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Block 2 :  Ordinary D i f f e r e n t i a l  Equations 

Unit  6:  The Method of Undetermined C o e f f i c i e n t s  

1. 	 Overview 

W e  now know how t o  f i n d  t h e  genera l  s o l u t i o n  of L(y)  = 0 i n  t h e  

case  t h a t  L(y)  has cons tan t  c o e f f i c i e n t s .  Thus, i n  terms of t h e  

genera l  theory ,  i f  L (y)  = f  (x)  has cons tan t  c o e f f i c i e n t s  and 

f  # 0, then w e  need only  f i n d  a p a r t i c u l a r  s o l u t i o n  of t h i s  

equat ion  i n  o rde r  t o  o b t a i n  t h e  genera l  s o l u t i o n  of t h e  equat ion  

( s i n c e  t h e  g e n e r a l  s o l u t i o n  i s  obta ined by adding t h e  p a r t i c u l a r  

s o l u t i o n  t o  t h e  genera l  s o l u t i o n  of t h e  reduced equa t ion) .  

The purpose of t h i s  u n i t  i s  t o  p resen t  a r a t h e r  n ice  technique 

f o r  f ind ing  a p a r t i c u l a r  s o l u t i o n  - a technique which only 

a p p l i e s  i f  (1)we have cons tan t  c o e f f i c i e n t s  and (2) f (x) has a 

very s p e c i a l  form. What t h i s  s p e c i a l  form i s  w i l l  be  d iscussed 

a s  p a r t  of t h e  e x e r c i s e s ,  b u t  a genera l  i n s i g h t  w i l l  be suppl ied  

i n  t h e  l e c t u r e .  
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3. 	 Do t h e  Exerc i ses .  [Exerc ise  2.6.1(L) s e t s  t h e  tone f o r  t h e  

e n t i r e  set  of e x e r c i s e s .  Its many p a r t s  a r e  meant t o  h i g h l i g h t  

t h e  va r ious  f i n e p o i n t s  which a r i s e  i n  t h e  s tudy of t h e  method of 

undetermined c o e f f i c i e n t s .  It i s  s t r o n g l y  advised t h a t  you 

work t h i s  e x e r c i s e  i n  g r e a t  d e t a i l  s i n c e  it emphasizes t h e  

va r ious  techniques  which may occur i n  d i f f e r e n t  cases . ]  

4.  	 (Opt ional )  Read: Thomas, Sec t ion  20.12. 

This  s e c t i o n  may be omit ted  wi thout  d i s r u p t i o n  of  our c e n t r a l  

theme. The beauty of  t h e  m a t e r i a l  d i scussed  i n  t h e  s e c t i o n ,  

however, i s  impor tant  from two p o i n t s  of view. F i r s t  of a l l ,  it 

p r e s e n t s  some p r a c t i c a l  a p p l i c a t i o n s  of second o rde r  l i n e a r  

d i f f e r e n t i a l  equat ions ;  and f o r  t h i s  reason a lone  may be i n t e r -  

e s t i n g  t o  many s t u d e n t s .  The o t h e r  reason i s  t h a t  t h e s e  app l i -  

c a t i o n s  involve  equa t ions  wi th  cons tan t  c o e f f i c i e n t s .  Even 

i f  you elect  n o t  t o  s tudy t h i s  s e c t i o n  t o o  d i l i g e n t l y ,  it is 

probably a good i d e a  t o  skim it. The p o i n t  i s  t h a t  f o r  t h e  

p a s t  few u n i t s  w e  have been concen t ra t ing  on equat ions  wi th  

cons tan t  c o e f f i c i e n t s  even though t h e  more g e n e r a l  case  

involves  v a r i a b l e  c o e f f i c i e n t s .  This  s e c t i o n  s u p p l i e s  some 

proof t o  t h e  a s s e r t i o n  t h a t  t h e  s p e c i a l  case  of cons tan t  

c o e f f i c i e n t s  has  wide-spread a p p l i c a t i o n .  

5. 	 Exerc ises  : 

2.6.1(L) 

a .  	 1. L e t  f  (x)  = e3X. Show t h a t  every d e r i v a t i v e  f  (x) , i s  a 

( cons tan t )  m u l t i p l e  of f  (x)  . 

2. L e t  f (x)  = xe 3x. Show t h a t  every d e r i v a t i v e  f  (x) , i s  a 

l i n e a r  combination of f ( x )  and f g ( x ) .  That i s ,  f o r  each n t h e r e  

e x i s t  c o n s t a n t s  an and bn such t h a t  f  (x)  = anf (x)  + bnf (x) . 

b. 	 U s e  t h e  method of undetermined c o e f f i c i e n t s  t o  f i n d  a p a r t i -  

c u l a r  s o l u t i o n  of y" - 8y + 7y = e3X. Then w r i t e  down t h e  

g e n e r a l  s o l u t i o n  of  t h i s  equat ion .  

c. 	 U s e  t h e  method of undetermined c o e f f i c i e n t s  t o  he lp  f i n d  t h e  

genera l  s o l u t i o n  of y" - 8y' + 7y = xe 3 x . 

d.  	 U s e  t h e  method of undetermined c o e f f i c i e n t s  t o  h e l p  f i n d  

t h e  g e n e r a l  s o l u t i o n  of y" - 8y' + 7y = e 7 x . 
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2.6.2 ( o p t i o n a l )  

This  e x e r c i s e  e x p l a i n s  why t h e  method of  undetermined c o e f f i c i e n t s  

r e q u i r e s  t h a t  t h e  r i g h t  s i d e  of t h e  equat ion  be a l i n e a r  combina- 

t i o n  of  t e r m s  of  t h e  form xkeax s i n  Bx and xkeaxcos Ox. The 

e x e r c i s e  i s  n o t  t o o  d i f f i c u l t  t o  s o l v e  and t h e  s o l u t i o n  i s  n o t  

very lengthy s o  it may be worthwhile t o  a t  l e a s t  g lance  a t  t h e  

s o l u t i o n .  

Suppose f ( x )  i s  a n a l y t i c  ( r e c a l l  t h a t  t h i s  means t h a t  f  and a l l  
Ii t s  d e r i v a t i v e s  e x i s t )  and t h a t  S  = , f 1  f ' ,  f W , . . . f  (n)  , . . .  . 

Suppose it is a l s o  known t h a t  t h e r e  e x i s t s  a f i n i t e  s u b s e t  T  

of S such t h a t  each element i n  S  i s  a l i n e a r  combination of  t h e  

elements i n  T. I n  p l a i n e r  Engl ish ,  w e  a r e  supposing t h a t  every  

d e r i v a t i v e  o f  f  i s  a l i n e a r  combination of t h e  f i r s t  m der iva-

t i v e s  f o r  a s u i t a b l y  chosen m. Describe f .  

Find t h e  g e n e r a l  s o l u t i o n  of y" - 6y' + 9y = f ( x )  i n  each of  t h e  

fol lowing cases .  

b. f ( x )  = s i n  3x 

2.6.4 

U s e  t h e  superpos i t ion  p r i n c i p l e  ( i .e. ,  t h e  f a c t  t h a t  L i s  

l i n e a r )  and t h e  answers t o  ( a )  and (b)  of  t h e  previous e x e r c i s e  

t o  f i n d  t h e  g e n e r a l  s o l u t i o n  of y" - 6y' + 9y = 3e4X + s i n  3x. 

2.6.5 

2  x  


Find t h e  g e n e r a l  s o l u t i o n  of y" + 3y' + 2y = x e . 
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2.6.6 

X
Find the s o l u t i o n  of y"'  - y '  = e s u b j e c t  t o  t h e  cond i t ions  

t h a t  when x=O; y = l ,  y1=3/2, and yw=4. 

2.6.7(L) 

a .  Make t h e  s u b s t i t u t i o n  z = In  x  t o  conver t  t h e  equat ion  

i n t o  a l i n e a r  equa t ion  wi th  cons tan t  c o e f f i c i e n t s  i n  which y  i s  

expressed a s  a  func t ion  of  z .  

b.  U s e  your answer i n  ( a )  t o  determine t h e  g e n e r a l  s o l u t i o n  of 

3x  y" '  + xy'  - y = 0 (X > 0 ) .  

c. Apply undetermined c o e f f i c i e n t s  t o  t h e  proper equat ion  t o  he lp  

f i n d  t h e  genera l  s o l u t i o n  of 
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