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Actual ly  i n  our  a t tempt  t o  in t roduce  ideas  s o  t h a t  you would work 

wi th  them p r i o r  t o  your see ing  them discussed i n  t h e  l e c t u r e ,  i t  

t u r n s  o u t  t h a t  t h e  p r e s e n t  e x e r c i s e  could have been assigned i n  

t h e  previous u n i t .  S ince  it o f t e n  t akes  t ime f o r  t h e  b a s i c  

concepts  involved i n  t h e  s tudy of a vec to r  space t o  be absorbed, 

our  hope i s  t h a t  i f  you had t r o u b l e  wi th  t h e  e x e r c i s e s  i n  t h e  

previous u n i t ,  you may now do s i m i l a r  problems wi thout  t o o  much 

t roub le .  

W e  have made t h r e e  p a r t s  t o  t h i s  e x e r c i s e  t o  h e l p  you review t h e  

va r ious  l e v e l s  of s o p h i s t i c a t i o n  t h a t  one can invoke i n  s tudying 

subspaces. I n  p a r t  ( a ) ,  w e  use  a r a t h e r  simple vers ion  of row-

reduced mat r i ces  i n  o rde r  t o  f i n d  t h e  dimension of  o u r  subspace. 

I n  p a r t  (b)  w e  go one s t e p  f u r t h e r  and i n q u i r e  a s  t o  how x4 must 

be  r e l a t e d  t o  xl, x2, and x3 i f  (x1,x2,x3,x4) i s  t o  be  an 

element of  W. F i n a l l y ,  i n  p a r t  (c) we use t h e  augmented matr ix  

technique t o  show how one set of b a s i s  vec to r s  of  W is  r e l a t e d  

t o  another  set- of b a s i s  vec to r s .  
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3 .3.1 (L) continued 

From (1)we see t h a t  W = S(alIa2,a3,a4,a5) = s ( B ~ , B ~ , B ~ )  
where 

W e  a l so  know from the  form i f  B1, B2, and B3 t h a t  { 81,B2r B3 3 is  

l i n e a r l y  independent. Namely, 

Hence, from ( 3) , 

Since €B1,B2,B3) i s  a l i nea r ly  independent s e t  which spans W, 

we conclude t h a t  dim W = 3. [Notice that even though 5 > dim 

V = 4, the  f i v e  vectors  al,a2,a3,a4 and a5 do not  span a l l  of V.] 

b. Using (2) we  have t h a t  

Thus, by (3)  
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3.3.1 (L)  cont inued  

Check: 

The t h i r d  and fourth rows of ( 4 )  t e l l  us t h a t  0=-13al + 5al + a3 
and 0 = -22al + 9a2 + a4. T h a t  is, u3 and a( are redundant  s i n c e  

and 

[Not ice  how e l e g a n t l y  o u r  m a t r i x  t echn ique  r e v e a l s  t h e  way 

u and a4 are expres sed  a s  l i n e a r  combinat ions of al and a2.13 

A t  any r a t e ,  t hen  ( 4 )  is e q u i v a l e n t  t o  
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3.3.1(L) continued 

"Decoding" (7) y i e l d s  

I f  we i n v e r t  (8)  t o  f i n d  air a2,  and a a s  l i n e a r  combinations of

e3, 
5 

B1, B 2 ,  and w e  should ob ta in  

Equation (9)  may be  w r i t t e n  by inspec t ion .  Namely, i f  

( x ~ ~ x ~ ~ x ~ ~ x ~ ) E W ,then ( x ~ ~ x ~ ~ x ~ ~ x ~ )= + x2B2 + x3B3 

I n  p a r t i c u l a r ,  

Note : 

Had w e  wished t o  i m i t a t e  t h e  cons t ruc t ion  given i n  t h e  proof 

t h a t  every f i n i t e  set of vec to r s  conta ins  a l i n e a r l y  independent 

subse t  which spans t h e  same space; w e  could have worked wi th  

t h e  vec to r s  a l Ia2 ,a3 ,a4 ,  and a5  one a t  a t i m e  i n  t h e  given o rder .  

More s p e c i f i c a l l y  we  know t h a t  a1 i s  independent s i n c e  a l  # 0. 
We then look a t  S ( a l r a 2 )  and w e  s e e  t h a t  
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3.3.1 (L)  continued 

Hence x 	= (x1,X2 , X 3 ' X 4 ) €  S ( a 1 ~ a 2 )  


= (x1,0,2x1,3x1) + (0,x21x2'x2) 


-- (x1,x2 , 2x1 + x2 '3x + x2) 
1

Since  a and a 4  obey (10) they belong t o  S ( a l r a 2 ) ;  b u t  s i n c e  a3 S 
d o e s n ' t  obey (10) as+ S ( a l , a 2 ) .  Hence, 

There a r e ,  o f  course,  o t h e r  pa ths  of  i n v e s t i g a t i o n  open t o  us 

b u t  our  hope is  t h a t  by now you a r e  beginning t o  f e e l  a t  home 

wi th  t h e  b a s i c  s t r u c t u r e  o f  a v e c t o r  space.  

Hence, w = S(a1,a21a3) = S(B1,B2); where B1 = (1,0,1)  and 

fI2 = ( 0 , 1 , 1 ) .  Therefore ,  d i m  W = 2. 
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3.3.2 continued 

The l a s t  row of (1) te l l s  us t h a t  

= (1+ 5c)a l  + 4ca2 + 13ca3, f o r  each choice of c. 

3.3.3(L) 

H e r e  w e  i n d i c a t e  e x p l i c i t l y  t h e  r o l e  of v e c t o r  spaces i n  t h e  s tudy 

of  l i n e a r  homogeneous d i f f e r e n t i a l  equat ions .  Namely, w e  l e t  

Since  f "  e x i s t s ,  f  is  a t  l e a s t  continuous,  s o  W i s  a s u b s e t  of  

t h e  space of  continuous funct ions .  But W i s  more than a  subse t .  

I t  i s  a subspace. For, i f  f ~ wand ~ E W , w e  have 

and 
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3 . 3 . 3 (L) continued 

Hence, f" (x) + g" (x) - 4 [f (x) + g(x)] = 0 or, letting h = f + g; 
hl'(x) - 4h(x) = 0; so by (1) h = f + g&W 

A similar treatment shows that fcW + cf~W,so that W is itself a 

vector space. 

More specifically, notice that in the previous Block we showed 


that W = {cleZx + c2e-2X; cl, 3 . Since I e2X, e-2x} is 
2x 

linearly independent, we have that W = S[e , -2x1
e so that W is 

a 2-dimensional vector space. 

Quite in general, the set of all solution of 


is an n-dimensional vector space. 


It is crucial that the right side of (2) be 0, otherwise the 


sum of two solutions of (2) would not be a solution of (2), etc. 


Hence, 

s = S(alra2,a3) = SiG1tB21 

where 

In particular, then 
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3.3.4 (L) cont inued 


I n  o t h e r  words, 


Hence, 

B 3  = (1,0,0.,5) 

2 = ~ ( a ~ , a ~ , a ~ )= T(B31B41B5) where B 4  = (0,1,0,1)  

85 = (0,0,1,-2) 

Therefore ,  

Thus, 

c.  For (xl,x2,x3,x4) t o  belong t o  S,  w e  must have t h a t  

whi le  for (x1,x2,x3,x4) t o  belong t o  T we must have t h a t  
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3.3.4 (L) continued 

Hence f o r  (x1,x2,x3,x4) t o  belong t o  both  S and TI condi t ions  ( 2 ' )  


and ( 4 )  must ho ld  simultaneously.  


Replacing x and x 4  i n  (4)  by t h e i r  va lues  i n  ( 2 ) ,  we o b t a i n 

3 

Using (5)in ( 2 )  w e  conclude that 


= XI + X2 = 2~~ + X2 = 3x2

3 

and 


From (51, (61,  and ( 7 )  w e  see t h a t  

Hence, dim SnT = 1 and SI~T is spanned by (2,1,3,5)  . 

Using row-reduction we o b t a i n  
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3.3.4 (L) continued 

Hence, 

I n  p a r t i c u l a r ,  t hen ,  

e. 	 d i m S = 2  

dim T = 3 

dim SrYT = 1 

dimfS + T)= 4. 

Hence, a t  l e a s t  from t h i s  example, it appears t h a t  

dim 	 (S + T) = dim S  + dim T  - dim SQT. 

I n  t h i s  sense ,  w e  may be  reminded of a s i m i l a r  r u l e  f o r  f i n i t e  

sets; namely 

N (AUB) = N (A) + N (B) - N (AQB) . 

Equation (8)  can b e  shown t o  hold  i n  genera l  (see Exerc i se  

3 .3 .6) .  I n  p a r t i c u l a r ,  i f  dim SnT = 0 ( i .e . ,  SnT = (0) ) ,  t h e n  

dim (S + T) = d i n  S  + dim T. 

I n  t h e  even t  t h a t  S M  = (0) , S + T i s  w r i t t e n  S a T and i s  

c a l l e d  t h e  d i r e c t  sum of S  and T.  
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3 . 3 . 4  (L)  continued 

A Geometric I n t e r p r e t a t i o n  of  Linear  Sums 

Consider t h e  case  o f  two d i s t i n c t  l i n e s  i n  t h e  p lane ,  each of  

which passes  through t h e  o r i g i n .  I f  we l e t  vl denote a  non-zero 

v e c t o r  on t h e  f i r s t  l i n e  and v2 a  non-zero v e c t o r  on t h e  second 

l i n e ,  then  t h e  f i r s t  l i n e  may be  viewed a s  t h e  space spanned by 

v1 whi le  t h e  second l i n e  may be  viewed a s  t h e  space spanned by 

Let  us use S = Slvll  t o  denote t h e  f i r s t  l i n e  and T = T[v2j  v2. 
t o  denote t h e  second l i n e .  Then t h e  p lane  i t s e l f  i s  t h e  l i n e a r  

sum of S  and TI S  + T. That i s ,  every  vec to r  i n  t h e  p lane  may 

be  w r i t t e n  a s  a l i n e a r  combination of vl and v2. Moreover, i n  

t h i s  p a r t i c u l a r  example, w e  may say  t h a t  t h e  p lane  i s  t h e  d i r e c t  

sum of S  and TI t h a t  is, S @ T s i n c e  S n T  = {OI . I n  o t h e r  

words, n o t  only i s  each vec to r  i n  t h e  p lane  a sum of a  v e c t o r  

i n  S  and a  v e c t o r  i n  T b u t  t h i s  sum can be represented  i n  one 

and only one way . That is ,  sl + tl = s2 + t2 i f  and only i f  

s1 = s2 and tl = t2. .[To prove t h i s  l a s t  a s s e r t i o n ,  n o t i c e  

t h a t  sl + tl = s2 + t2 impl ies  t h a t  sl - s2 i s  equal  t o  tl - t2. 

Since  tl - t2 belongs t o  T s o  does sl - s2; b u t  sl - s a l s o  2 
belongs t o  S. Hence, sl - s2€SflT, and s i n c e  SflT = (0)  , it 
follows t h a t  sl - s2=0, o r  s -- s2. A s i m i l a r  argument i n  1 

which we  r eve r se  t h e  r o l e s  o f  S  and T e s t a b l i s h e s  t h a t  tl = t 2 . 1  

I n  t e r m s  of a p i c t u r e :  
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3.3.4 (L) continued 

I n  3-dimensional space, w e  may view a s  an example, t he  case of 

two non-parallel  planes P and P Both P1 and P2 a r e  2-dimension-1 2 ' 
a 1  and t h e i r  i n t e r sec t i on ,  P1nP2 being a l i n e  is 1-dimensional. 

Moreover, every vector  i n  3-space may be wr i t t en  as  the  sum of a 

vector  i n  P1 and a vector  i n  P2. NOW, however, t he  same vector  

has i n f i n i t e l y  many representat ions  i n  t h e  - form pl + p2 where 

pl€Pl and p rP Thus, i n  t h i s  example aE' = P1 + P2, bu t  s ince  2 2' 

P1flP2 # 101 , we do not -w r i t e  E3 = P1 P2. 


Notice t h a t  i n  t h i s  example, dim (P1 + P2) = 3 and dim P1 + dim P2 

- d imPfP2  = 2 + 2 - 1 = 3. 

I f  we now consider t h e  plane P and a l i n e  L not  p a r a l l e l  t o  P, 

t h e  PnL = 10) *. Now, no t ice  t h a t  each vector  i n  3-space can be 

wr i t t en  i n  one and only one way i n  t h e  form p +L where psP and REL. 

P i c t o r i a l l y :  

+
1. v = OR 

2. A t  R we draw a l i n e  p a r a l l e l  t o  L meeting t he  plane P a t  the  

point  Q. 

3. v = & + $R, but  ~ Q E Pand ~ R E L .  Recall  t h a t  as  a space, L 

remains the  same if it i s  displaced p a r a l l e l  t o  i t s e l f .  

Thus, i n  t h i s  case 

* A s  u s u a l  i n  l i n e a r  a l g e b r a  we assume t h a t  a l l  l i n e s  p a s s  through 
t h e  o r i g i n .  Thus ,  t h e  i n t e r s e c t i o n  o f  P and L ,  which w i t h o u t  t h i s  
r e s t r i c t i o n  c o u l d  b e  any p o i n t ,  must b e  t h e  o r i g i n .  
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Hence, 


That is 

dim S = 3 .  
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3.3.5 continued 

Hence, 

That  is ,  

dim T = 3. 

c. For (x1,x2,x3,x4,x5) t o  belong t o  SnT, equat ion  (I) and equat ion  

(2) must bo th  b e  s a t i s f i e d .  

I n  p a r t i c u l a r ,  equat ing  t h e  two va lues  f o r  x4 and t h e  two values  

f o r  x5, w e  o b t a i n  

and 

C o l l e c t i n g  l i k e  terms and s impl i fy ing ,  w e  see t h a t  equat ion  (3) 

may be r e w r i t t e n  as 

Thus, t h e  equa t ions  i n  (3)  a r e  dependent and a r e  equ iva len t  t o  

t h e  s i n g l e  r e s t r i c t i o n  t h a t  xl - 2x + x3 = 0. I f  w e w i s h  t o2 
t h i n k  o f  xl and x2 a s  be ing a r b i t r a r y ,  then  ( 3 ' )  t e l l s  us  t h a t  

W e  may now use  ( 4 )  wi th  e i t h e r  (1) o r  (2)  t o  determine how x4 

and x a r e  expressed i n  terms of  x and x Choosing (1)because5 1 2 
it i s  s imple r ,  w e  see t h a t  
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3.3.5 continued 

and 

x = 6x + x2 - 2(2x2 - xl] 5 1

From ( 4 ) ,  (51, and ( 6 )  w e  see t h a t  ( ~ ~ , x ~ ~ x ~ ~ x ~if and

o n l y  i f  

Thus, SnT has  "2 degrees o f  freedom" s o  t h a t  dim SflT = 2. More 


formally,  w e  may f i n d  a row-reduced b a s i s  f o r  SnT by computing 


t h e  r i g h t  s i d e  of ( 7 ) ,  once wi th  xl = 1, x2 = 0 and once wi th  


x1 = 0 ,  x2 = 1. W e  then  o b t a i n  t h a t  B1 = (1,0,-1,4,8) and 


B 2  = 10,1,2,-1,-3) form a b a s i s  f o r  SnT. 


But S i s  spanned by a l ra2  and a whi le  T i s  spanned by y 1 1 Y 2 1  and 
3 
Hence, s i n c e  each SES i s  a l i n e a r  combination of  a I r a 2 , a 3  and 
y3. 

each t&T is a l i n e a r  combination of y1,y2, and y3, it fol lows t h a t  


each s + t e S  + T i s  a l i n e a r  combination of a1.a2,a3,y1.y2 and y 

3' 

To f i n d  t h e  space  spanned by t h e s e  s i x  v e c t o r s ,  w e  need only row-


reduce t h e  ma t r ix  


W e  could row-reduce (8)  "from sc ra tch"  b u t  i f  w e  want t o  t a k e  

advantage of  o u r  work done i n  p a r t s  l a )  and ( b ) ,  w e  a l r eady  

know t h a t  

~ x ~ f e ~  
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3 .3.5 continued 

and 

Hence, 

The l a s t  two rows of (9 )  may be  d iscarded s i n c e  they a l l  name 

t h e  same space  t h a t  spanned by (O,O,O,-2,l)but even i f  w e  don ' t  

n o t i c e  t h i s  i n  t h e  next  s t e p s  i n  t h e  row-reduction, take  c a r e  

of it. 
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3.3.5 continued 

S ince  (10) is  row-reduced, w e  see t h a t  dim (S + T) = 4 and i n  

f a c t  S  + T [61.62.631641. where g l  = (1.0.0.0.8) 62 = (01110101 
1 
) , a 3  1 = (0,0,1,0.-2) and 6 4  = ( O . O 1 O . l , - T ) .  

Hence, 

~ x ~ I x ~ , X ~ I X ~ I X ~ )ES + 
 ++

I x ~ ~ x ~ ~ X ~ ~ X ~ I X ~ )= x p l  + x262 + x3S3 + x4ti4 + x56 5

, x , x ,x ,8x1 = ix1 2 3 4 + 1/2x2 - 2x3 - 1/2x4) 

t h a t  is, 

++ 16xl -+ x2 - 4x3 - x4 - 2x5 = 0. 

e. From p a r t s  ( a ) ,  (b), (c), and (d) w e  have 

dim S = 3 


dim T = 3 


dim SnT = 2 


dim (S + T) = 4 


S i n c e  4  = 3 + 3 - 2, it fol lows from (11)t h a t  dim (S + T) = 

dim S + dim T - dim SnT. 

3  .3.6 ( o p t i o n a l )  

Our main aim h e r e  is to  prove t h a t  f o r  a l l  f i n i t e  dimensional 

subspaces,  S  and TI o f  V t h a t  dim (S + T) = dim S + d i n  T -
dim SnT. 

Since  t h e  format proof is r a t h e r  a b s t r a c t ,  w e  s h a l l  c a r r y  o u t  

t h e  a c t u a l  s t e p s  i n  t e r m s  o f  t h e  concre te  example worked o u t  i n  

t h e  previous  e x e r c i s e .  The g i s t  is  a s  follows: 

S t e p  1: 

I n  p a r t  ( c )  of t h e  previous  e x e r c i s e ,  w e  obta ined t h a t  B1 = 

(1 ,0 , -1 ,4 ,8)  and B 2  = (0,1,2,-1,-3)  was a  b a s i s  f o r  SQT. 

Schemat ica l ly ,  
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3.3.6 continued 

Figure 1 

S t e p  2: 

Since  {alIa2,a3} a r e  a  b a s i s  f o r  S  a t  l e a s t  one of  t h e  a ' s  

cannot l i e  i n  SnT. Namely, s i n c e  {alra2,a3} is l i n e a r l y  

independent, {alra2,a3}C SnT impl ies  t h a t  dim SflT -> 3, contrary  

t o  t h e  f a c t  t h a t  dim SnT = 2. 

I n  our  p a r t i c u l a r  case ,  w e  may check a1,a2, and a 3  e x p l i c i t l y  

f o r  membership i n  SnT. S p e c i f i c a l l y ,  

o u t  B1 + B2 = (1,1,1.3.5), hence a l & s n ~  [but  s i n c e  yl = (1 ,1 ,1 ,3 ,5 ) ,  

Y ~ E S I T ;a f a c t  w e  s h a l l  use  l a t e r ] .  d2 = (2,3,4,5,7)++a2 = 2B1 + 
3B2, b u t  2B1 + 3B2 = (2,0,-2,8,16) + (0,3,6,-3,-9) = (2 ,3 ,4 ,5 ,7 ) ;  

hence a2€S T. 

F i n a l l y ,  a3  = (3,4,7,8,8)  E S ~ T  ++a3 = 3B1 + 4B2 b u t  3B1 + 4B2 = 

(3,0,  -3,12,24) + (0,4,8,-4,-12) = (3,4,5,8,12) ; hence a 3 + s n ~ .  

Thus, o u r  p i c t u r e  now becomes 

Figure 2 

S.3.3.18 
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3 . 3 . 6  continued 

S t e p  3: 

S ince  {B1,B2} i s  a l ready  a b a s i s  f o r  SCT, w e  may d e l e t e  o2  from 

t h e  spanning set {a2,f31,f32} f o r  SnT. Moreover, s i n c e  olkSnT and 

SfYC = [B B I ,  then  {BlrB2,al} i s  l i n e a r l y  independent.  [Namely, 
1' 2

i f  not ,  a would have t o  be  a l i n e a r  combination o f  B1 and B 2  
and t h i s  would mean alsS ,T, con t ra ry  t o  f a c t . ]  Thus, s i n c e  

dim S = 3 and{al,fil,@2} is a l i n e a r l y  independent s u b s e t  of S, 

w e  may conclude t h a t  {a1,f32,b} is  a b a s i s  f o r  S. Again 

p i c t o r i a l l y ,  

F igure  3 

Note: 

Although or3 i s  now omit ted  from our  diagram, a l l  w e  mean i s  t h a t  

t h e  v e c t o r s  i n  Figure  3 a r e  a b a s i s  f o r  S. W e  could j u s t  a s  

e a s i l y  conclude t h a t  s i n c e  a3@ T I {a3.B1,B2} is  a b a s i s  f o r  S 

i n  which case  o u r  p i c t u r e  would have been 

Figure  4 

where now a i s  redundant s i n c e  {a3,B1,B2} i s  a b a s i s  f o r  S. 
1 

The key p o i n t  i s  t h a t  whether we r e f e r  t o  Figure  3 o r  Figure  4 ,  

w e  have produced a b a s i s  f o r  S by augmenting o u r  b a s i s  f o r  SnT. 

I n  t h e  more genera l  ( a b s t r a c t )  case ,  t h i s  i s  t h e  key s t e p .  
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3.3.6 continued 

Namely, w e  form a  b a s i s  f o r  S by s t a r t i n g  wi th  a  b a s i s  f o r  SnT 

and extending it ( f o r  example, by t h e  row-reduced matr ix  

technique) . 
S t e p  4: 

W e  now r e p e a t  s t e p s  2  and 3, only now i n  r e fe rence  t o  T  r a t h e r  

than S. W e  know t h a t  s i n c e  {y1,y2,y3) i s  l i n e a r l y  independent 

and dim SnT = 2, then {y1 .y2 .y3)~  SnT. W e  saw i n  s t e p  2  t h a t  

y l~SnT,  s o  now w e  need only check y2 and y3. W e l l ,  

b u t  B1 + 2B2 = (1,0,-1,4,8) + (0,2,4,-2,-6)= (1 ,2 ,3 ,2 ,2)  ; 

hence y2&SftT ( s o  by d e f a u l t ,  it must be t h a t  y3& SfT, b u t  l e t ' s  

check j u s t  t o  b e  s u r e ) .  F i n a l l y ,  

= (2 ,3 ,3 ,7 ,8 )~Sf iT2 ++ Y j  = 2B1 + 3B2; 

b u t  

2B1 + 3B2 = (2 ,3 ,4 ,5 ,7)  


[from s t e p  21 ; hence, y3& SnT. 


P i c t o r i a l l y ,  


o r  s i n c e  yl  and y2 a r e  redundant f o r  spanning S T ,  w e  have 
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3.3.6 continued 

Figure  5 

where Figure  5 shows how {B1,B2} is  augmented i n t o  a b a s i s  f o r  T. 

The key p o i n t  i s  t h a t  none o f  t h e  a ' s  ( y ' s )  can b e  expressed i n  

t e r m s  of  t h e  y I s  ( a ' s )  s i n c e  t h e  a ' s  belong t o  SnT' whi le  t h e  y I s  

belong t o  t h e  S'nT. (I.e., i f  y3 = Clal + c2a2 + c3a3, then 

y3&S. con t ra ry  t o  t h e  f a c t  t h a t  y3€T b u t  y3(sfi1~) . 
From Figure  5 w e  begin  t o  see where t h e  formula 

dim(S + T) = dim S + dim T - dim SflT 

comes from. 


C lea r ly ,  S + T = Ia1,B1f821~31, SO dim(S + T ) =  4 whi le  


B I f3 and B , B  a r e  counted twice ,  once a s  be ing p a r t  of t h e1 2  1 2  
b a s i s  f o r  S and once a s  be ing p a r t  of t h e  b a s i s  f o r  T. 

Note : 

Figure  5 g e n e r a l i z e s  a s  fol lows.  Suppose dim SnT = r ,  dim S = 

m and dim T = n. Let  SnT = [B @,I. Then.augment (B1,...,Br} 

by a l , .  ..,a t o  form a b a s i s  f o r  S; and by ym - r  l ~ - - - ~ Y n - r  t o  form 
a b a s i s  f o r  T. Thus, 
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3 . 3 . 6  continued 

s + T = [a1, ...,am - r r B 1 . * - * r B r r Y l r . . ~ n - r I -

Hence 

dirn(S + T) 	 = (m - r) + r + (n - r) 

= m + n - r  

= dim S + d i m  T - dim SnT. 
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