
Solutions 

Block 3: Selected Topics in Linear Algebra 


Unit 8: Fourier Series 


The fact that sin mx cos nx, for all choices of the constants m 

and n, is an odd* function guarantees that 1:sin mx cos nx dx = 0. 

Thus, each member of the sine family is orthogonal to each member 

of the cosine family. 

To show that each member of the sine family is orthogonal to every 

other member of the sine family, we must show that I::sin mx 
sin nx dx = 0 whenever n # m (when n = m, we are "dotting" sin nx 

with itself) . 

If we recall the trigonometric identities 


cos (A + B) = cos A cos B - sin A sin B 

cos (A - B) = cos A cos B + sin A sin B 

then we see at once that 


cos (A - B) - cos (A + B) = 2 sin A sin B, or 

sin A sin B = -1 [cos (A 2 - B) - cos (A + B)1 .  

* R e c a l l  t h a t  f ( x )  i s  odd means f ( x )  = - f ( - x )  w h i l e  f ( x )  i s  even 
means t h a t  f ( x )  = f ( - x ) .  I n  t e rms  of a r e a ,  i t  i s  e a s y  t o  s e e  t h a t  

a 
i f  f ( x )  i s  even  t h e n  j f ( x ) d x  = 2 ia f  ( x )  dx w h i l e  i f  f  ( x )  i s

- a  

a 


odd,  t h e n  la f ( x ) d x  = 0, i . e . 


Y 

f  ( x )  even f ( x )  odd 
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3.8.1 (L) continued 

S i m i l a r l y ,  

W e  may now u s e  (1)with  A = mx and B = nx t o  o b t a i n  

s i n  mx s i n  nx dx* = [cos(mx - nx) - cos(mx + nx)]dx 

1 'IT 
-- in [cos (m - n ) x  - cos  (m + n)xldx.  

Hence 

'IT s in (m - n ) x  s in(m + n ) xs i n  mx s i n  nx dx = 2 (m - n) i' - m + n 

Since  m and n a r e  i n t e g e r s ,  s o  a l s o  a r e  m + n and m - n; and s i n c e  

t h e  s i n e  of a l l  i n t e g r a l  m u l t i p l e s  of +'IT i s  0 ,  w e  conclude t h a t  

t h e  r i g h t  s i d e  of ( 3 )  i s  0. 

Hence, f o r  m # n ,  

1: s i n  mx s i n  nx dx = 0 

Note #1 

Notice t h a t  t h e  f i r s t  term on t h e  r i g h t  s i d e  of ( 3 )  c o n t a i n s  m - n 

a s  a f a c t o r  of t h e  denominator. Hence, s i n c e  d i v i s i o n  by z e r o  is  

"taboo," equat ion  (3)  is  i n v a l i d  when m = n. Since  (4)  is  prefaced 

by m # n ,  t h i s  does n o t  a f f e c t  our  equat ion  ( 4 ) .  If w e  l e t  m = n ,  

then  

*Since sin mx sin nx is an even function [i.e. sin m(-x) sin n(-x) = 
sin(-mx) sin(-nx) = (-sin mx)(-sin nx) = sin mx sin nxl you may 

replace sin mx sin nx dx by 2 sin mx sin nx dx, if you 

prefer. 
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3.8.1 (L) continued 

1: s i n  mx s i n  nx dx = L: 2 1 - cos  2nx s i n  nx dx = r:, dx2

Thus, f o r  t h e  sake  of completeness, w e  have 

0 ,  i f  m # n 

s i n  m x  s i n  nx dx = 


IT, i f  m = n 


Note 82 

The f a c t  t h a t  n appears  a s  a f a c t o r  of t h e  denominator i n  one term 

on t h e  r i g h t  s i d e  of (5)  warns u s  t o  beware of t h e  v a l i d i t y  of (5) 

when n = 0. Now it t u r n s  o u t  t h a t  n = 0 i s  of no concern t o  us  

h e r e  s i n c e  s i n  nx = 0 when n = 0. Indeed, t h i s  i s  why t h e  fami ly  

{ s i n  nx) begins  wi th  n = 1 r a t h e r  than n = 0. On the o t h e r  hand, 

when n 

t i o n  1: 
= 0 ,  cos  nx = 1. Hence, when w e  cons ide r  l a t e r  the s i t u a -

cos  nx dx,  it may b e  w i s e  t o  remember n = 0 a s  a s p e c i a l

case .  

Note #3 

Some au thors ,  because they p r e f e r  orthonormal t o  or thogonal ,  in-

t roduce  t h e  weighting f a c t o r  -I and r e p l a c e  s i n  nx by -
1 
I s i n  nx. 

J;; fi 
The reason f o r  t h i s  is  contained i n  equat ion  ( 5 ) .  Namely, t h e  

f a c t o r  -1 does n o t  a l t e r  t h e  o r thogona l i ty  of t h e  s i n e  fami ly ,  b u t  
Jli 


it does make t h e  d o t  product  of any member of t h e  s i n e  fami ly  w i t h  

i t s e l f  equal  t o  1. That i s ,  from ( 5 ) ,  w e  conclude t h a t  

1 1 1s i n  mx - s i n  nx dx = - s i n  mx s i n  ndx dx 
Jii IT 
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3.8.1 (L) continued 

For o u r  purposes,  w e  p r e f e r  t o  stress t h e  orthogonal  proper ty  

r a t h e r  than t o  in t roduce  -1 a s  a weighting f a c t o r .  A s  w e  s h a l l  
Ji; 

see, t h i s  has  no bea r ing  on t h e  g e n e r a l  techniques which w e  employ 

i n  t h i s  u n i t .  

A l l  t h a t  remains now is t o  look a t  

1:cos  mx cos  nx dx when m f n. 

From equat ion  (2) , we have 

cos mx cos  nx dx = [cos(m + n ) x  + cos(m - n lx ldx  

Since  +s in(m + n ) ~= 0 ,  w e  conclude from (7)  t h a t  

n + m + / _ :  cos mx cos  nx dx = 0,  

A l l  t h a t  remains t o  t i e  toge the r  any l o o s e  ends is  t o  compute 

(IT cos2nx dx (i.e. t h e  c a s e  m = n ) ,  even though t h i s  i s  n o t  asked 
J- IT 
f o r  e x p l i c i t l y  i n  t h i s  exe rc i se .  

2 + cos 2nx, Since  c o s  nx = w e  have t h a t  2 

r: cos nx dx = - 1: (1 - cos  2nx)dx
2 

--;- [ x - s i n  2nx 
2n I

= IT, 



Solutions 

Block 3: Selected Topics in Linear Algebra 

Unit 8: Fourier Series 


3.8.1 (L) continued 


except (review Note #2) that equation ( 9 )  is not valid when n = 0. 

In the special case n = 0, we have 

In summary then, for any whole numbers, m and n 


0, if n = 0 

sin nx dx = 


IT, if n + 01: I 

1:sin nx cos mx dx = 0 (even if n = m) 

-IT 
sin nx sin rnx dx = 1:cos nx cos mx dx = 0, when n # m J 

In particular, if f-g means 1:f (x)g(x)dx, then the family 


(1,cos X,COS 2x, ...,cos nx,...,sin x,sin 2x, ...,sin nx, ...I is 
orthogonal. If we want an orthonormal family, then we see that 

from (10) and (11) , our family of functions should be 

I
cos X, ..., - cos nx. - sin x. ' I 
- sin nx, ...}.-

J;; J;; 


3.8.2(L) 


What we have is the assumption that 


f(x) = a. + an cos nx + 2 bn sin nx. 
n=1 n=l 
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3.8.2 (L) continued 

Since  1 - c o s  nx = 1 - s i n  nx = 0 f o r  n > 0 (where 1 - c o s  nx means 

r:1 cos  nx dx etc.)  w e  may use t h i s  or thogonal  p roper ty  t o  f i n d  

Namely, w e  i n t e g r a t e  both  s i d e s  of (1) from -IT t o  IT, t o  ao. 

o b t a i n  


m 

f ( x ) d x  = 1:lo+ a n cos nx + 2 bn s i n  nx dx-  
n= l  n= l  I 

Assuminq t h a t  w e  a r e  permi t ted  t o  in terchange t h e  o r d e r  of i n t e -

g r a t i o n  and summation (which, a s  w e  know f o r  i n f i n i t e  sums, is  n o t  

always v a l i d )  , equat ion  (2) y i e l d s  

f  (x )dx  = a cos nx dx + 21:bn s i n  nx dx 

n = l  r J n = l ~  . J 

= 0 = 0 

Hence 

IT 

f (x) dx. 

To f i n d  ak f o r  k # 0 ,  w e  mul t ip ly  both s i d e s  of (1)by cos kx and 

i n t e g r a t e  from -IT t o  IT, t o  o b t a i n  

mr:f  (x) cos kx dx = + c a n  cos nx + c b n  s i n  nx cos  kx dx 

n = l  n=1 I 
a cos  kx dx + l : ( g a  cos nx cos  I,

IT 

0 
n=1 

= n 
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3.8.2 (L) continued 

Again, under t h e  assumption t h a t  w e  may in terchange t h e  o rde r  of 

t h e  i n f i n i t e  sum and t h e  i n t e g r a t i o n ,  we deduce from ( 4 )  t h a t  

r:f (x)  cos kx dx = a. -cos  kx dx ( cos  nx cos  kx dx 1 
= 0 

IT, when n = k 

+ bn ( s i n  nx c o s  kx dx )n=1 

0 ,  f o r r  a l l  n 

Hence, 

Therefore,  f o r  k = 1,2,3, ... 

1 
 f (x )cos  kx dx. 

To f i n d  bk, w e  mul t ip ly  both  s i d e s  of (1)by s i n  kx and i n t e g r a t e  

from -IT t o  IT under t h e  assumption t h a t  w e  a r e  permi t ted  t o  i n t e r -

change t h e  o r d e r  of t h e  i n f i n i t e  sum and t h e  i n t e g r a t i o n .  This  

y i e l d s  

f ( x l s i n  kx dx = ao -!-s i n  kx dx + x an 1 cos nx s i n  kx dx 
IT ---I -IT 

+ 2 'n /"s i n  nx s i n  kx dx -IT 

n=1 
t J 

0 ,  i f  n # k 
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3.8.2 (L) continued 

Hence, 

I-, f  (x)  s i n  kx dx = b k r r  

T 

f ( x ) s i n  kx dx. 

Note #1 

W e  used k  r a t h e r  than n  simply t o  avoid confusing a p a r t i c u l a r  

term wi th  t h e  g e n e r a l  t e r m .  That i s ,  we d i d  no t  want n t o  have 

two d i f f e r e n t  meanings i n  t h e  same problem. With t h i s  i n  mind. 

(5)  and (6)  may b e  r e w r i t t e n  a s  

and 

Note #2 


Notice t h a t  w e  do not say  t h a t  


00 

£ ( X I  = a. + C an cos nx + 2bn s i n  nx 


n= l  n=l 
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3.8.2 (L) continued 


Rather it is F(x) which is defined by the right side of (7). In 


other words, the right side of (7)was derived under the not- 


always-valid assumption that we were justified in interchanging 


the order of the integration and the infinite sum. In summary, 


then 


and F(x) is called the Fourier representation of f (x). 


3 . 8 . 3 ( L )  

In the previous exercise, we had you compute the Fourier coeffi- 


cients of a function f(x), pointing out that the Fourier series 


need not actually equal the function. At the same time, re- 

call that we pointed out in our lecture that if f(~) is 


piecewise-smooth on [-IT, 
IT] , then the Fourier series, F (x) , of f (x) 
converges to f(x) everywhere in the interval where f(x) is contin- 

uous and to the average of the jump wherever f(x) has a jump-

discontinuity. 

In this exercise (as well as the next two), we continue our drill 


in deriving Fourier coefficients, but at the same time, we choose 


f(x) to be piecewise-smooth so that we can see how the Fourier 


series actually converges to the function in this case. 


a. Given that 
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3 .8 .3(L)  continued 

w e  have that  

i i  1: f (x)  cos  nx dx = I",	-cos nx dx + cos  nx dx (n # 0) 

cos  nx dx + I' cos  nx dx 

- s i n  nx 1 + 

s i n  nx 1-
n 	 n 

*We r e w r i t e  (' f ( x ) d x  i n  t h e  	i n d i c a t e d  way a s  t h e  sum of two 

i n t e g r a l s  t o  
'-71 

t a k e  i n t o  account t h a t  f behaves one way on 0 < x -
and another  way on -n < x < 0 .  
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3.8.3 (L) continued 


(iii) J-1 f(x)sin nx dx = -sin nx dx + I'sin nx dx (n + 01 

sin nx dx + sin nx dx 

-cos(-nn) - (cos an - cos o= (  n [-cons 01) - n -) n 

-- -COS nn 
+ I; - cos an 

+ 1 
n n n n 

- 2- - - 2 cos an 
n n 


We observe that for even values of n, cos an = 1 while for odd 

values of n, cos an = -1. Hence, 

- , when n is even 

- ( ) = , 4 when n is odd 

Hence, we conclude from (5) that 


0, if n is even 


f(x)sin nx dx = 


if n is odd 


Now using the results of our previous exercise, we have that the 


Fourier series representation of f(x) is given by 


m 

F(x) = a. + C an cos nx +2 bn sin nx 


n=l n=l 


S.3.8.11 
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3.8.3 (L) continued 

where 

- 1 
bn f ( x ) s i n  nx dx.- iiI,, 
Thus, from ( 3 ) ,  ( 4 ) ,  and (6), we conclude t h a t  

and 

[$o = 0 ,  i f  n is  even 

i f  n is  odd 
7111' 

Hence, (7) y i e l d s  

F(x)  = 0 + 0 + & s i n  nx 
n odd 

-- -4 C sinn nx 
IT 
 n odd 

+ s i n  3x s i n  5x ... + sin(2n 'Ix + ...) (8.2)+ + 

= 5 
a 

(sin x 3 + 5 2n + 1 



- - 
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3.8.3(L) continued 

Note #1 

Notice t h a t  our  Four ie r  series con ta ins  only s i n e  terms. This  

happened because f ( x )  i n  t h i s  e x e r c i s e  i s  an odd func t ion .  

I n  o t h e r  words, s i n c e  t h e  product  of an odd func t ion  and an even 

func t ion  i s  odd, f ( x )  cos nx i s  odd because f  (x)  i s  odd whi le  

cos  nx is  even. 

Consequently, f ( X I  cos nx a x  = 0.1:: 
In a  s i m i l a r  way, 1:f (x)s i n  nx dx = 0 when f  (x)  i s  even. Thus, 

t h e  Four ie r  series r e p r e s e n t a t i o n  of f ( x )  w i l l  be  pure ly  a s i n e  

s e r i e s  when f ( x )  i s  odd; and pure ly  a  cos ine  s e r i e s  when f ( x )  i s  

even. I n  f a c t ,  i n  d e r i v i n g  equat ions  ( 3 )  , ( 4 )  , and (6)  , w e  could 

have te lescoped a few s t e p s  by recogniz ing a t  once t h a t  s i n c e  f  was 
IT 

odd. I f  (x)cos  nx dx = 0 ,  whi le  I_: =f  (x)  s i n  nx dx 
-IT 


2 (IT f  (x)  s i n  nx dx. 

Note #2  

+Since  i s  always an even func t ion  and f  (x) - f  (-x) i s2 2 

always an  odd f u n c t i o n ,  t h e  i d e n t i t y  

even odd 

t e l l s  u s  t h a t  w e  may always decompose t h e  c o n s t r u c t i o n  of a  Four ie r  

series i n t o  two problems, one involving a s i n e  series and t h e  

o t h e r ,  a  cos ine  series. 

b.  Notice t h a t  our  genera l  theory  te l l s  us t h a t  a t  any x  between -IT 

and IT f o r  which f  i s  continuous F ( x )  = f  ( x ) .  I n  p a r t i c u l a r ,  x = -IT 

ITi s  such a p o i n t .  Now, by d e f i n i t i o n  of f ,  when x  = -, f ( x )  = 12 

( s i n c e  0 < -IT < IT) . Hence, F(x)= 1, and we conclude from equat ion  2 2 
(8.3)  t h a t  

2 
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3 . 8 . 3  (L) continued 

Now odd m u l t i p l e s  of 7A have t h e  proper ty  t h a t  t h e i r  s i n e  i s  e i t h e r  

1 o r  -1. More s p e c i f i c a l l y  

whi le  

More s u c c i n c t l y ,  

1, n even 
s i n ( 2 n  + = 

-1, n odd 

Hence, (9) may b e  r e w r i t t e n  a s  

from which it fol lows t h a t  

Note # 3  
m 

There a r e  c e r t a i n l y  o t h e r  ways of deducing t h a t  2n 
( - l l n  -- -A 

4 .+n=O 
Indeed, t h e  beauty of ( l o ) ,  a t  l e a s t  from one p o i n t  of view, is  

t h a t  t h e r e  a r e  methods of d e r i v i n g  t h e  r e s u l t  wi thout  r e f e r e n c e  t o  

Four ie r  series. Consequently, (10) se rves  a s  a reinforcement of 

t h e  theory  which s t a t e s  t h a t  f ( x )  = F(x)  wherever f is  continuous.  
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3.8.3 (L) continued 

Note # 4  
+

I n  this same c o n t e x t ,  n o t i c e  t h a t  f  (0-) = -1 and f (0 ) = 1. Hence, 

t h e  g e n e r a l  theory  p r e d i c t s  t h a t  

A s  a check of  t h i s  r e s u l t ,  w e  see t h a t  wi th  x = 0 i n  equat ion  (8) 

[o r  (8 .1 ) ,  ( 8 . 2 ) ,  (8 .3 )1 ,  w e  o b t a i n  

Note # 5  

To g e t  a b e t t e r  i d e a  of what w e  mean by t h e  Four ie r  series con-

verging t o  f ( x )  " i n  t h e  l a rge"  it may be h e l p f u l  t o  graph 

f o r  k = 0 and k = 1 (k = 1 and k = 3 w e r e  sketched i n  t h e  l e c t u r e ) .  

[Notice t h a t  (11) r e p r e s e n t s  t h e  k t h  p a r t i a l  sum of t h e  series 

de f ined  by equat ion  (8.3) . I  

When k = 0 ,  w e  have 

from which w e  have 
i n d i c a t e s  y = f (x)  

Figure  1 

S.3.8.15 
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3.8.3 (L) continued 

4Observe t h a t  y = ,s i n  x does n o t  look t o o  much l i k e  y = f ( x ) .  I n  

t e r m s  of  our  remark i n  t h e  l e c t u r e  (proved i n  Exerc ise  3.8.6) 

about l e a s t  square  approximations what i s  t r u e  i s  t h a t  i f  w e  l e t  

g ( x )  = a. + a c o s  x + b s i n  x1 1 

then 

4is  minimum when a = al = 0 and bl = -
0 IT 

With k = 1, w e  have 

4 1 y = ;[ s i n  x + - s i n  3x1.3 

To graph (12) , w e  have 

y '  = - [COS x + cos 3x1 
R 

y" = - [- s i n  x - 3 s i n  3x1. 
7T 

A method f o r  determining s i n  3x and cos  3x i n  terms of s i n  x and 

cos x is  given by DeMoivre's Theorem. Namely, 

(COS x + i s i n  x13 = cos 3x + i s i n  3x, 

from which w e  o b t a i n  

3 2 cos  x  + 3 cos  x (i s i n  x )  + 3 cos  x  (i s i n  x )  + (i s i n  x)  = 

cos  3x + i s i n  3x. 

Hence, 

3 2 2 3 
(COS x - 3 cos x s i n  x)  + i ( 3  cos x s i n  x - s i n  x)  = 

cos  3x + i s i n  3x. 
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3 . 8 . 3  

and 


(L) con t inued  


Equat ing t h e  r e a l  p a r t s  i n  (16) and e q u a t i n g  t h e  imaginary p a r t ,  


w e  	conc lude  t h a t  


3 2 
c o s  3x = c o s  x - 3  c o s  x  s i n  x  


2 3
s i n  3x = 3  c o s  x  s i n  x  - s i n  x .  


P u t t i n g  t h e s e  r e s u l t s  i n t o  ( 1 2 ) ,  ( 1 3 ) ,  and ( 1 4 ) .  we o b t a i n  


4 2 1 3 
y = 	?; [ s i n  x  + cos  x  s i n  x  - 7 s i n  X I  


4 
= -	 2 1[ s i n  x  + (1- s i n  x ) s i n  x  - g s i n3
x ]

TI 

- -	-
IT 

[2 s i n  x  	- 4 3
-3 s i n  X I  


y '  	 = -4 [COS x + cos 3 x - 3 c o s  x s i n2XI

'IT 

- - 3	- [COS X + 	COS X - 3  c o s  x  (1 - cos  2
x ) l
TI 

-- - [4 c o s  3 
x 	- 2  c o s  X I  

TI 

etc. 


From (18) , w e  conclude  t h a t  


2
* 2  c o s  x  	(2 c o s  x  - 1) = 0 

* 	c o s  x  = o o r  c o s  x  = ?[$. 

When cos  x  = 	0 ,  s i n  x  = +1;s o  t h a t  (17) y i e l d s  



-- 
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3 . 8 . 3  (L) cont inued 

2 1When cos x = +,& = -, s i n  x = -'l Hence, (17) y i e l d s  
JZ JZ' 

= +-8 f i  * i1.2.
3 .rr 

P i c t o r i a l l y ,  

F igure  2  

S.3.8.18 
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3.8.3 (L) continued 

Again, in terms of least mean squares, if 

h(x) = a. + a1cos x + a2cos 2x + a3cos 3x + b1sin x + b2sin 2x t 

+ b sin 3x3 


then 


4 4
is minimized when a. = al -- a2 = a3 -- b2 = 0; bl = -

IT 
and b3 = -3IT 

[i.e. these are the values of the Fourier coefficients as deter-

mined from (12)1 . 

Note #6 


F(x) = lim -;;4 2sin~i.:f=,l~xk + m  n=O 


so that by the major theorem, y = F(x) is the same curve as 

y = f(x), except that F(0) = 0 while f(0) is undefined. 

Again, pictorially, 

= IT X 

-IT w\ 

This point belongs to y = F(x), but not 
to y = f(x). Otherwise, y = F(x) and 
y = f (x) are identical on -IT < x < IT. 

I * ' ' r 

Figure 3 


Note # 7  

By its very definition, F(x) is periodic of period IT since cos nx 


and sin nx are each periodic of period IT. Thus, the graph 

S.3.8.19 
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-

3.8.3 (L) continued 

y = F(x)  wi th  F a s  def ined i n  equat ion  (8.3) is  de f ined  on t h e  en-

t i r e  x-axis ,  n o t  j u s t  on t h e  i n t e r v a l  -r < x < r .  For t h i s  reason 

w e  o f t e n  view f ( x )  a s  being extended p e r i o d i c a l l y ,  b u t  t h i s  p o i n t  

i s  u s u a l l y  c l e a r  from con tex t .  

3.8.4 

a .  f  (x)  = 1x1 f o r  -r C x < r means t h a t  

Hence, 

Consequently, 

S i m i l a r l y ,  s i n c e  f (x) is  even, 

f (x) cos  nx dx (n # 0 
n IT 
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3.8.4 continued 

x cos  nx dx. 
T 

Using i n t e g r a t i o n  by p a r t s  ( o r  t a b l e s ,  e t c . )  l e t  u = x ,  

s i n  nx 
dv = cos nx dx. Then du = dx and v = n . Hence, 

a T 

x cos nx dx = sin nx J s i n  nx dx n -
x=o 

- 0 COS nx Ir- + 2 n x=o 

-- cos  an -1 
2 2' n n 

Now when n is  even, cos  mn = 1; whi le  when n i s  odd, cos mn = -1. 

Hence, 

71 
= 0 ,  when n i s  even 

n 
cos m - 1 -

2 7 -n n 1 
7 

n n1%-
-2 

,,= 2 when n is  odd 

Therefore ,  

4' 0 ,  n even 
x cos  nx iix = 

--2 odd2 ' n 
n 

Consequently, w e  see from (2) t h a t  wi th  n > 0 ,  

(0)  = 0 ,  n even 
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3.8.4 continued 


Finally, since f(x) is even, f(x)sin nx is odd; hence, 


I-,f (x) sin nx dx = 0, 

and this in turn means that 

bn = 0, for n = 1,2,3,... . 

From (1), ( 4 )  , and (5) , we conclude that 

F(X) = a. + 2 a n cos nx + bn sin nx 


n=l n= 1 


IT
= - +  C -fcos nx + o2 

n odd rn 


cos nx 
= q 	- 'I C 
2 IT 2 


n odd n 


b. 	 Since f(x) = 1x1 implies that f is piecewise smooth on [- IT,^], we 

conclude that F(x) = f (x) except at those points at which f is 

discontinuous; but since f is everywhere continuous on [- IT,^], 

f (x) - F(x) on [-IT,IT]. 

Hence, if we let x = IT in (6) and observe that f (IT) = 1 1 ~ 1  = IT, we 

obtain 



S o l u t i o n s  
Block 3: S e l e c t e d  Topics  i n  L inea r  Algebra 
Un i t  8: F o u r i e r  S e r i e s  

3.8.4 con t inued  

S ince  c o s ( 2 n  + IT = -1 f o r  a l l  n ( i .e .  a l l  odd m u l t i p l e s  of 

have t h e i r  c o s i n e  e q u a l  t o  - I) ,  w e  conclude from ( 7 )  t h a t  

From (8), it fo l lows  t h a t  

1 ' 
2 'IT (2n + 1)2 

n=O 


1 'IT a IT2 = = 8. 
(2, + 1)n=O 


In o t h e r  words, 


3.8.5(L3 


a .  S ince  

0 ,  -IT < x <  0 

f (x) = 

{x2 I o < x < a  

it fo l lows  t h a t  
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Block 3 :  Se lec ted  Topics i n  Linear Algebra 
Unit  8 :  Fourier S e r i e s  

3 . 8 . 5  ( L )  continued 

0 

f ( x ) ~ x= 1,f (x)dx + f (x)  dx 

Hence, 

W e  a l s o  have t h a t  

f ( x )  cos  nx dx = 0 cos nx dx + x2 cos nx dx (n # 0)
Jo 

1"x2 cos  nx dx. 
= 

Hence, f o r  n # 0 ,  
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Unit 8: Fourier Series 


3.8.5(L) continued 


1 
 f(x) cos nx dx 
n IT 


IT 

2 
= 1 6 x cos nx dx. 

IT 


Aside: 

Letting u = x2, dv = cos nx, we have du = Zxdx, v = sin nx . Hence,n 


x sin nx x sin nx dx 
x cos nx dx = 
2 1 -n n 


x=o 
-
0 


x sin nx dx. 
n 


Again, using parts with u = x and dv = sin nx dx, we have du = dx 

and v = --I cos nx. Hence n 


TI IT 
-Xx sin nx dx = - cos nx 1 + t l cos nx dx n 


x=O 


-- --TI cos nn + sin nx 
n - I 

x=O 


Combining (3) and ( 4 )  , we have 
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3.8.5 (L) continued 

x 2 cos nx dx = -2 ( - l ) " + l m ,2 n 

s o  t h a t  from (2) , 

o r ,  s i n c e  ( - I ) " + ~  = (-1)", 

S i m i l a r l y ,  

b = -1 f (x) s i n  nx dx n a 

a 


x2 s i n  nx dx. 

Again, by p a r t s ,  w e  can show t h a t  

2 2 (2 - n x )cos  nx + 2xn s i n  nx Ix s i n  nx dx = 3 
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3 . 8 . 5  (L) continued 

, when n  i s  even 

--
2 2  -4  IT .rrn -- + - =  	 , when n is odd3 	 n 3 n 

Hence, from (61, 

--, 	when n  i s  evenI. 
r2n2 - , when n  is  odd3 

bn = n IT1 
Combining ( 1 1 ,  (5), and (71, w e  have 

+f (x) = -n2 2 2(-1)" cos nx + s i n  nx +6 .. 
n=1 I I  	 n even 

c T2n2 - s i n  nx 3+ 

n odd n IT 

b. 	 H e r e  w e  see t h e  d i f f e r e n c e  between F and f i n  t e r m s  of p e r i o d i c i t y .  

Notice t h a t  f  i s  n o t  de f ined  e i t h e r  a t  -IT o r  T ,  b u t  w e  may t h i n k  

of a new func t ion  T t h a t  i s  obta ined by reproducing f wi th  per iod  

2 IT. 

I n  terms of a p i c t u r e ,  w e  have 
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3.8.5 (L) continued 

/ I /  i n d i c a t e s  y = f (x) 

From t h e  p i c t u r e ,  w e  s e e  t h a t  

I n  o t h e r  words, t h e  graph y = F(x)  i s  given by 

The hatching,  t o g e t h e r  
wi th  t h e  c i r c l e d  p o i n t s ,  
r e p r e s e n t s  y = F (x) . 

c. If w e  now r e t u r n  t o  (8) and r e c a l l  t h a t  on (-T,IT) f (x)  - F(x)  b u t  
2 

t h a t  F ( T )  = -; 
IT
2 and i f  w e  observe t h a t  s i n  n r  = 0 ,  w e  obta in  from 

( 8) t h a t  
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3 . 8 . 5  (L) continued 

Hence, 

o r ,  s i n c e  (-I)"(-1)= 2n = 1, 

Hence, 

L IT2=Zl6 
2 ' 

n=l  n 

That  is ,  

Note 

This  was our  f i r s t  e x e r c i s e  i n  f i n d i n g  t h e  Four ie r  s e r i e s  of f ( x )  

i n  which f ( x )  was n e i t h e r  even nor odd. For t h i s  reason,  our  so lu-

t i o n  conta ined both  s i n e  and cos ine  t e r m s .  I f  we want a way of 

see ing  what p o r t i o n  of t h e  answer comes from t h e  s i n e  terms and 

what p a r t  from t h e  cos ine  t e r m s ,  we need only observe t h a t  t h e  co-

s i n e  t e r m s  come from t h e  even p a r t  of f while t h e  s i n e  t e r m s  come 

from t h e  odd p a r t  of f .  B y  t h e  even p a r t  of f ,  we mean 

+ , and by t h e  odd p a r t  of f ,  we mean f (x)  - f (-x) 
2 2 
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3.8.5 (L) continued 

Applied t o  t h i s  p a r t i c u l a r  e x e r c i s e ,  w e  have 

Hence, 

That is 

Coupling t h i s  w i t h  t h e  f a c t  t h a t  

w e  see t h a t  

whi le  
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Unit 8: Fourier Series 


3.8.5 (L) continued 


In other words, 


and this is the even part of f(x), which is represented by the co- 

sine terms in (8 1 . 
On the other hand, the sine terms in (8) represent 


Pictorially, 


f (x) + f(-XIy=e(x) = 2 


;X 
-71 n 
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3.8.5 (L) continued 

3.8.6 (Opt ional )  

= 1 by orthonormal p roper ty  
of 
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-

3 . 8 . 6  continued 

Hence 

[ i . e .  w e  t o  g e t  a p e r f e c t  add and s u b t r a c t  skLsquare]  

Since f and ck a r e  f i x e d ,  w e  see from (5)  t h a t  

i s  minimized * yk = ck f o r  k = O , l ,  ...,n. 

Note #1 

I f  w e  l e t  yk - ck i n  (51, w e  conclude t h a t  

s o  t h a t  
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Unit 8: Fourier Series 


3.8.6 continued 


-


Since ibf (x) dx is a finite (positive) number, we see from (6) 

n 


that C c k 2  is a bounded positive series; hence, it converges. In 


k=O 


particular 


lim cn = 0, 
n-

and this at least shows that the Fourier coefficients do at least 


get small. 


Note #2 


If f happens to be continuous, then one can prove 


(i) 1f 1:f (x) cos nx dx = r:f(x)sin nx dx = 0 (n = 0,1,2,3,...) 

then f (x) :0. Consequently, 

(ii) If f and g are both continuous and have the same Fourier 

series, then f (x) E g (x) . 

(iii) Moreover, when f is piecewise smooth 


so that the error does get squeezed to zero. 
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The key s t e p  i n  proving t h e  o r thogona l i ty  of { s i n  nx, cos mx} l a y  

i n  t h e  f a c t  t h a t  s in (m 2 n ) x  I n  = 0. I f  w e  now rep lace  [-IT,IT]by 

x=- a 

[-p,p] ,  t h e  important  computation would involve  s in(m + n ) x  I P  * 

The problem i s  t h a t  s i n ( m  * n ) p  need n o t  be zero.  
x=-p 

I f  we observe t h a t  s i n ( m  t n ) n  is  zero ,  it i s  easy t o  con jec tu re  

t h a t  it would have been n i c e  had a f a c t o r  of -IT been introduced i n  
P 


t h e  express ion s in (m + n)p .  That  is  


s i n  -IT (m t n ) p  = s in (m 2 n ) ~ 0 .= 
P 

This sugges t s  t h a t  i f  w e  want t h e  Four ie r  series f o r  f ( x )  on t h e  

i n t e r v a l  [ -p ,p l ,  then  t h e  series should have t h e  form 

'nx anx
f (XI  - a. + C a cos -+ C bn s i n  -. n P P 

A d i r e c t  check,  s i m i l a r  t o  t h e  one used i n  Exerc ise  3.8.1, shows 

t h a t  

ITX 2 ITx 'lTnX 7FX ITnx1, COS - COS -
P 

...Icos -
P 

, s i n  -
P 

. . . , s i n  -
P 

. . .}
P I  

i s  or thogonal  on I-p,pl.  

Moreover, 
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3.8.7 continued 

S i m i l a r l y ,  

From (2 )  , ( 3 )  , and ( 4 )  , w e  see t h a t  p r e p l a c e s  .rr when t h e  i n t e r v a l  

swi tches  from [ - ~ , r l  t o  [-p,pI.  That i s ,  i f  f ( x )  i s  i n t e g r a b l e  on 

[ -p ,p l ,  t h e  Four ie r  series of f ( x ) ,  F (x )  i s  given by 

rnx~ ( x )= a. + c a cos -rnX+ f:bn s i n  -n P P 

where 

f (x) dx 

f (x)s i n  -rnx dx .
P 

With t h i s  g e n e r a l  background, we s e e  t h a t  our p resen t  e x e r c i s e  i s  

t h e  s p e c i a l  case  wi th  p = 1 and f ( x )  = x. Under t h e s e  c o n d i t i o n s ,  

we deduce from (6) , (7) , and (8) t h a t  

s i n c e  f (x)  i s  an odd func t ion  [hence, f  (x )cos  -rnx i s  a l s o  odd],  
P 

1 


bn = x s i n  rnx dx.1, 
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3.8.7 continued 

L e t t i n g  u = x and dv = s i n  nnx dx,  w e  have t h a t  u = dx and 

v = 
-COS 

7rn 
anx . Hence, 

1 1 
-x cOs nnX J + 61,x s i n  anx dx = c o s  7rnx dx nn 

x=-1 

-- -2 cos .rm 
+ 

1 s i n  anx 
an a n Ix=-1 

P u t t i n g  t h e s e  r e s u l t s  i n t o  (5) y i e l d s  

n+ l  
F(x) = s i n  nnx n 


n=1 

s i n  2ax s i n  3ax - s i n  4nx 
+= 2 (sin nx - ...) . 

7T 2 
+ 

3 4 

Note #1 

A s  a p a r t i a l  check of (10 ' )  , w e  know t h a t  i f  -1 < x < 1, f (x)  = 

F (x) . Hence, l e t t i n g  x = 2.1 i n  (10 ' ) y i e l d s  



1 
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3.8.7 continued 

3IT '--- s i n  - s i n  -
F (-11 

;f (,I1 = -1 = .(sin -IT --s i n . r r +  2 - s i n  2.rr + 2 "' 2 2 IT 2 2 3 4 5 

and t h i s  checks wi th  t h e  r e s u l t  of Exerc ise  3 . 8 . 3 ( ~ ) .  

Note #2 

The r e s u l t  of t h i s  e x e r c i s e  can be genera l i zed  t o  any i n t e r v a l  

[ a , b l ,  n o t  j u s t  i n t e r v a l s  which a r e  symmetric wi th  r e s p e c t  t o  

x = 0. Without going i n t o  d e t a i l  h e r e ,  t h e  g i s t  of t h e  argument 

i s  t h a t  i f  f (x) is  i n t e g r a b l e  on [ a r b ]  and (x)1 i s  orthogonal  
a + b  

on [ a , b l ,  then  w e  may s h i f t  our  coord ina tes  by l e t t i n g  7(i .e 

t h e  midpoint of [ a , b ] )  se rve  a s  our  new o r i g i n .  P i c t o r i a l l y ,  

- (p-a) -p o P- . - . - . - . - - - transformed a x i s  
: o r i g i n a l  a x i s  

0 a -a+b b=a+2p 

1
Here w e  l e t  p = T(b - a )  s o  t h a t  

viewing a+b a s  our  new o r i g i n ,  2 
[ a r b ]  becomes [-p,pl . 
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3.8.7 continued 

To f i n d  t h e  Four ie r  series of f ( x )  on [ a , b l ,  w e  need only  r e p l a c e  

-p by a ,  p by b ,  and t h e  per iod  2p by b - a .  Leaving t h e  d e t a i l s  

t o  t h e  i n t e r e s t e d  r e a d e r ,  w e  then f i n d  t h a t  equat ions  (5 )  through 

(8)  a r e  amended by: 

I f  f  (x)  i s  i n t e g r a b l e  on [ a , b l ,  t h e n  t h e  Four ie r  series, F(x )  of 

f  (x)  i s  given by 

where 

a. = f  (x) dx 

- 2 2 mnx 
-b-aI=f (X 1 cos (=) dx 

Note # 3  

A s  an example, suppose we t r y  t o  f i n d  t h e  Four ie r  s e r i e s  of t h e  

func t ion  of pe r iod  1 def ined  by 

P i c t o r i a l l y ,  



- - 

Solu t ions  
Block 3:  Se lec ted  Topics i n  Linear  Algebra 
Uni t  8:  Four ie r  S e r i e s  

3.8.7 continued 

W e  have t h a t  

where 

1 


a = 2 x cos 2anx ,x 

x sin 2 m x  dx .n = 21, 

W e  t hen  o b t a i n  

By p a r t s ,  w e  have t h a t  

-x cos  2vnx + 1sin2anx dx = cos  2rnx dx 2 m  2 an 
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3.8.7 continued 

and i n  a s i m i l a r  way 

Hence, 

x s i n  2snx 1 
an (n # 0) = 2an 1 - 1 s i n  Zsnx tix 

whi le  

- -x cos  2anx 1 1 cos  2nnx a x  
bn - 2sn I + 

- - cos 2 m  
2an 


-1
= -
2an' 


Hence, 


Note # 4  


1 - sin (2nnx) ( t h e  r e s u l t  of Note #3) and equat ion  (10 ' )

2 2a n 
both  converge t o  f ( x )  on [0,11. Notice,  however, t h a t  they behave 

q u i t e  d i f f e r e n t l y  on [-1,0].  I n  o t h e r  words, u n l i k e  i n  t h e  c a s e  

of power series, d i f f e r e n t  Four ie r  s e r i e s  may express  t h e  same 

func t ion  on c e r t a i n  s u b i n t e r v a l s .  
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3.8.7 continued 


Pictorially, 


a Y = F(x) 
with F as 

in (10'). 


@ Y = F ( x )  
with F as 

in (15). 


@ Both (10') 
and (15) agree 
on the hatched 
region. 

In summary, if f(x) and g(x) are convergent power series and if 

f (x) = g(x) on some interval [a,bl, then f and g are identical 

everywhere. That is, once f and g fit well on one interval, no 

matter how small the (non-zero) interval, then they fit well 

everywhere. On the other hand, there are many different Fourier 

series which fit the function f on a particular interval, but 

which are very different on other intervals. 



Solut ions  
Block 3:  Se lec ted  Topics i n  Linear Algebra 

. (a )  Using our usual  matrix coding system and the  row-reduction 

technique, we have: 

From (1 )  w e  see a t  once t h a t  



Solut ions  
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Quiz 

1 .  continued 

Check 

(b) W e  have t h a t  

w = 4u + 3u2 + 2u3 + u4,1 

s o  that f r o m  (21,  



Solu t ions  
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Quiz 

1. 	 continued 

Check 

2. 	 ( a )  Technical ly speaking,  we do n o t  need t o  use t h e  augmented 

mat r ix  technique t o  do t h i s  p a r t  of t h e  exerc i se .  However, t h e  

augmented mat r ix  technique i s  u s e f u l  i n  p a r t s  (b)  and (c )  s o  w e  

might a s  w e l l  i n t roduce  it i n  p a r t  ( a ) .  We, t h u s ,  have: 

To cont inue  our  row-reduction of (1)we might observe t h a t  t h e  

l a s t  two rows a r e  r e l a t e d  t o  t h e  second s i n c e  (0,-6,6,-6) = 

-(0,6,-6,6) = -2 (0,3,-3,3) ; b u t  w e  a r e  no t  always t h i s  f o r t u n a t e  

i n  our  use  of inspec t ion .  The more genera l  approach is  t o  r e w r i t e  

(1)i n  a form i n  which each element of t h e  second column i s  d i v i s i -

b l e  by 6. To t h i s  end, w e  may mul t ip ly  t h e  f i r s t  row by 3 and t h e  

second row by 2 t o  o b t a i n  
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2. continued 

From (2)  w e  see t h a t  W i s  spanned by B1 and B 2  where 

where t h e  reduced-echelon form of (2)  guarantees  us t h a t  {B1 ,B21  
i s  l i n e a r l y  independent.  


Since B1 and B 2  a r e  l i n e a r l y  independent and span W they a r e  a 


b a s i s  f o r  W. Hence: 


dim W = 2. 

(b) Looking a t  t h e  l a s t  two rows of (2)  we s e e  a t  once t h a t  

and 

Therefore ,  
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2. continued 

( c )  There a r e  s e v e r a l  ways of t a c k l i n g  t h i s  p a r t  of t h e  problem. 

Perhaps t h e  most e f f i c i e n t  way i s  t o  u t i l i z e  equat ion  ( 3 ) .  From 

t h e  echelon form of (3)  we see t h a t  t h e  only l i n e a r  combination of 

B1 and B 2  t h a t  can have t h e  form 3ul + 5u2 + xu3 + yu4 is  

( Q u i t e  i n  g e n e r a l ,  i f  weW, t h e  ul-component of w must be t h e  

c o e f f i c i e n t  of B1 and t h e  u2-component of w must b e  t h e  c o e f f i c i e n t  

of B 2 ) .  

From (3)  w e  see t h a t  

From (6) w e  see t h a t  

x = 4 and y = -1. 

3. ( a )  From t h e  previous  e x e r c i s e ,  w e  know t h a t  B1 = ul + 3u3 - 2u4 

and B 2  = u - u3 + u4 span W. Hence, t o  f i n d  t h e  space spanned by 

B 1'B 2 and t h e  t h r e e  given v e c t o r s ,  w e  may use  t h e  fol lowing mat r ix  

technique : 



Solu t ions  
Block 3: Se lec ted  Topics i n  Linear  Algebra 
Quiz 

3. cont inued 

The r i g h t  s i d e  o f  (1)te l l s  us t h a t  al = ul + 4u4, a2 = u2 - u4,  

and a3 = u3 - 2u4 form a b a s i s  f o r  U + W. Hence, 

(b) Y = ( x ~ ~ x ~ ~ x ~ ~ x ~ ) E UY = x1a1 X2a2 + X3a3 * 
+ 

= x ( U  + 4u4) + X2 (u2- u4) + X3 (u3 - 2u4)1 1  

= x u + x  u + x  u + (4x1-X2-2x ) u1 1  . 2 2  3 3  3 4 

* X4 = 4x1 - X - 2x32 (2) 

Now from t h e  previous  e x e r c i s e  

Y = (x l Ix2tx3,x4)~W* Y = x1B1 X2B2+ 

Replacing x j  and x4  i n  ( 2 )  by t h e i r  va lues  i n  ( 3 ) .  w e  ob ta in :  

0 = 0 .  (4)  

What (4)  i n d i c a t e s  i s  t h a t  once x3 and x4 s a t i s f y  ( 3 ) ,  they  auto-

m a t i c a l l y  s a t i s f y  ( 4 ) .  I n  o t h e r  words, i n  t h i s  p a r t i c u l a r  example, 

w e  have t h e  s p e c i a l  case  i n  which 



Solu t ions  
Block 3 :  Se lec ted  Topics i n  Linear  Algebra 
Quiz 

Hence, 

W n u  = W 

dim (W fl U )  = dim W = 2 (from t h e  previous e x e r c i s e )  . 

( c )  W e  a l r eady  know t h a t  

dim W = 2 


dim(U flW) = 2 


dim(U + W) = 3 


Since  W C U ,  dim U = dim U + W = 3 and t h e  r e s u l t  fol lows.  W e  

could have shown more e x p l i c i t l y  t h a t  dim U = 3 .  Namely, 

Notice t h a t  'yl ,y2 ,y3 a r e  simply t h e  

I a2  ,a3 of p a r t  ( a )  s i n c e  U = U + W. 

Hence, dim U = 3 .  

W e  have by l i n e a r i t y  t h a t  

-P +- -P -+ t -P
xi + y j  + zk) = x T ( i )  + yT(])  + z T ( k ) -

-+ -t -P 

Hence, from t h e  given values  f o r  T (i), T (j), and T (k) w e  conclude 

t h a t  
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(a )  From (1)w e  see t h a t  

+ -+ + + 
T ( x i  + yj + zk) = 0 * 

Solving ( 2 ) ,  e i t h e r  by mat r ix  methods or  o therwise ,  y i e l d s  

5x + 'Oy - 5" = o } - { ~ ~ +  z = 0 -3Z- I x =  
10y - 62 = 0 5y - 32 = 0 Y =

3z 
y 

From (3)  w e  see t h a t  t h e  n u l l  space of T  i s  given by those  v e c t o r s  

of  t h e  form 

*Recall  t h a t  s i n c e  { ~ , ~ , ~ }a l i n e a r l y  independent s e t ,i s  
+ + -+ + 

a i + b j + c k = O * a = b = c = O .  
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4 .  continued 

I n  p a r t i c u l a r ,  l e t t i n g  z = -1, w e  s e e  t h a t  

i s  a b a s i s  f o r  t h e  n u l l  space,N, of T. 

Check 

Hence, 

dim N = 1. 

+ + + 
(b) To f i n d  t h e  space  spanned by T ( i ) ,  T ( j ) ,  and T ( k ) ,  w e  need 

only row-reduce the mat r ix  

and w e  see t h a t  

+ + + 
Hence, t h e  image of T i s  t h e  space f o r  which al = i + 7k and 
+ -+ 

= 3 + 3k i s  a b a s i s .  a2 

I n  p a r t i c u l a r ,  dim [T (E') 1 = 2. 
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Geometric I n t e r p r e t a t i o n  


-+ -+
T maps 3-space o n t o  t h e  p lane  determined by ul and u2. The " l o s s  

of dimension" occurs  because t h e  l i n e  i s  mapped i n t o  t h e  

o r i g i n .  

5. W e  have: 

Expanding (1)wi th  r e s p e c t  t o  i t s  f i r s t  column we ob ta in :  

W e  now expand ( 2 )  a l o n g  t h e  l a s t  row t o  o b t a i n  

and t h i s  equa l s  

Expanding ( 3 )  down i t s  f i r s t  column, w e  o b t a i n  
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5. continued 

Hence, 


d e t  A = -2. 


6. W e  know t h a t  t h e  values  of c come from t h e  equation:  

det i lA  - cI) = 0 

where A i s  t h e  mat r ix  of c o e f f i c i e n t s  and I i n  t h i s  case  i s  the 3 

by 3 i d e n t i t y  matrix. 

Since  

and 

w e  see t h a t  w e  must have 

Col lec t ing  t e r m s  w e  o b t a i n ,  
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6. continued 

-c3 + 5c2 - 8c + 4 = 0. 

Noticing t h a t  c = 1 is  a roo t  of t he  above equation, we may divide 

t h e  l e f t  s i d e  of t he  equation by c - 1 t o  conclude t h a t  

Hence, we conclude from (1) t h a t  

+ 
Let t ing  X = [x,y,z]  where v = xu1 + yu2 + zu3, w e  see t h a t  with 

c = 1w e  ob ta in  

o r  i n  matrix notat ion 

That is, 

[Had-we desi red t o  w r i t e  u a s  a column vector ,  w e  would have 
T +  +

A X = X ,  bu t  t h i s  w i l l  y i e l d  t h e  same answer a s  the one w e  s h a l l  

ob ta in  from ( 2 )  ,I 

Equation (2) implies 
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System (3) reduces t o  

Adding both equat ions  i n  ( 4 )  y i e l d s  y = 0. 

With y = 0 ,  equat ions  ( 4 )  imply z = 2x. Hence, ~ ( x , y , z )  = 

(x ,y , z )  * y = 0 and z = 2x. 

I n  o t h e r  words, every  v e c t o r  v of t h e  form 

has t h e  p roper ty  T(v)  = v. 

I n  p a r t i c u l a r ,  l e t t i n g  x = 1, we see t h a t  ul + 2u3 = (1 ,0 ,2 )  i s  

one such vec to r .  Therefore ,  l e t t i n g  al = ul + 2u3 w e  have t h a t  

T (v) = v * v = xul. 

If w e  l e t  c = 2, w e  o b t a i n  

+ -b 
X A = 2 X  

Hence, 
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Hence, 

The second equation i n  (5)  says t h a t  z = 2y and pu t t ing  t h i s  i n  
the f i r s t  equation y i e l d s  x + y - Zy = 0 ar x = y ,  

I n  other words, for an a r b i t r a r y  value of y 

Le t t ing  y = 1, w e  obtain  t h a t  

Summary 

Let ctl = (1,0,2) and a2 = ( 1 , 1 , 2 ) .  Then T(v) = v * v i s  a s c a l a r  

mul t iple  of al and T(v) = 2v * v i s  a s c a l a r  mul t iple  of 2' 
Otherwise, 
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can b e  solved * v = 0. 

7. The component of u2 or thogonal  t o  ul i s  given by 

* * 
Next l e t t i n g  ul = (3,0.4)  and u2 = (-4.0.3) w e  r ep lace  u3 by 

Hence, an or thogonal  b a s i s  i s  

Therefore ,  an orthonormal b a s i s  i s  given by 
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