n ma t r ix  A i s  t h e  n by m ma t r ix  which is  obta ined from 

A by in te rchang ing  i t s  rows and columns). 

I f  w e  want our  ma t r ix  product  t o  r e f l e c t  t h e  f a c t  t h a t  w e  a r e  

us ing t h e  ma t r ix  of c o e f f i c i e n t s  i n  ( I ) , then i n s t e a d  of  us ing 

( 4 )  , w e  express  (3)  i n  t h e  form 

The r e l a t i o n s h i p  between (4)  and (5) can be  summarized and some-

what genera l i zed  a s  fol lows.  Suppose t h a t  every v e c t o r  i n  E ~ *  

may be  expressed uniquely a s  a l i n e a r  combination of  B1, B 2 ,  and 

and t h a t  B1,B2, and B 3  a r e  themselves l i n e a r  combinations
B 3 i  
 3of a1,a2, and a3&E . Suppose, i n  p a r t i c u l a r ,  t h a t  


Then, i f  

-- (x1,x2,x3) r e l a t i v e  t o  C B 1 , B 2 , B 3 1  

*The r e m a i n d e r  o f  t h i s  summary i s  e q u a l l y  v a l i d  i f  we r e p l a c e  
3

E b y  E~ and t a l k  a b o u t  n - t u p l e s  r a t h e r  t h a n  3 - t u p l e s .  

S.3.1.10 
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3.1.3 (L)  continued 

and w e  want t o  express  y r e l a t i v e  t o  {a1,a2,a3) then y 

( Y ~ ~ Y ~ ~ Y ~ )  = Y1al + Y2a + y3a3 where 

More symbol ica l ly ,  i f  we l e t  Y = [yl y2  y31, X = [xl x2 x31 and 

A t h e  ma t r ix  of c o e f f i c i e n t s  i n  ( 6 ) ,  then  ( 7 )  becomes 

Y = XA. 

T T Moreover, s i n c e  ( A B ) ~= B A , i f  w e  want (8)  expressed s o  t h a t  

t h e  3 by 3 ma t r ix  appears t o  t h e  l e f t  of X,  w e  may deduce from 

( 8 )  t h a t  

That  is, 

Note: 

Hopefully our  p r e s e n t  d i s c u s s i o n  of i n v e r t i n g  systems of equat ions  

resembles o u r  d i s c u s s i o n  i n  P a r t  2. To c a r r y  t h i s  analogy s t i l l  
f u r t h e r ,  an a s s o c i a t e d  problem wi th  coordinate  system repre-  

s e n t a t i o n  c e n t e r s  around i n v e r t i n g  system ( 6 ) .  Namely, suppose 

w e  3 a r e  given t h e  v e c t o r  v EE b u t  i n  terms of a -coordinates r a t h e r  

than  0-coordinates ,  say ,  v = (ylrY2,Y3) = ylal + Y2a2 + Y3 and 

we want t o  express  v a s  
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3.1.3 (L) continued 

v =  ( X I X  X )
1 2' 3 

= xlBl + x2B2 + x3B3 , 

Clear ly ,  t h i s  is t h e  inverseof  t h e  problem w e  j u s t  t ack led .  

Our p o i n t  is t h a t  i f  A-' e x i s t s  e . , A is  a non-singular  

m a t r i x ) ,  w e  may then mul t ip ly  both  s i d e s  of ( 8 )  on t h e  r i g h t  

by A- l  t o  o b t a i n  

YA-' = (xA)A-' 

That is ,  

-1x = Y A  . 
-1 Since  A is known and A-' e x i s t s ,  w e  may compute A and s i n c e  

Y = [yl y2 y31 where yl, y2,  and y a r e  given values;  w e  may 3 
s o l v e  (11) for x = [xl x2 x31 . 

a. To i n v e r t  

w e  have 
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3.1.4 continued 

from which w e  conclude t h a t  

Given t h a t  
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and t h a t  yl = (3 ,  -2, 1) r e l a t i v e  t o  (8 , 8  , B  1 , That is ,1 2 3  
y1 = 3B1 - 2B2 + B3. Then us ing equat ion  (7) of t h e  previous  

e x e r c i s e ,  we  have t h a t  

r e l a t i v e  t o  CalIa2,a31; where 

whereupon 

I n  o t h e r  words, 


Y 1  = (3, - 2 , l )  r e l a t i v e  t o  8 -coordinates  


b u t  


Y1 = (3 ,5 ,4)  r e l a t i v e  t o  a -coordinates.  


c. 	 Make s u r e  t h a t  you n o t i c e  t h e  d i f f e r e n c e  between t h i s  p a r t  

and p a r t  ( b ) .  I n  t h i s  p a r t  y = (3 , -2 , l )  is  r e l a t i v e  t o  

a-coordinates ,  whi l e  i n  t h e  previous  p a r t  (3 , -2 , l )  was 

r e l a t i v e  t o  f3 -coordinates .  

W e  now want t o  express  y2 i n  8-coordinates.  Using equat ion  

(11) of t h e  previous  e x e r c i s e ,  w e  have t h a t  
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3.1.4 continued 

-1 , o r ,  from p a r t  ( a )[ 3  -2 

-18[: 

where [xl x2 x3] = 11 A 

--9 -1 

4 4 


x 1  X2 x.1 = [3 -2 1 

Therefore,  

x1 = 19,  x2 = -8, x3 = 0; 

and 

= (19, -8, 0) r e l a t i v e  t o  B -coordinates .  

Check 

Note : 


What should  be  t h e  same a s  p a r t  (b) i s  t h a t  i f  w e  hadn ' t  done 


(b)  and were t o l d  t o  conver t  y = 3a1 + 5a2 + 4a3 i n t o  B-
coord ina tes ,  w e  should o b t a i n  a s  our  answer y = 3B1 - 2B2 + B3.  

That t h i s  i s  t h e  case ,  fol lows j u s t  a s  i n  our  d e r i v a t i o n  of (31, 

only  wi th  [ 3  5 41 r e p l a c i n g  [ 3  -2 1 1  . Namely, y = xlBl + x2B2 + 
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3.1.4 continued 

3.1.5(L) 

Our aim h e r e  i s  t o  r e i n f o r c e  t h e  r o l e  o f  t h e  c a n c e l l a t i o n  theorem 

i n  determining t h e  s t r u c t u r e  o f  a v e c t o r  space V. W e  begin  wi th  

t h e  proof o f  t h e  c a n c e l l a t i o n  theorem. 

a. 	 S ince  B + a = y + a , w e  may add -a* 

o r  s i n c e  a d d i t i o n  is a s s o c i a t i v e  

This ,  i n  t u r n ,  s i n c e  a + ( - a )  = 0, impl ies  t h a t  

and by t h e  proper ty  of  0,  t h e  conclusion 8 =y fol lows.  That 

is ,  f o r  a ,  BIy€V; B +a = y +a + f 3  = y .  

b. 	 W e  could m i m i c  p a r t  ( a )  b u t  t h e  qu icker  way i s  t o  use t h e  

commutative p roper ty  and then invoke t h e  r e s u l t  of  p a r t  ( a ) .  

Namely, 

* N o t i c e  h e r e  t h a t  we a r e  u s i n g  t h e  f a c t  t h a t  V i s  a  v e c t o r  space  
by  assuming t h a t  t h e  e lement  - a s V  e x i s t s .  That i s ,  we a r e  
u s i n g  t h e  property  t h a t  f o r  asV, t h e r e  e x i s t s  -asV such t h a t  
a + (-a) = 0 ,  e t c .  
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B + a =  y + a ,  and t h i s ,  by p a r t  ( a ) ,  impl ies  t h a t  B = y .  

Notice t h a t  ( a )  and (b)  t o g e t h e r  t e l l  us t h a t  t h e  c a n c e l l a t i o n  

theorem al lows us t o  cancel  t h e  common term r e g a r d l e s s  of t h e  

p o s i t i o n  it occupies i n  t h e  equat ion .  

W e  now look a t  a few consequences of t h e  c a n c e l l a t i o n  theorem 

on t h e  s t r u c t u r e  o f  a v e c t o r  space.  

cd + if = cd + cif 

a + (-1)a = l a  + (-1)a -t 


a + ( - l ) a  = { l  + ( - 1 ) I a  + 


a + (-1)a = Oa; hence from ( c ), 

a + ( - l ) a  = 0. 


f .  	 a + (-a) = 0, by d e f i n i t i o n  of  ( - a ) .  Moreover, by (e), a  + 
( - l ) a  = 0. S ince  0  = 0, it follows t h a t  a + ( -1 )a  = a+ ( - a ) ;  

s o  t h a t  by c a n c e l l a t i o n ,  (-1)a = - a.  

P a r t  ( f )  can b e  genera l i zed  a s  fol lows.  I f  aeV and BEV and i f  

a + B = 0,  then 6 = - a ( t h a t  is ,  -a i s  usua l ly  uniquely 

determined by a 1 . Namely, s i n c e  a  + ( - a )  is  a l s o  0 ,  we have 

t h a t  a + B = a + ( - a ) .  Hence, by c a n c e l l a t i o n ,  B = - a. P a r t  

(£1 was a s p e c i a l  c a s e  of  t h i s  more genera l  r e s u l t  wi th  

B = ( - l ) a  . This s p e c i a l  case  p lays  an important  r o l e  i n  many 

a p p l i c a t i o n s ,  one of  which w i l l  occur i n  t h e  nex t  e x e r c i s e .  

g. 	 S ince  a  + B = a and s i n c e  a + 0 = a ,  w e  have t h a t  a + B = 

a + 0; whence, aga in  by c a n c e l l a t i o n ,  B = 0. 

Notice t h a t  p a r t  (g)  t e l l s  us t h a t  t h e  element 0  of  V i s  

uniquely determined. In  o t h e r  words, it is  not  p o s s i b l e  t o  have 

two elements of  V, say  0  and 0 '  such t h a t  v + 0 = v + 0 '  = v 

f o r  VEV,  u n l e s s  0  = 0 ' .  



Solu t ions  
Block 3: S e l e c t e d  Topics i n  Linear  Algebra 
Unit  1: The Case Against  n-Tuples 

3.1.5 (L) cont inued 

From another  p o i n t  of view, what t h i s  says  i s  t h a t  suppose we 

have a non-empty s u b s e t  S  of  V wi th  t h e  proper ty  t h a t  t h e r e  

e x i s t s  an element Os i n  S  usch t h a t  s + 0, = s f o r  each ssS.  

Then Os = 0, i t s e l f .  Namely, s i n c e  S  i s  a s u b s e t  of V, t h e  f a c t  

t h a t  SES impl ies  t h a t  SEV; and s i n c e  SEV,  t h e  d e f i n i t i o n  of 0  

impl ies  t h a t  s + 0 = s. Hence, s + O s  = s + 0, s o  by c a l c e l l a t i o n ,  

Os = 0. Some of t h e  impl ica t ions  of t h i s  d i scuss ion  w i l l  appear 

i n  t h e  nex t  e x e r c i s e .  

a .  	 Our main purpose h e r e  i s  t o  emphasize t h e  d i f f e r e n c e  between a 

s u b s e t  and a subspace. For a s t a r t ,  then ,  l e t  us oassume t h a t  V 

i s  a v e c t o r  space  i n  t h e  sense  t h a t  it s a t i s f i e s  t h e  n ine  pro- 

p e r t i e s  mentioned i n  t h e  l e c t u r e ;  and t h a t  S  i s  any s u b s e t  of V. 

Suppose now t h a t  a,B,y now r e f e r  t o  members of S  whi le  c, cl,  

c2 ,  e t c .  s t i l l  r e f e r  t o  r e a l  numbers. Then, each of  t h e  follow- 

i n g  axioms (o r ,  p r o p e r t i e s )  f o r  V a r e  au tomat ica l ly  obeyed by S-  

The reason f o r  t h i s  is  t h a t  s i n c e  S  c V, t h e  f a c t  t h a t  a , @  , Y E  S 

a l s o  impl ies  t h a t  a ,  6, ysV; and axioms ( 2 ) ,  ( 5 ) ,  ( 6 ) ,  (71, ( 8 ) ,  

and (9)  hold  f o r  a l l  elements of V s i n c e  V i s  a vec to r  space.  

. 	 What w e  can n o t  be  s u r e  o f ,  however, is  

I n  f a c t ,  a l l  w e  know f o r  s u r e  i s  t h a t  a+ BsV, s i n c e  a and B both  

belong t o  V. I n  essence ,  i f  a s t r u c t u r a l  s e t  i s  c losed wi th  

r e s p e c t  t o  a  given opera t ion ,  it need no t  be  t r u e  t h a t  an a r b i t r a r y  

subse t  of t h e  s t r u c t u r e d  set i s  a l s o  c losed wi th  r e s p e c t  t o  

t h i s  given opera t ion .  For example, t h e  i n t e g e r s  a r e  c losed wi th  

r e s p e c t  t o  a d d i t i o n  s i n c e  t h e  sum of two i n t e g e r s  i s  again  an 

*These numbers r e f e r  t o  t h o s e  used  i n  numbering t h e  v e c t o r  s p a c e  
axioms a s  p r e s e n t e d  i n  t h e  l e c t u r e .  

S.3.1.18 
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i n t e g e r .  S = {1,2)  i s  a s u b s e t  of t h e  i n t e g e r s  b u t  S is  no t  

c losed  wi th  r e s p e c t  t o  a d d i t i o n  s i n c e ,  f o r  i n s t a n c e ,  1sS and 

2€S, b u t  1 + 2 = 3@. 

(3)  There e x i s t s  OSsS such t h a t  a+ 0, = f o r  each a s s .  W e  have 

w r i t t e n  Os t o  emphasize t h a t  t h e  i d e n t i t y  element must belong t o  

t h e  set under cons ide ra t ion .  For example by proper ty  ( 3 ) a  + 0 = 

f o r  each aeS b u t  t h e r e  is  no guarantee  t h a t  OsS.* 

( 4 )  a + (-a 1 = 0. 

Again, what w e  do know by v i r t u e  o f  V be ing a vec to r  space is 

t h a t  t h e r e  e x i s t s  ( - a ) EV, b u t  n o t  n e c e s s a r i l y  i n  S, such t h a t  

a + (-a) = 0, f o r  each aeS.* 

W e  use ( 6 ' )  h e r e  t o  t a k e  i n t o  account t h e  f a c t  t h a t  our blackboard 

w r i t i n g  was "sketchy". When w e  t a l k  about s c a l a r  m u l t i p l i c a t i o n ,  

it is assumed t h a t  c a  belongs t o  t h e  same set a s  a . Notice t h a t  

s i n c e  ScV, aeS -+ aeV; SO t h a t  s i n c e  V i s  a v e c t o r  space,  w e  can 

b e  s u r e  t h a t  c a ~V b u t  w e  cannot be  s u r e  t h a t  c aeS. 

P i c t o r i a l l y ,  t h e s e  a r e  t h i n g s  t h a t  could happen. 

*What we showed i n  t h e  p r e v i o u s  e x e r c i s e  i s  t h a t  i f  0 e x i s t s ,  
then i t  i s  t h e  i d e n t i t y  e l ement ,  0 ,  o f  V i t s e l f .  s 

**Again c o n s i d e r  our e a r l i e r  example S = ( 1 , 2 )  . C e r t a i n l y  t h e r e  
e x i s t s  an i n t e g e r  - 2  such t h a t  2 + ( - 2 )  = 0 but  -26 S .  
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c .  Using p a r t  ( a )  f o r  background, suppose t h a t  w e  now have t h e  

fo l lowing a d d i t i o n a l  knowledge about S. 

C lea r ly ,  (1) and (2)  make s u r e  t h a t  S now obeys (1) and (6 ' ) . 
So a l l  w e  have t o  do now i s  show t h a t  (1) and (2)  a r e  a l s o  

s u f f i c i e n t  t o  guarantee  t h a t  (3)  and (4)  a r e  a l s o  obeyed by S,  

s i n c e  then  a l l  n i n e  axioms w i l l  b e  obeyed by S. 

S ince  -a = ( -1)a  , and (-1)ER,  w e  see by (2)  t h a t  ~ E S+ ( - 1 ) a ~ S  

+ -ass.  Now by ( I ) ,  s i n c e  a and -a both  belong t o  S s o  a l s o  does 

a + (-a) ; b u t  a+ ( - a )  = 0. Hence, OES. The f a c t s  t h a t  0 and -a 

belong t o  S i s  a l l  t h a t  we need t o  v e r i f y  t h a t  S obeys (3) and 

(4) 

This  j u s t i f i e s  t h e  c r i t e r i a  desc r ibed  i n  t h e  l e c t u r e .  Namely, 

i f  S i s  a s u b s e t  of t h e  v e c t o r  space  V, then  S i s  a subspace o f  

V ++. 

2Here V = E ftx1,x2): x1rx2&R1 

2
Clea r ly ,  S i s  a s u b s e t  of V s i n c e  (O,O)€E . Since  a s s  + a = 0, 

it is e a s i l y  v e r i f i e d  t h a t  each o f  our  axioms (1) through (9) 

is  obeyed. 

I n  terms of  t h e  "short-cut"  w e  have 

Namely , 
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and 

Note:-
P a r t  ( a )  g e n e r a l i z e s  as fol lows.  I f  V is any v e c t o r  space,  then 

S = (61 is a subspace o f  V. Namely 0 + 0 = 0 and c O  = 0 f o r  

each c s R .  

S ince  t h e  space which c o n s i s t s  of only t h e  0-vector i s  r a t h e r  

t r i v i a l ,  one f r e q u e n t l y  s t i p u l a t e s  t h a t  t h e  subspace have more 

than  j u s t  t h e  0 vec to r .  

Notice t h a t  once a subspace S con ta ins  a  non zero  vec to r  a ,  it 

must con ta in  i n f i n i t e l y  many v e c t o r s ,  namely a l l  s c a l a r  m u l t i p l e s  

of a .  That  i s  aeS impl ies  C ~ E S  f o r  a l l  c s R  i f  S is  a subspace o f  

V. Notice  t h a t  i f  cia = c2a  then cy - c 2  = 0 o r  (cl - c 2 ) a  = 0. 

Hence, e i t h e r  cl - c = 0 o r  a  = 0. Therefore,  i f a f  0, then2 

c1 - c2 = 0 o r  cl = c2. I n  o t h e r  words, i f  a f 0 and cl and c2 

a r e  d i f f e r e n t  (unequal)  s c a l a r s ,  then  cla f c2a  . I n  o t h e r  

words, i f  a f 0, t h e r e  a r e  i n f i n i t e l y  many d i f f e r e n t  s c a l a r  

m u l t i p l e s  of  a. 

b. S = C(x1,x2): x1 = 0 o r  x2 = 0) . 
Now, S con ta ins  no t  only (0,O) b u t ,  among o t h e r s ,  ( 0 , l )  and 

1 0 But every v e c t o r  i n  V ( n o t  j u s t  i n  S) i s  a l i n e a r  com-

binat ion  of ( 0 , l )  and ( 1 , O )  . Hence S i s  not c losed  with respec t  

t o  a d d i t i o n .  For example, ( 2 , 3 ) & ~( s i n c e  n e i t h e r  2 nor  3 

equa l s  0 ) ;  y e t  (2 ,3)  = (2,O) + (0,  3) where both (2,O) and (0 ,3)  

belong t o  S. 

2
I n  t h i s  example, a l l  t h a t  S l a c k s  f o r  being a subspace of V = E 

is  c l o s u r e  wi th  r e s p e c t  t o  add i t ion .  A l l  t h e  o t h e r  axioms f o r  

a v e c t o r  space a r e  possessed by S. 

c. s = I(x1,x2):  X 2  = X1 + 11 

One quick  way of concluding t h a t  S i s  no t  a subspace of V is  

t h a t  O&S. Namely, 0 = (0,O) i n  which case  x2 f xl + 1 (i .e . ,  

0 f 0 + 1). Another way is  t o  observe t h a t  i f  (xl,x2) ES and 

(yl  ,y2) ES, then 
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Hence, x2 + y2 
= x1 + y1 + 2 # x l  + y1 + i. Therefore, 

,x  ) and ( y l , y 2 ) ~ S ,  bu t  (x1,x2) + [y1,y2) = (xl + Y1t X2 + y2)$.
(X12 

d. S = ((x , X  1: x2 = 3x1}
1 2  

In  t h i s  case, suppose (x1,x2) and (y1,y2) both belong t o  S. 

Then, 

Hence, x2 + y2 = 3(x1 + yl ) .  Therefore, (xl + yl, x2 + y2)€S.  

In  o the r  words, (xl, x2) ES, (ylry2) ES + (xlIx2) + (y1,y2) ES-

Similar ly ,  c ( x  , X  ) = (cx1,cx2) and s ince  x2 = 1 2  
3x1+ CX2 = 3cx1; 

(cxl, cx2)ES. 

Hence, S i s  closed with respect  t o  addi t ion and s c a l a r  mul t ip l i -

ca t ion ,  s o  S i s  a subspace of V. 

Geometric In t e rp re t a t i on  of Pa r t s  (c)  and (d l .
+ +

I f  we assume t h a t  each vector  (xl,x2) = x l l  + x2] i n  the  

xlx2-plane o r ig ina t e s  a t  ( 0 ,0 ) ,  then it terminates a t  the  po in t  

(x1,x21 

Thus, (xl, x2) : x2 = x1 + 1 3  represents t he  s e t  of a l l  vectors  

which o r ig ina t e  a t  ( 0 , O )  and terminate on t he  l i n e  x2 = xl + 1. 
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1. a and B belong t o  S; i . e . ,  u and B t e rmina te  on x2 = xl 1.7 

2 .  a + B doesn ' t  t e rmina te  on x2 = x1 + 1. 

The main i d e a  is  t h a t  un less  t h e  l i n e  passes  through t h e  o r i g i n ,  

t h e  set  of v e c t o r s  which o r i g i n a t e  a t  (0,O) and t e rmina te  on t h e  

given l i n e  w i l l  n o t  be  c losed  w i t h . r e s p e c t  t o  e i t h e r  a d d i t i o n  o r  

s c a l a r  m u l t i p l i c a t i o n .  I f  t h e  l i n e  passes  through t h e  o r i g i n ,  

then a l l  ou r  v e c t o r s  have t h e  same d i r e c t i o n ,  namely, t h a t  of  

t h e  l i n e  i t s e l f .  This  i s  why i n  l i n e a r  a lgebra  w e  r e q u i r e  t h a t  

a l l  " l i n e s "  pass  through 0 ( t h e  " o r i g i n " ) .  

3.1.8 

V = {f: dom f = [0,1] 1 

a. S = { ~ E v :  f (x)  = f (1 - x)  1 

To test  whether S is  a subspace of  V, it is necessary  and 

s u f f i c i e n t  t o  show t h a t  f sS  and geS + f + geS and CER, f ES cfeS.  

To t h i s  end, suppose h = f + g where f ,  geS. Then, f o r  x [0,11 

Since  h (x)  = h (1- x), has.  

Next, i f  k tx )  = c f  (x) where feS, w e  have 

Hence, k (  = c f ) ~ S .  Therefore,  S i s  a subspace of  V. 

G e o m e t r i c  Note: 

The set o f  a l l  curves y = f (x)  de f ined  f o r  0 -< x 1 such t h a t  

f ( x )  = f (1- x) i s  p r e c i s e l y  t h a t  s e t  of curves which a r e  

symmetric wi th  r e s p e c t  t o  t h e  l i n e  x = 1/2. P i c t o r i a l l y ,  
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Thus, what w e  a r e  saying i n  t h i s  exerc i se  i s  t h a t  the  sum 

of two curves symmetric with respec t  t o  t he  l i n e  x = 1/2 i s  a l s o  

symmetric with respect  t o  t he  l i n e  x = 1/2 ;  and any s c a l a r  

mul t iple  of such a curve is symmetric t o  t h e  l i n e  x = 1/2. 

A s  a check t h a t  t h e  t r u t h  of feS and g&S + f + geS and ceR, 

feS + cfeS r e a l l y  do imply Axioms (1) through ( 9 ) ,  w e  e s s e n t i a l l y  

need only check t h a t  OES and t h a t  -feS i f  feS. A l l  t h e  o ther  

axioms a r e  obeyed by a l l  functions defined on [0,1]. W e l l ,  

c l e a r l y  i f  f ( x ) ~0 f o r  a l l  x [0,11, then f ( x )  = f ( l  - x) f o r  a l l  

xe[O,ll  s i nce  both expressions equal 0. Moreover, s ince  y = 

-E(x) is  simply t h e  r e f l ec t i on  of y = f ( x )  about t he  x-axis, 

then t h e  f a c t  t h a t  y = f ( x )  is  symmetric t o  t h e  l i n e  x = 1/2 

guarantees t h a t  y = - f (x)  i s  a l s o  symmetric with respec t  t o  

x = 1/2. For example 
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y = -f (x) 

b. 	 S = {fsV: f  (0) = 21 

I n  t h i s  case ,  i f  ~ E Sand gcS, then f ( O ) =  g ( 0 )  = 2. Therefore,  

f(O) + g ( 0 )  = 2 + 2 = 4. That  is ,  l e t t i n g  h  = f + g, h ( 0 )  = 

f ( 0 )  + g ( 0 )  = 4. Hence h $ ~ .  

Therefore,  S i s  n o t  a subspace of V. 

Geometrical I n t e r p r e t a t i o n  

S i s  t h e  set of  a l l  curves de f ined  on [O,1] which pass through 

(0 ,2)  . Not only is  t h e  sum of two such curves n o t  a  member of  

S ,  b u t  S f a i l s  t o  admit t h e  0-function o r  inve r ses .  For example, 

i f  f ( x ) ~0, t h e n  y  = f ( x )  passes  through (0,O) no t  ( 0 , 2 ) ;  and 

i f  f  ES and f (x) + g ( x )E 0,  then g ( 0 )  = -2, n o t  2, s i n c e  f  (0) + 
g ( 0 )  = 0 + 2 + g ( 0 )  = 0. Hence g & ~ .  

A s  f a r  as s c a l a r  m u l t i p l i c a t i o n  i s  concerned, i f  f ( 0 )  = 2, then 

c f ( 0 )  = 2 ++c = 1. Hence, i f  ~ E Sand c f 1, then c f & ~ .  
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a. By d e f i n i t i o n  

b. Hence, 

c. According t o  (2) w e  see t h a t  f o r  (2,3,2)  t o  belong t o  W,  

must e x i s t  r e a l  numbers xl and x2 such t h a t  

t h e r e  

Clea r ly  (3) is  a 

(a ,b ,c )  EW ++ 

s p e c i a l  case  of t h e  more genera l  r e s u l t  t h a t  

The p o i n t  is  t h a t  ( 3 ' )  is a system which has more equat ions  

( t h r e e )  than unknowns (two) . Consequently, e i t h e r  ( 3 ' )  w i l l  be 

an i n c o n s i s t e n t  system o r  else a t  l e a s t  one of  t h e  equations must 

be contained i n  t h e  o the rs .  I n  f a c t ,  using our  row-reduced mat r ix  

technique,  w e  
X1 X2 a 

3 1 

see t h a t  (3 ' )  becomes 
b c 
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3.1.9 (L) continued 

From ( 4 )  w e  now have t h e  fo l lowing i n t e r e s t i n g  information:  

-and 

Therefore ,  w e  see from ( 6 )  t h a t  un less  c = 4b - 5a, ( a , b , c ) & ~ .  

On t h e  o t h e r  hand, i f  c = 4b - 5a, then n o t  only is (a ,b ,  c)EW b u t  

[from ( 5 ) l  (a ,b ,c)  = x1(1,2,3) + x2(3 ,5 ,5 ) ,  where xl = -5a + 3b 

and x2 = 2a - b. I n  s t i l l  o t h e r  words, 

and i n  t h i s  c a s e  

Applying t h i s  d i s c u s s i o n  t o  ( 2 , 3 , 2 ) ,  w e  have t h a t  a = 2, b = 3, 

and c = 2. Hence, 4b - 5a = 12 - 10 = c s o  t h a t  by (6 ) , ( a r b ,c)EW. 

Moreover, from (5)  xl = -5(2)  + 3 ( 3 )  = -1 and x2 = 2(2)  - 3 = 1 

s o  t h a t  



Solu t ions  
Block 3: Se lec ted  Topics i n  L inea r  Algebra 
Unit 1: The Case Against  n-Tuples 

3.1.9 (L) continued 

d.  	 S ince  4 (4 )  - 5 ( 3 )  = 1 # 3, w e  have from (6)  t h a t  ( 3 , 4 , 3 ) + ~ .  

e. 	 Since  4 ( 4 )  - 5 ( 3 )  = 1, ( 3 , 4 , c ) ~ W++c = 1. Hence, ( 3 , 4 , 1 ) ~ W .  

Moreover, from ( 5) w e  have t h a t  xl = -5 ( 3) + 3 ( 4 )  = -3 and 

x2 = 2 (3)  - 4 = 2. Hence, (3 ,4 ,1)  = -3 (1 ,2 ,3)  + 2 (3 ,5 ,5 ) .  

Check: 


-3(1 ,2 ,3)  + 2(3 ,5 ,5)  = (-3,-6,-9) + (6,10,10) = (3 ,4 ,1 ) .  


f .  W i s  t h e  p lane  spanned by a = 
-t 
i + 2 3  + 32 and a2  = 3:
 + 
53 


-t l-t ++ 52. The v e c t o r  v = a i  + b, + ck l i e s  i n  t h e  p lane  w ++c = 4b 

- 5a and i n  t h i s  case  

I n  t h e  nex t  Uni t  w e  s h a l l  d i s c u s s  t h e  i d e a  behind t h i s  problem 

i n  more d e t a i l .  I n  p a r t i c u l a r ,  w e  s h a l l  d i s c u s s  how w e  f i n d  

a p a i r  of  more "informative" v e c t o r s  wi th  which w e  may d e s c r i b e  

t h e  space W. For now our hope is t h a t  it is  c l e a r  what we mean 

when w e  t a l k  about  t h e  subspace spanned by a.  s e t  of  v e c t o r s  of  

V. While w e  have chosen an e x e r c i s e  i n  which w e  could r e l a t e  

t h e  answer t o  a s imple geometric  i n t e r p r e t a t i o n ,  n o t i c e  t h a t  

the genera l  i d e a  does no t  depend on our  having t o  t a l k  about a 

2-dimensional subspace (namely a plane) of 3-dimensional space.  

The p o i n t  i s  t h a t  wi th  t h i s  e x e r c i s e  a s  an in t roduc to ry  example, 

w e  may use  it a s  reinforcement i n  our  more genera l  t rea tment  of  

t h e  nex t  Unit .  

3.1.10 ( o p t i o n a l1 

a. 	 I f  w e  l e t  w = S ( a l , a 2 ) ,  then  by d e f i n i t i o n  of  w w e  have t h a t  i f  

w EW and w2cWI then 1 

where al ,a2 ,blIb2€R. 
w2 = b a1 1 + b2a2 

Hence, by t h e  usua l  v e c t o r  a r i t h m e t i c  s t r u c t u r e ,  
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S ince  w
1

+ w2 i s  a l i n e a r  combination of al  and a 2 ,  it fol lows by 

t h e  d e f i n i t i o n  of w t h a t :  

1. wl&W, w2cW -+ w1 + w ~ E W .  


Moreover, f o r  an ceR and wleW, w e  have from (1) t h a t  


s o  t h a t  cwl i s  a l i n e a r  combination of al and a 2 .  

Hence, 

From ( 4 )  and (5)  w e  see t h a t  W = S ( a l r a 2 )  i s  a subspace of  V. 

Note #1: 


The proof given he re  g e n e r a l i z e s  very n i c e l y  t o  t h e  case  of  


a l # - .  . I an. Namely, t h e  sum of two l i n e a r  combinations of 

a l l . . . ,  and a i s  a l s o  n a l i n e a r  combination of a
1'"" 

and an. 

For example, i f  

and 

then 
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Note #2: 

I f  W is any subspace of  V which con ta ins  t h e  vec to r s  air..., and 

'n then W must con ta in  S (a l , . .  .,an) . Namely, by v i r t u e  of W 

be ing a subspace; any l i n e a r  combination of vec to r s  i n  W must 

be a member of  W. I n  o t h e r  words, i f  a l , . . . , an~W where W is  

a subspace of  V and al,  ...,a l i n e a r l y  independent; then  n 
S (al, . .  .,an)  i s  a subspace of W. Thus, S (al, .  ..,an)  i s  t h e  

s m a l l e s t  subspace of V which con ta ins  al ,  ..., and a,. 

b. 	 I f  S and T a r e  subspaces of  V and aeSnT and BEST; then by 

d e f i n i t i o n  o f  i n t e r s e c t i o n  

aES and ~ E T  


BES and BET . 


Since  S i s  a subspace,  a ,  BES + a +  BES. S imi la r ly ,  s i n c e  T 

i s  a subspace a,BcT + a + BET. Therefore,  a  + Bas and 

a + BET. That  is ,  a+ BcSnT. Moreover, ~ E S  c~EOS; asT + 

cas  	T. Hence caE SnT. 


Consequently, SflT is a l s o  a subspace of V s i n c e  it i s  c losed 


wi th  r e s p e c t  t o  both  a d d i t i o n  and s c a l a r  m u l t i p l i c a t i o n .  


Note: 


P a r t  ( b ) ,  t o g e t h e r  wi th  a l i t t l e  math induct ion ,  te l l s  us t h a t  


t h e  i n t e r s e c t i o n  of any number of  subspaces of V i s  again  a 


subspace of V. Combining t h i s  wi th  p a r t  ( a ) ,  w e  have t h a t  


the i n t e r s e c t i o n  of a l l  subspaces of V which con ta in  a l , . . . ,  


and an is  S ( a l r . . . , a  ) . 
n 

c. 	 W e  d e f i n e  S + T t o  be  t h e  set of  a l l  elements o f  V which can 

b e  w r i t t e n  a s  t h e  sum of  an element i n  S and an element i n  T. 

That is,  

Now, suppose S and T happen t o  be subspaces of V ( r a t h e r  

than merely subsets of V). 
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Then, i f  al  and a2 belong t o  S + TI w e  have 

where s l , s 2 ~ S  and t l , t2cT.  

Hence, 

The key now is t h a t  s i n c e  S and T a r e  subspaces sl + s2cS and 

tl + t 2€T .  Thus, from (6)  w e  conclude t h a t  a l  + a2€S + T. W e  

a l s o  have t h a t  f o r  CER and a = s + + T,~ E S  

Note: 

I f  S and T a r e  subspaces of  V, then  t h e  subspace S + T i s  c a l l e d  

t h e  l i n e a r  sum of  S and T. Since  s = s + 0 and t = 0 + t; and 

s i n c e  0 i s  a member o f  each subspace of  V ,  w e  have, a s  might be  

expected t h a t  ScS + T and TcS + T. W e  s h a l l  t a l k  more about S 

+ T i n  Unit 3. 

3.1.11 ( o p t i o n a l )  

The main aim of t h i s  e x e r c i s e  i s  t o  explore  some of t h e  s u b t l e -  

t ies  t h a t  a r e  involved i n  making up an axiomatic system. A t  

l e a s t  i n  t h e  more pragmatic cases ,  t h e  axiomatic system i s  

usua l ly  ob ta ined  by a b s t r a c t i n g  c e r t a i n  p r o p e r t i e s  of a known 

phys ica l  model. For example, i n  t h e  p resen t  Unit  w e  have de- 

f i n e d  a space a x i o m a t i ~ a l l y ~ b a s e d  vec to r  on how we know t h a t  

arrows behave. 

Thus, t h e  f a c t  t h a t  our  axiomatic system is  der ived from a 

r e a l  model means t h a t  w e  a r e  spared  one d i f f i c u l t  problem t h a t  

b e s e t s  t h e  pure mathematician. Namely, we do no t  have t o  worry 

about whether o u r  axioms a r e  c o n s i s t e n t .  What i s ,  i f  our  

axioms w e r e  con t rad ic to ry  then t h e r e  could be no r e a l  model which 

obeyed each of t h e  axioms. 
S. 3.1.31 



Solutions 
Block 3: Selected Topics i n  Linear Algebra 
Unit 1: The Case Against n-Tuples 

3.1.11 continued 

There a r e ,  however, o ther  problems t h a t  occur. For example, even 

though our axioms a r e  cons i s ten t  we of ten  would l i k e  t o  know i f  

they a r e  independent. In  o ther  words, a r e  some of the  axioms 

der ivable  from t h e  others?  That is ,  a r e  some of the  axioms 

deducible a s  theorems from t h e  o ther  axioms? I f  t h i s  i s  the  case,  

then these  axioms may be dele ted from t h e  l i s t  of axioms and added 

t o  t h e  l i s t  of theorems. O f  course, even i f  an axiom i s  a 

theorem, it may be simpler t o  s t a t e  it as  an axiom anyway; and 

t h i s  can cause no harm s ince  anything which follows inescapably 

from our  axioms is a s  va l i d  a s  t h e  axioms themselves. 

In  addi t ion t o  t h i s ,  t he re  i s  t he  r e l a t ed  case i n  which one 

axiom seems t o  be s o  simple t h a t  it appears unnecessary t o  have 

t o  s t a t e  it separate ly .  There a r e  many examples i n  elementary 

geometry i n  which these  s i t u a t i o n s  occur ( i n  f a c t  p a r t  of the  

"new" geometry is  t o  emphasize these  l og i ca l  aspects  of t h e  

s t r u c t u r e  of geometry), but  it is not our place t o  pursue t h i s  

here. Rather w e  s h a l l  be content t o  show how one may go about 

t he  business of showing t h a t  one axiom, obeyed by a p a r t i c u l a r  

physical  model, is independent of the  o ther  axioms. The pro- 

cedure, q u i t e  simply ( a t  l e a s t  i n  concept) ,  i s  t o  construct  

another model (even though t h e  model may seem far-fetched from 

a p r a c t i c a l  point  of view - a l l  t h a t ' s  required is  t h a t  t he  

model be cons i s ten t )  i n  which every axiom except t he  one i n  

quest ion is  obeyed. Then, s ince  w e  now have two models, one 

of which obeys every axiom and the  o ther  which obeys a l l  bu t  

the  one i n  question,  we may conclude t h a t  t he  axiom i n  question 

is independent of t h e  others .  Namely, i f  it weren ' t ,  it would 

have t o  be obeyed once t he  o thers  were obeyed. 

We i l l u s t r a t e  t h i s  idea i n  p a r t  (a )  of t h i s  exercise .  In  p a r t  

(b) of t h i s  exerc i se  we show how it is possible  t h a t  an axiom 

which seems t o  be independent of the  others  may i n  a c t u a l i t y  

not  be; but  t h i s  need cause no harm. 

a.  Since vector  addi t ion i s  defined a s  before,  axioms (1) through 

(5) ( a s  l i s t e d  i n  t he  l ec tu re )  f o r  a vector space must s t i l l  
be obeyed. 
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Now, 	 according t o  our  new d e f i n i t i o n  of  s c a l a r  m u l t i p l i c a t i o n ,  

wherein ca = d* f o r  each CER and' ~ E Vwe s e e  t h a t  axioms (6), ( 7 )  , 
and (8)  a r e  a l s o  obeyed. Namely: 

(6) 	C (  a + 6)  = d Therefore ,  c (a  + 6 )  = ca  + 6 .  
ca + C B  = d + d = d  

( 7 )  	 (c l  + c 2 ) a  = 6 I Therefore ,  (cl  + c2)  a = cla + c2a. 
c a + c a = d + d = d
1 2 

(8)  	 c1(c2a) = clb = d Therefore ,  c1 (c2a)  = (c1c2)a .  

( c c ) a = 6 = d 
1 2  

Clea r ly ,  however, i f  V con ta ins  more than t h e  0-vector,  then  

l a  = a f o r  a l l  a&V 

must b e  f a l s e ,  s i n c e  by d e f i n i t i o n  

f o r  a l l  CER, i n  p a r t i c u l a r  then  when c = 1. Therefore ,  i f  

a j 6, w e  see from (1) t h a t  l a  = d # a s o  t h a t  (9)  i s  n o t  

obeyed. 

This  proves t h a t  axiom (9)  i s  independent of axioms (1) through 

(8)  s i n c e  i n  both  models, (1) through (8) a r e  obeyed, b u t  i n  one 

case  	(9)  is  obeyed and i n  t h e  o t h e r  it i s n ' t .  

* N o t i c e  t h a t  w e ' r e  n o t  c o n c e r n e d  h e r e  w i t h  t h e  q u e s t i o n  o f  why 
o n e  w o u l d  w a n t  t o  i n v o k e  s u c h  a  " s t e r i l e "  d e f i n i t i o n .  To b e  
s u r e  i t  m i g h t  n o t  h a v e  much ( i f  a n y )  p r a c t i c a l  a p p l i c a t i o n ,  b u t  
t h e  d e f i n i t i o n  i s  m e a n i n g f u l ,  h e n c e ,  " l e g a l " .  T h u s ,  i f  we c a n  
show t h a t  o u r  new s t r u c t u r e  ( t h e  v e c t o r s  a r e  t h e  same b u t  
s c a l a r  m u l t i p l i c a t i o n  i s  d i f f e r e n t )  o b e y s  a x i o m s  ( 1 )  t h r o u g h  ( 8 )  
b u t  n o t  ( 9 ) ,  t h e n  we h a v e  s u c c e e d e d  i n  p r o v i n g  t h a t  ( 9 )  c a n n o t  
b e  d e r i v e d  a s  a t h e o r e m  f r o m  ( 1 )  t h r o u g h  ( 8 ) .  



b. Treat ing 	 a + B a s  a s i n g l e  element, say y , we have from Axiom 

( 7 )  t h a t  

On the  o t h e r  hand, t r e a t i n g  ]+I  a s  a s i n g l e  number, w e  may 

use Axiom (6)  t o  conclude t h a t  

(1+ l ) ( a  + B )  	 = (1+ l ) a  + (1+ l ) B  
= (a  + a )  + ( B  + B ) .  

Equating t h e  expressions f o r  (1+ 1)(a + B )  i n  equation (1) 

and (2 )  , we obta in  

o r  s ince  vector  addi t ion i s  assoc ia t ive ,  we may omit paren thes i s  

and write: 

Hence 

The r e f  o re ,  
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Thus, w e  have shown t h a t  Axiom (5)  i s  a c t u a l l y  redundant s i n c e  

it may be  de r ived  a s  a theorem from t h e  o t h e r  axioms. I n  o t h e r  

words, had Axiom (5)  been omit ted ,  it would s t i l l  be  v a l i d .  

Never theless ,  because Axiom (5)  i s  s o  easy  t o  accep t ,  coupled 

wi th  t h e  f a c t  t h a t  it is c o n s i s t e n t  wi th  t h e  o t h e r  e i g h t  

axioms, w e  p r e f e r  t o  inc lude  it a s  one of  o u r  axioms. 

From a d i f f e r e n t  pe r spec t ive ,  what w e  a r e  saying i s  t h a t  it i s  

imposs ib le  t o  f i n d  a r e a l  model t h a t  w i l l  obey a l l  n ine  of our  

axioms except  f o r  axiom (5) . Once axioms ( I ) ,  ( 2 ) ,  (3) , (4), 
(6), (7), (8), and (9)  a r e  obeyed, (5)  must a l s o  be obeyed. 

Notice a l s o  t h a t  a t  l e a s t  i n  our  proof,  t h e  v a l i d i t y  of Axiom 

(5)  a s  a consequence of  t h e  o t h e r  axioms requ i red  t h a t  w e  

accept  Axiom ( 9 ) .  That  i s ,  r e l a t i v e  t o  p a r t  ( a )  of  t h i s  

e x e r c i s e ,  i f  Axiom (9)  i s  omit ted it is no longer  c l e a r  t h a t  

Axiom (5)  can be  de r ived  from t h e  remaining seven axioms. 

A s  a c l o s i n g  no te ,  w e  should mention t h a t  much of pure 

mathematics i s  concerned wi th  f ind ing  t h e  minimum number of  

axioms t h a t  can b e  used t o  g ive  an equ iva len t  d e f i n i t i o n  

of a s t r u c t u r e  de f ined  by a g r e a t e r  number of axioms. This  

search  involves  e i t h e r  t r y i n g  t o  d e l e t e  some of t h e  given 

axioms because they a r e  l o g i c a l  d e r i v a t i o n s  of t h e  o t h e r s  

o r  e l s e  it involves  f i n d i n g  an e n t i r e  new set of  axioms. 

Again, f u r t h e r  d i scuss ion  of t h i s  po in t  i s  f a r  removed from 

our  p r e s e n t  i n v e s t i g a t i o n  of vec to r  spaces.  
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