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A t  f i r s t  g l ance ,  t h i s  problem may seem t o  be a  b i t  beneath our  

d i g n i t y .  I t  i s  computa t ional ly  very  simple,  y e t  it se rves  t o  

h i g h l i g h t  t h e  no t ion  of  what i s  meant by t h e  g e n e r a l  s o l u t i o n  

of a d i f f e r e n t i a l  equat ion .  

To begin wi th ,  w e  see a t  once t h a t  

impl ie s  t h a t  

This  t e l l s  us  t h a t  every  curve whose equat ion  i s  given by (1) 

has t h e  p roper ty  t h a t  i t s  s lope  a t  any p o i n t  (x ,y)  i s  twice t h e  

va lue  of t h e  x-coordinate of  t h e  po in t .  

I n  t h e  l e c t u r e  w e  s h a l l  t a c k l e  t h i s  same problem - b u t  only 

from the p e r s p e c t i v e  of s t a r t i n g  wi th  (2) and de r iv ing  (1). 

I n  essence ,  i n  t h e  c a l c u l u s  of  real-valued func t ions  of  a 

s i n g l e  r e a l  v a r i a b l e ,  w e  s t a r t e d  wi th  a func t ion ,  f ( x , y )  = 0 ;  

and w e  then  saw what t h e  r e l a t i o n s h i p  was between x,y and t h e  

va r ious  d e r i v a t i v e s  of  y wi th  r e s p e c t  t o  x. I n  d i f f e r e n t i a l  

equa t ions  w e  s t a r t  wi th  t h e  r e l a t i o n s h i p  between x ,y ,  and t h e  

va r ious  d e r i v a t i v e s  o f  y  wi th  r e s p e c t  t o  x; and w e  then t r y  t o  

f i n d  o u t  how x and y  a r e  r e l a t e d .  

I n  g e n e r a l ,  t h e  major problem is t h a t  many d i f f e r e n t  func t ions  

can s a t i s f y  t h e  same d i f f e r e n t i a l  equat ion  and we must there-  

f o r e  come t o  g r i p s  wi th  t h e  problem of f i n d i n g  -a l l  s o l u t i o n s  

t o  t h e  g iven d i f f e r e n t i a l  equat ion .  This ,  i n  t u r n ,  g ives  

rise t o  a few sub-quest ions.  For example, when do we know 

t h a t  w e  have found a l l  s o l u t i o n s ?  I n t u i t i v e l y ,  one would expect  

t h a t  " t h e "  s o l u t i o n  t o  a f i r s t  o r d e r  d i f f e r e n t i a l  equat ion  ( i f  

t h e r e  i s  indeed a s o l u t i o n )  should be a family of curves d e t e r -  
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mined up t o  an a r b i t r a r y  cons tan t  (such a  fami ly  of curves i s  
c a l l e d  a 1-parameter family of  c u r v e s ) .  More g e n e r a l l y ,  s i n c e  

each t i m e  w e  i n t e g r a t e  ( i .e . ,  i n v e r s e - d i f f e r e n t i a t e )  w e  t ack  on 

an a d d i t i o n a l  cons tan t ,  w e  should expect  t h a t  t h e  s o l u t i o n  of 

an n t h  o r d e r  d i f f e r e n t i a l  equat ion  should con ta in  n  a r b i t r a r y  

cons tan t s .  I n  o t h e r  words, i f  t h e r e  i s  a s o l u t i o n  t o  an n t h  

o r d e r  d i f f e r e n t i a l  equat ion ,  w e  expect  t h a t  t h e  s o l u t i o n  i s  an n-

parameter fami ly  of curves.  

The i n t e r e s t i n g  p o i n t  i s  t h a t  t h i n g s  a r e  n o t  always a s  simple 

a s  our  above d i scuss ion  might seem t o  i n d i c a t e .  We have, f o r  

obvious reasons ,  e l e c t e d  t o  begin wi th  a  problem t o  which t h e r e  

i s  a "simple" s o l u t i o n ,  b u t  a s  w e  s h a l l  see i n  t h e  n e x t  few 

e x e r c i s e s  t h i s  i s  n o t  always t h e  case.  

Returning t o  our  p r e s e n t  example, l e t  us observe t h a t  (2) 

r e p r e s e n t s  a s p e c i f i c  f i r s t  o r d e r  d i f f e r e n t i a l  equat ion  and (1) 

r e p r e s e n t s  a 1-parameter family of curves which is  a s o l u t i o n  t o  

( 2 ) .  [Al l  w e  have done i n  t h i s  e x e r c i s e  i s  t o  s t a r t  wi th  a 

" s o l u t i o n "  and c o n s t r u c t  t h e  corresponding d i f f e r e n t i a l  equat ion . ]  

I n  P a r t  1 of our  course  w e  l ea rned  t h a t  any two d i f f e r e n t i a b l e  

f u n c t i o n s  whose d e r i v a t i v e s  w e r e  i d e n t i c a l  could d i f f e r  by a t  

most an a d d i t i v e  cons tant .  

Thus, i n  t h i s  e x e r c i s e ,  i f  g  i s  any func t ion  such t h a t  g '  (x)  = 

2x. it fo l lows  t h a t  g ( x )  = x2 + c; and w e  s e e  t h a t  every 

s o l u t i o n  of (2)  i s  given by (1). Conversely, every member o f  

(1) i s  a s o l u t i o n  of (2) . 

W e  a l s o  see t h a t  t h e  p a r t i c u l a r  member of t h e  family i n  (1) is  

uniquely determined once w e  know a  p o i n t  (xo,yo) t h a t  i s  t o  be 

on t h e  curve.  For example, i f  w e  want t h e  s o l u t i o n  of (2)  

which passes  through ( 2 , l )* w e  go t o  (1)and rep lace  x  by 2  and 

*In many important s i t u a t i o n s  one wants a l ' loca l"  s o l u t i o n  t o  
t h e  e q u a t i o n .  That i s ,  j u s t  a s  i n  ordinary c a l c u l u s ,  we a r e  
i n t e r e s t e d  i n  what ' s  happening "near" a  g i v e n  p o i n t  (x, , y o ) .  We 
may n o t  c a r e  a t  a l l  what 's  happening " f a r  away". A s  we deve lop  
t h i s  t o p i c  we s h a l l  s e e  how t h e  concept  o f  a  g e n e r a l  s o l u t i o n  
i n c o r p o r a t e s  t h e  f a c t  t h a t  we are  i n t e r e s t e d  i n  " l o c a l "  behav iour .  
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y by 1 t o  see i f  c i s  determined. I n  t h i s  case ,  y = x2 + c 

impl ies  t h a t  1 = 22 + c.  Hence, c = - 3 ,  whereupon t h e  d e s i r e d  

curve i s  y = x2 - 3. 

To p u t  t h i n g s  i n  d i f f e r e n t  words, t h e  only  curve wi th  t h e  p roper ty  

g iven i n  (2)  and which passes  through (2.1) i s  y = x2 - 3 .  More 

g e n e r a l l y ,  i f  we l e t  (xo,yo) denote an a r b i t r a r y  p o i n t  i n  t h e  p lane  

then t h e  only  member of  (1)which passes  through (xo,yo) must 

s a t i s f y  yo = xo2 + c ,  whereupon 

Notice t h a t  whi le  xo and y a r e  a r b i t r a r i l y  given numbers, once
0 

they a r e  chosen, the  va lue  of  yo - x makes t h e  choice  of c i n  
0 

(3)  a unique number. I n  p a r t i c u l a r , i f  t h i s  va lue  of c i s  i n t r o -

duced i n t o  (1)w e  o b t a i n  

and ( 4 )  r e p r e s e n t s  t h e  only  curve which s a t i s f i e s  equat ion  ( 2 )  

and passes  through t h e  p o i n t  (xo, yo) . 

For t h e  above reason,  t h e  family (1) i s  c a l l e d  t h e  GENERAL 

SOLUTION of equa t ion  ( 2 ) .  To p u t  t h e  concept  of a genera l  

s o l u t i o n  i n  b e t t e r  pe r spec t ive ,  what w e  r e a l l y  mean i s  t h e  follow- 

ing .  Suppose t h a t  t h e r e  i s  a (connected) r eg ion  R i n  t h e  xy-

plane  f o r  which a d i f f e r e n t i a l  equat ion  i s  de f ined  [R need n o t  

be t h e  whole p lane ,  a l though,  a s  

2 
i n  t h i s  example, it may be. 

For example i f  t h e  equat ion  i s  = , w e  must have t h a t  

y 2 X ,  o therwise  2 would be imaginary. Thus, R must be t h e  

ha l f -p lane  (o r  any subregion of  it) y 2 x. Reca l l  t h a t  y x 

i s  t h e  p o r t i o n  of  t h e  p lane  on and above t h e  l i n e  y = XI. 
Then a fami ly  of curves  y is c a l l e d  t h e  genera l  s o l u t i o n  of t h e  

equa t ion  i n  R i f  and only i f :  

1. Each member of y s a t i s f i e s  t h e  d i f f e r e n t i a l  equat ion .  

2. For a given p o i n t  ( x o , y o ) ~ ~ ,one --and only  one member of y 

passes  through t h a t  p o i n t .  



Solu t ions  
Block 2:  Ordinary D i f f e r e n t i a l  Equations 
Unit  1: The Concept of  a General So lu t ion  

2.1.1 (L) continued 

3 .  No o t h e r  curve which passes  through (xo,yo) s a t i s f i e d  t h e  


. d i f f e r e n t i a l  equat ion .  


Summarizing t h e s e  t h r e e  c r i t e r i a  i n  terms of equat ion  (2) : 

1. 	 The family  y def ined by y = Ey = x2 + c:  c i s  an a r b i t r a r y  
dycons tan t  ) s a t i s f i e s  	-dx = 2x throughout t h e  e n t i r e  p lane  (R). 

2. For any p o i n t  (xo,y )ER one and only  one member of y passes
0 

through (xo,yo).  That member, a s  shown by ( 4 1 ,  i s  y = x 2 
+ yo -xo 

2 . 
3 .  No curve o t h e r  than y = x 2 yo - x 

0 
can pass  through (xOlyo) 

+ 

and s t i l l  s a t i s f y  t h e  given d i f f e r e n t i a l  equat ion  $ = 2x. 

The main purpose of t h i s  e x e r c i s e  i s  t o  show t h a t  t h e  previous  

e x e r c i s e  was s u f f i c i e n t l y  con t r ived  s o  a s  t o  observe c e r t a i n  f i n e  

p o i n t s  which occur  when w e  d e f i n e  t h e  concept  of a g e n e r a l  s o l u t i o n .  

W e  have t h a t  our  family y i n  t h i s  case  i s  t h e  s e t  of curves 


(hyperbolas1 


P i c t o r i a l l y ,  a t y p i c a l  member of y i s  given by 

(Figure 1) 
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The " n a s t i n e s s "  o f  y i s  shown i n  Figure  1 by t h e  f a c t  t h a t  each 

member of  y c o n s i s t s  of  two d i s j o i n t  branches,  sepa ra ted  by t h e  

l i n e  x = c. To emphasize our remark o f  t h e  previous  e x e r c i s e  
1concerning " l o c a l n e s s " ,  given any p o i n t  (xo,y0) on y = -c - x '  

then  (xo,yo) i s  on t h e  upper  branch of  t h e  curve  i f  xo< c ( s i n c e  

then yo - l / c  - xo i s  p o s i t i v e )  and on t h e  lower branch i f  x > c.
0 

I f  xo - C ,  then  (xo,yo) i s  n o t  on y = l /c - x. 

So much f o r  t h e  i n t r o d u c t o r y  geometry concerning our  1-parameter 

fami ly  de f ined  by (1). Let  us  now t u r n  our  a t t e n t i o n  t o  f ind ing  

t h e  d i f f e r e n t i a l  equat ion  s a t i s f i e d  by (1). One technique i s  t o  

d i f f e r e n t i a t e  (1)d i r e c t l y  wi th  r e s p e c t  t o  x t o  o b t a i n  

and r e p l a c i n g  -by i t s  va lue  i n  ( I ) ,equat ion  (2)  becomes 
C - X  

Thus, t h e  family y def ined  by (1) is  a 1-parameter family,  each 

o f  whose members s a t i s f i e s  (3). 

It  i s  impor tant  t o  observe t h a t  (3)  does n o t  con ta in  an a r b i t r a r y  

cons tan t .  That  i s ,  from a geometric  p o i n t  i f  view, (3)  desc r ibes  

a l l  curves  wi th  t h e  p roper ty  t h a t  t h e  s l o p e  of t h e  curve a t  each 

p o i n t  on t h e  curve i s  equa l  t o  t h e  square  of  t h e  y-coordinate of 

t h e  p o i n t .  What w e  have shown i s  t h a t  each member of y has t h i s  

proper ty .  We have n o t  shown whether t h e r e  a r e  any o t h e r  curves 

wi th  t h i s  proper ty .  A t  any r a t e  t h e  a r b i t r a r y  cons tan t  a r i s e s  

when we examine s o l u t i o n s ,  n o t  when w e  look a t  t h e  equat ion .  

Now w e  picked t h i s  p a r t i c u l a r  e x e r c i s e ,  among o t h e r  reasons ,  

because w e  know how t o  r e v e r s e  t h e  process  and o b t a i n  (1) from 

( 3 ) .  Namely, a s  we  saw i n  P a r t  1 of our  course ,  w e  may s e p a r a t e  

t h e  v a r i a b l e s  i n  (3)  t o  o b t a i n  

-
y 'dy = dx,  

-and i n t e g r a t i n g  ( 4 )  y i e l d s  - 1 -
y = x + cll o r  y '= -X + c 
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(where c = -cl) ,  o r  

s o  t h a t  indeed (5)  ag rees  wi th  (1). 

There is ,  however, one s u b t l e l y  t h a t  occurred i n  ob ta in ing  ( 4 )  

from (3) t h a t  i s  worth harping on. I n  going from (3)  t o  ( 4 )  w e  

d iv ided  by y2 and s i n c e  d i v i s i o n  by 0 i s  excluded, we may only 

conclude t h a t  (3)  and ( 4 )  a r e  e q u i v a l e n t  when y # 0. I n  o t h e r  
2words, 8 = y i s  e q u i v a l e n t  t o  y-2dy = dx when y # 0; b u t  when 

y = 0, -&= y2 i s  s t i l l  well-defined b u t  y-2dy = dx i s  not .  

Thus, (5)  y i e l d s  a l l  t h e  s o l u t i o n s  of (3)  a s  long a s  y # 0 

[ s ince  then (3)  and (4)  a r e  e q u i v a l e n t ,  and (5)  y i e l d s  a l l  t h e  

s o l u t i o n s  of ( 4 1 1 .  What w e  must then do i s  look a t  y = 0 separa-

t e l y .  Indeed wi th  y 0,  3 = 0, s o  t h a t  y = 0 s a t i s f i e sdx -
equat ion  (3)  b u t-y = 0 i s  n o t  a member of t h e  fami ly  y def ined by 

1 -(1). That  is, t h e r e  i s  no cons tan t  c f o r  which --c - x- 0 s i n c e  

i s  always 1.t h e  numerator of 

Thus, i n  t e r m s  of t h e  d e f i n i t i o n  of t h e  genera l  s o l u t i o n  given 

i n  t h e  previous  e x e r c i s e ,  (1) cannot be t h e  genera l  s o l u t i o n  of 

( 3 )  s i n c e  ( 3 )  possesses  a t  l e a s t  one s o l u t i o n  (namely, y r 0) 

which does n o t  belong t o  (1). 

1Notice from Figure  1 t h e  connection between y = 0 and y = . 
Namely no member of (1)con ta ins  even a s i n g l e  p o i n t  whose y-

coord ina te  i s  0. That is  no member of (1) i n t e r s e c t s  y = 0 

( t h e  x -ax i s ) .  

This  i s  where t h e  choice  of r e s t r i c t i n g  t h e  equat ion  t o  a p a r t i -

c u l a r  region R i s  important .  For example, suppose w e  choose R 

s o  t h a t  f o r  no p o i n t  ( x o , y o ) ~ Rdoes yo = 0. I n  o t h e r  words R 

i s  a r eg ion  which l i e s  e n t i r e l y  above o r  e n t i r e l y  below t h e  

x-axis  . 

Then what i s  t r u e  i s  t h a t  f o r  each p o i n t  (xo,yo)&R one and on ly  

one member of (1)  passes  through (xo,yo). I n  f a c t  from (1)w e  

S.2.1.6 
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1 see t h a t  c - x = -
Y 

c = x + 1 =xy ( y . +  0 ) .
Y Y 


L e t t i n g  x = x and y = yo i n  (6) w e  see t h a t  
0 

which i s  a well-defined r e a l  number f o r  each ( x o , y o ) ~ R  s i n c e  

f o r  (xory0)ERI yo # 0. 

I n  summary, then ,  i f  R i s  any connected region which excludes 

any p o i n t s  on t h e  x-axis ,  one and only  one member of  (1)passes  

through (xo,yo) ER. From (7)  t h i s  member is  

For example, l e t t i n g  x = 2 and yo = 1 we see from ( 8 )  t h a t  0 

i s  t h e  on ly  member of (1) t h a t  passes  through ( 2 , l ) .  

What we have n o t  y e t  proved (and t h e  s u b t l e t y  of t h i s  problem 

w i l l  be d i scussed  i n  t h e  nex t  e x e r c i s e )  i s  whether t h e r e  can be 

o t h e r  s o l u t i o n s  of (3)  which pass  through ( 2 , l )  b u t  which do 

n o t  belong t o  t h e  family y = -1 
C - X '  

I f  t h e r e  a r e  no o t h e r  s o l u t i o n s  of ( 3 )  which pass  through 

(xo, yo)c R then (1) is t h e  g e n e r a l  s o l u t i o n  of (3); otherwise  

it i s n ' t .  
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From a more a f f i r m a t i v e  p o i n t  o f  view, what w e  have shown f o r  s u r e  

i n  t h i s  problem i s  t h a t  given any p o i n t  (xo,yo) i n  t h e  p lane ,  t h e r e  

i s  a t  l e a s t  one s o l u t i o n  of  (3)  which passes  through (xo,y0).  

Namely, i f  y 
0 

# 0, -one s o l u t i o n  i s  given by ( 8 ) ;  and i f  yo = 0,  

then t h e  l i n e  y = 0 i s  a s o l u t i o n .  

I n  f a c t ,  f o r  t h o s e  o f  us  who may have been a b i t  more a s t u t e ,  w e  

may have no t i ced  t h a t  (8)  covers t h e  case  y = 0,  even though it 
0 

was de r ived  under t h e  assumption t h a t  y f 0. Namely wi th  yo = 0,  

(8)  becomes y = 0 
= 0. I n  o t h e r  words, 

0 

f o r  any p o i n t  (xo,yo) i n  
t h e  p lane ,  equat ion  (8)  d e s c r i b e s  a curve which s a t i s f i e s  ( 3 )  

and passes  through (xo ,yo) . 

H e r e  w e  a l low j u s t  about every  p o s s i b l e  s u b t l e t y  t o  occur.  W e  

begin by observing t h a t  f o r  any r e a l  number c ,  

i s  t h e  c i r c l e  cen te red  a t  ( c , O )  w i th  r a d i u s  1. 

I n  p a r t i c u l a r ,  t h e  family def ined by (1) i s  contained i n  t h e  

region R =  { ( x , y ) : l y l ~ l ). P i c t o r i a l l y ,  

Y 

So f o r  any p o i n t  (x ,y)  on any of  t h e  c i r c l e s  def ined by ( 1 1 ,  
-1 < y < 1. 
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L e t  us  r e t u r n  t o  t h e  geometry l a t e r ,  b u t  f o r  now l e t  us f i n d  t h e  

d i f f e r e n t i a l  equa t ion  s a t i s f i e d  by each member of (1). 

D i f f e r e n t i a t i n g  (1) w e  o b t a i n  

2 ( x  - c) + 2y % =  0 

Taking t h e  va lue  of  c a s  determined from (2)  and us ing it i n  

(1) we o b t a i n  

Equation (3)  i s  of  i n t e r e s t  on a t  l e a s t  two counts .  


d 2
1. Since (g)-> 0, (2)+ 1 -> 1. Hence (3)  cannot be 

s a t i s f i e d  i f  y2 > 1 ( s i n c e  then y2 [(g)+ 1 1  > 1). Therefore,  

equat ion  (3)  does n o t  make sense  ( i .e . ,  it has  no r e a l  s o l u t i o n s )  

u n l e s s  it i s  r e s t r i c t e d  t o  a  region R which i s  contained between 

t h e  l i n e  y  = 1 and y  = -1. 

More emphat ica l ly ,  t h e r e  i s  no s o l u t i o n  of (3)  which passes  -
through (xo,yo) i f  Iyol> 1. 
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2.1.3 (L) continued 

2. Equation (3) i s  of 2nd degree. That is ,  we have a quadra t ic  

equation i n  $ . More e x p l i c i t l y  we can solve (3) f o r  9 t odx 

obtain  


In  terms of the  convention about s i ng l e  valuedness, the  r i g h t  

s i de  of ( 4 )  i s  not  a (single-valued) function.  Thus, ( 4 )  should 

be t r ea t ed  a s  the  two equations 

and 

where the  r i g h t  s i de s  of both (5) and (6) a r e  single-valued 

functions ( r e c a l l  t h a t  means the  pos i t i ve  roo t  unless  

otherwise spec i f ied)  . 
3. S p l i t t i n g  ( 3 ) ,  o r  equivalent ly ,  ( 4 ) ,  i n t o  the  two separate  

equations ( 5 )  and (6) i s  of very g r e a t  conceptual importance i f  

we a r e  t o  understand the  impact of our de f in i t i on  of general  

solut ion.  

For example, suppose w e  want t o  f i nd  the  so lu t ions  of (3) which 

pass through ( 0 , O )  and belong t o .  (1). We solve f o r  c by l e t t i h g  

x = y = 0 i n  (1) t o  obtain  (0 - c12 + o2 = 1 o r  c2 = 1 o r  c = 51. 
Thus, t he  two c i r c l e s  -

( x + l )2 + y2 = !  

and 

belong t o  ( I ) ,pass through ( 0 , 0 ) ,  and s a t i s f y  (3) .  P i c t o r i a l l y ,  
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4 


Notice, however, t h a t  only one of these  curves s a t i s f i e s  (5) 

and the  o ther  (6). For example, i f  y > 0 (but  no g rea t e r  than 1) 

we see  from (5) t h a t  $ > 0 so  t h a t  our curve should be r i s i n g  

a s  it passes through (0,O). S1 has this property but S2 doesn' t .  

In  o ther  words, while both S1 and S2 belong t o  (1)and s a t i s f y  

( 3 ) , only S1 s a t i s f i e s  (5) and only S2 s a t i s f i e s  (6). Thus, i f  

w e  requ i re  unique so lu t ions  we must t r e a t  higher degree equations 

a s  unions of f i r s t  degree equations. Algebraically,  t h i s  i s  

of ten  extremely d i f f i c u l t ,  perhaps even impossible exp l i c i t l y .  

4. The choice of (0,O) was not  p a r t i c u l a r l y  a good one t o  i l l u -
s t r a t e  the  l o c a l  property of 	a solut ion.  Suppose we wanted t o  

1 mf i n d  a l l  members of (1)which passed through (2,.- ) .  We l e t  
1 JZ5x = - and y = ---4 i n  (1) t o  obtain  
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2.1.3 (L) cont inued 

That  is ,  

P i c t o r i a l l y ,  
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2.1.3 (L) continued 

Since S3 has  p o s i t i v e  s l o p e  a t  t h e  given p o i n t ,  it i s  	a s o l u t i o n  
1 4 3of ( 5 ) ;  and s i n c e  S4 i s  f a l l i n g  a s  it passes  through --iT it 

s a t i s f i e s  ( 6 ) .  Thus, S3 i s  t h e  on ly  s o l u t i o n  i f  w e  view (S) a s  

t h e  g iven equa t ion ,  and S4 i s  t h e  on ly  s o l u t i o n  i f  w e  view (6)  

a s  t h e  given equat ion .  

S2 and S4 a l s o  m e e t  a t  1 - -) b u t  t h i s  m x  n o t  be i m  o r t a n t4 	 23 

t o  u s  i f  a l l  w e  c a r e  about  i s  what happens "near" (if5). 

5. I n  summary, f o r  any p o i n t  (xo ,yo) such M a t  1 yo] 5 1 t h e r e  i s  

one and only  one member of  (1)which s a t i s f i e s  (5) ; and one and 

only one member of  (1)which s a t i s f i e s  ( 6 ) .  More s p e c i f i c a l l y ,  

i f  w e  l e t  x = xo and y  = i n  (1)w e  o b t a i n  (xo - c)2 + yo2 = 1 yo 

o r  


Hence, 

From (2)  

and comparing t h i s  wi th  (9)  y i e l d s  

Hence, 

and t h e  ambiguous s i g n  i s  determined by whether w e  want t h e  curve 

t o  be r i s i n g  o r  f a l l i n g  a t  t h e  given po in t .  That  i s  choosing 

e i t h  (5)  o r  (6) removes t h e  ambiguous s i g n  from (91 . 
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6. But now w e  come t o  s t i l l  another  s u b t l e  a spec t  n o t  encountered 

previous ly .  Suppose we  p ick  an a r b i t r a r y  p o i n t  ( x o , l )  on t h e  l i n e  

y = 1. [A s i m i l a r  d i scuss ion  a p p l i e s  t o  (x  ,-I) on t h e  l i n e  
0 

y = -1.1 I n  t h i s  case ,  t h e r e  i s  no ambiguity a s  t o  whether w e  

view (3)  a s  (5), s i n c e  ( 9 )  shows t h a t  wi th  yo = -+ 1, c = x
0 ' 

I n  o t h e r  words, (x  - xo) 
2 + y2 = 1 i s  t h e  only  member of (1)which 

s a t i s f i e s  (3)  and passes  through (xo,1) [and a l s o  (xo,-1) I . 

However t h e  p o i n t  ( x o , l )  l i e s  on y  = 1 and conversely every p o i n t  

(c,1) on y  = 1 belongs t o  a member of (1); namely (x  - c)
2 + y2 = 

Thus, s i n c e  every p o i n t  on each member of (1) s a t i s f i e s  (31, and 

s i n c e  each p o i n t  on y  = 1 belongs t o  a  member of  ( I ) , it fol lows 

t h a t  t h e  l i n e  y  = 1 is  i t s e l f  a s o l u t i o n  of (3)  which passes  

through ( x o , l ) .  There is  no way of choosing c i n  (1) t o  o b t a i n  

y =1 [among o t h e r  t h i n g s ,  y = 0 i s  a l i n e  whi le  (1)r e p r e s e n t s  a  

c i r c l e  f o r  each choice  of c ] .  Thus, f o r  any p o i n t  on t h e  l i n e  

y = 1, t h e r e  a r e  two s o l u t i o n s  of  (3)  which pass  through t h i s  

p o i n t .  One of  t h e s e  can be accounted f o r  by e i t h e r  so lv ing  (5)  

o r  ( 6 ) ;  b u t  t h e  o t h e r ,  y = 1, i s  a "mongrel" of s o r t s  t h a t  sneaks 

i n  by v i r t u e  of t h e  f a c t  t h a t  each of  i t s  p o i n t s  happens t o  

belong t o  some member of (1). The s o l u t i o n  y  = 1 is  c a l l e d  a  

s i n g u l a r  s o l u t i o n .  The concept of a s i n g u l a r  s o l u t i o n  w i l l  be 

t r e a t e d  i n  more d e t a i l  i n  t h e  l e c t u r e  a s  w e l l  a s  . i n  t h e  e x e r c i s e s  

which fo l low t h e  l e c t u r e .  

For now, however, l e t ' s  summarize t h e  r e s u l t s  of t h i s  e x e r c i s e  

p i c t o r i a l l y .  

Y 
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a .  	 Since P1(xl,y1) has t h e  proper ty  t h a t  yl > 1, no s o l u t i o n  of (3)  

passes  through P 1' 

b. 	 Two members of (1)a r e  s o l u t i o n s  of  (3)  which pass  through 

P2(x2,y2)  s i n c e  - 1 < y 2  < 1. To c o n s t r u c t  t h e  two solu t ions ,swing 

an a r c  of r a d i u s  1 cen te red  a t  P2 and t h i s  a r c  w i l l  m e e t  t h e  x-

a x i s  a t  two p o i n t s ,  (cl,O) and ( c 2 , 0 ) .  The c i r c l e s  centered  a t  

t h e s e  two p o i n t s  wi th  r a d i u s  1 a r e  t h e  r equ i red  members of  (1). 

S1 i s  t h e  s o l u t i o n  corresponding t o  equat ion  (5)  ( s i n c e  t h e  s l o p e  

i s  p o s i t i v e  a t  P2) ,whi le  S2 i s  t h e  s o l u t i o n  which s a t i s f i e s  (6). 

I n  o t h e r  words t h e r e  a r e  two s o l u t i o n s  through P2 from t h e  

fami ly  (1) because (3)  i s  a second degree equat ion .  Once we 

restrict  o u r  a t t e n t i o n  t o  e i t h e r  (5)  o r  (6), t h e r e  i s  only one 

member of ( 1 1 ,  e i t h e r  S1 o r  S2 which passes  through P2. 

c. 	 There a r e  two curves t h a t  w e  know of which s a t i s f y  (3)  and 

pass  through P3 (x3, 1). One i s  t h e  member of (1), (x - x3) + 
y2 = 1; and t h e  o t h e r  i s  t h e  l i n e  y  = 1." 

A s  a f i n a l  no te ,  keep i n  mind t h a t  w e  a r e  a s  y e t  unequiped t o  

determine whether t h e r e  a r e  s o l u t i o n s  of (3)  which pass  through 

( X ~ I Y , ) ~  ly0l -< 1, o t h e r  than those  descr ibed by t h e  family 

(1) and t h e  l i n e s  y  = +- 1. 

I n  t h e  previous  t h r e e  e x e r c i s e s  w e  introduced t h e  not ion  of a 

g e n e r a l  s o l u t i o n  of a d i f f e r e n t i a l  equat ion  by beginning wi th  a 

1-parameter family of curves and then f ind ing  t h e  d i f f e r e n t i a l  

equat ion  which t h e  fami ly  s a t i s f i e d .  

I n  t h i s  e x e r c i s e  w e  s h a l l  r e v i s i t  t he  same t o p i c ,  b u t  now from 

t h e  more convent ional  p o i n t  of view of beginning wi th  t h e  f i r s t  

*This  s h o u l d  n o t  be  c o n f u s e d  w i t h  our  d i s c u s s i o n  o f  y = 0 and 
y = l / c  - x o f  t h e  p r e v i o u s  e x e r c i s e .  There ,  a member o f  
y = l / c  - x p a s s e d  through ( x  , y o )  i f  y # 0 and y  = 0 p a s s e d  
through ( x o , y o )  i f  yo = 0. B Q ~no p o i n f  ( x o , y o )  was s a t i s f i e d  
by b o t h  y  = 0 and y  = l / c  - x .  
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o r d e r  d i f f e r e n t i a l  equat ion  and then f i n d i n g  a 1-parameter fami ly  

of  curves which is  a s o l u t i o n  of t h e  equat ion .  W e  s h a l l  then  

d i s c u s s  whether t h e  family of s o l u t i o n s  i s  t h e  genera l  s o l u t i o n  

and i n  t h e  cases  i n  which it is no t  w e  s h a l l  t a l k  about  what t h e  

family l acks .  

a .  	 I f  we proceed mechanical ly i n  t h e  same manner by which w e  so lved 

t h i s  type  of equat ion  i n  P a r t  1 of our  course ,  w e  o b t a i n  

2*=x dx. 
Y 

Note #1: 

W e  must now remember t o  check t h e  case  y = 0 l a t e r .  Namely, t h e  

v a l i d i t y  of going from (1) t o  ( 2 )  hinges on t h e  f a c t  t h a t  y # 0 
s i n c e  w e  a r e  n o t  allowed t o  d i v i d e  by 0. Thus, (2)  does n o t  

apply when y = 0. In  o t h e r  words, t o  be more p r e c i s e .  (2)  

should be replaced by ( 2 ' )  where: 

I n t e g r a t i n g  ( 2 ' )  w e  o b t a i n  

Note #2: 

1 3  
A common e r r o r  is  t o  w r i t e :  I n  y = 5 x + c1 r a t h e r  than (3) . 
That i s ,  one tends  t o  say  t h a t  f o r  u # 0 ,  

r a t h e r  than t h e  more accura te  s ta tement  t h a t  
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I n  many p h y s i c a l  s i t u a t i o n s ,  u t u r n s  o u t  t o  be p o s i t i v e  ( e .g . ,  u 

is  mass o r  a b s o l u t e  temperature,  e t c . ) ,  i n  which case  t h e r e  i s  no 

harm i n  r ep lac ing  11-11 by u s i n c e  f o r  u  -> 0,  11.11 = u. However, 
1 3t o  be on t h e  s a f e  s i d e  one should use  (3)  and n o t  I n  y  = x + cl  . 

From (3)  w e  conclude t h a t  

and s i n c e  eIn = u f o r  a l l  u  # 0,  conclude from ( 4 )  t h a t  

I Y I  = exp[ l /3  x3 + cl1 ( y  + 01 o r  

Since  cl i s  an a r b i t r a r y  cons tan t  ( p o s i t i v e ,  negat ive ,  o r  z e r o ) ,  
C1 e = c2 i s  an a r b i t r a r y  p o s i t i v e  cons tan t .  


Note #3: 


For any r e a l  number, u ,  eU7 0 s o  t h a t  (5)  may be w r i t t e n  a s  


;x3 
I Y ~ = C 2 e  , where c 2  i s  an a r b i t r a r y  p o s i t i v e  cons tan t  

Then, s i n c e  lul = v +u = +- v f o r  any r e a l  numbers u and v ,  
w e  conclude from ( 6 )  t h a t  

Since c 2  was an a r b i t r a r y  p o s i t i v e  cons tan t ,  -c2 i s  an a r b i t r a r y  

nega t ive  cons tan t .  Hence, + c 2  denotes an a r b i t r a r y  non-zero 

cons tan t .  That  i s ,  w e  may w r i t e  (7)  i n  t h e  form 

y = c e  (y # 01, where c i s  an a r b i t r a r y  non-zero 

cons tan t .  
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Note # 4  

I r o n i c a l l y  t h e  person who w r i t e s  i n  y  = $ x3 + cl r a t h e r  than (3)  

u s u a l l y  o b t a i n s  (8)  much more qu ick ly  than we d i d ,  through t h e  

f o r t u n a t s s t r o k e  of  luck t h a t  two conceptual  e r r o r s  cancel  each 

o t h e r .  Namely, from I n  y  = x3 + cl he concludes t h a t  3 


c 1- x3 
hence t h a t  y  = e 'e . H i s  f i n a l s t e p  is t o  say  t h a t  s i n c e  cl 

i s  an a r b i t r a r y  cons tan t  s o  a l s o  i s  eC1 ( f o r g e t t i n g  t h a t  e 1 

cannot be nega t ive )  and concludes t h a t  y  = c e 1/3 x3 j u s t  a s  

w e  d i d  i n  ( 8 ) .  Notice,  however, t h a t  i f  y  < 0,  I n  y  i s  n o t  even 
1 3r e a l ,  hence I n  y  = -3 x + cl i n  terms of r e a l  numbers i s  a  meaning- 

less equat ion  when y  < 0. 

Remembering t h a t  equat ion  ( 8 )  a p p l i e s  only  on t h e  cond i t ion  t h a t  

y # 0 (which i s  why w e  augmented each equat ion  i n  our  d e r i v a t i o n  

wi th  t h e  phrase  "y # O"),  w e  must now look a t  t h e  case  y  = 0 

s e p a r a t e l y .  W e  s e e  t h a t  s i n c e  y  i s  i d e n t i c a l l y  zero  s o  a l s o  

i s  dy . Thus, wi th  y  = 0,  equat ion  (1) reads :  "0 = 0"; s o  w e  see 

t h a t  y  = 0 i s  a s o l u t i o n  of  equat ion  ( 1 ) .  

;x3 
We nex t  observe t h a t  y = 0 can be w r i t t e n  i n  t h e  form: y = O e  

s o  t h a t  t h e  case  y  = 0 may be inc luded i n  equat ion  (8)  provided 

only t h a t  w e  remove t h e  r e s t r i c t i o n  t h a t  c # 0. 

That is ,  t h e  family def ined by 

, where c i s  an a r b i t r a r y  ( r e a l * )  cons tan t  

i s  a 1-parameter family of s o l u t i o n s  f o r  equat ion  (1). 

*After  a l l  our t a l k  about complex numbers i n  t h e  p r e v i o u s  
B l o c k ,  i t  may be d i f f i c u l t  t o  remember t h a t  our p r e s e n t  d i s c u s s i o n  
u s u a l l y  i s  in troduced  i n  t h e  c a l c u l u s  of  r e a l  v a r i a b l e s .  Hence, 
u n l e s s  o t h e r w i s e  s p e c i f i e d ,  a l l  numbers a r e  assumed t o  be  r e a l  
i n  our treatment  o f  Block 2 .  
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2.1.4 (L) continued 


A s  a check on equat ion  ( 9 )  w e  see t h a t  


y = c e  Y 


9 = x c edx 

2 
= x y  ( inc lud ing  t h e  case  y  = 0) . 

b. 	 I n  t h e  language of sets w e  have shown t h a t  

x3 2 
{y: y = c eT , 	c  arb .cons t .1  c  {y: y '  = x y} ;-

o r  s t a t e d  i n  t e r m s  of func t ions  (where y  = £ ( X I )  w e  have shown 

t h a t  every  func t ion  of t h e  form: 

f (x)  = ce where c i s  an a r b i t r a r y  cons tan t  i s  a s o l u t i o n  of  

t h e  d i f f e r e n t i a l  equat ion  

where (10)i s  obta ined by rep lac ing  y  by f  (x)  i n  (1). 

What has  n o t  y e t  been done by us  i s  t o  i n v e s t i g a t e  whether 

equat ion  (1) [ o r  (10 1 can have s o l u t i o n s  which a r e  no t  of t h e  

form y  = f (x)  = cexp[ l /3  x  3 I .  

I t  i s  a t  t h i s  p o i n t  t h a t  w e  invoke t h e  theorem ( s t a t e d  wi thout  

proof i n  t h e  l e c t u r e ) ,  which w e  s h a l l  use a s  an axiom i n  our  

course ,  t h a t :  I f  

and i f  g ( x , y )  and gv (x ,y)  a r e  def ined and continuous i n  a  
2 


region R ,  then  f o r  each (xo,y )ER t h e r e  i s  one and only one 

curve t h a t  s a t i s f i e s  (11)and passes  through (xo,yo) . 
S.2.1.19 
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I n  our  p r e s e n t  e x e r c i s e  t h e  r o l e  of  g ( x , y ) ,  a s  de f ined  i n  (ll),
2i s  played by x y. That i s ,  from (1) 

Theref o r e ,  

2 2g ( x , y )  = x y and g (x ,y)  = x 
Y 

2Since x y and x2 a r e  continuous func t ions  of x and y ,  t h e  theorem 

t e l l s  us t h a t  through each p o i n t  (xo,yo) i n  t h e  xy-plane t h e r e  i s  

one and only  one curve whose equat ion  s a t i s f i e s  equat ion  (1). 

c. With t h i s  i n  mind we choose an a r b i t r a r y  p o i n t  (x  ,yo) i n  t h e
0 

plane  and s e e  i f  t h e r e  e x i s t s  a va lue  of c which makes a member 

of t h e  family i n  (9)  [ i . e . ,  t h e  family y = ce1'3x31 pass  through 

( X ~ I Y ~ ) .  

Note #5: 

By our  "axiomatic theorem" i f  t h e r e  i s  a member of (9) which 

passes  through (xo,y then no o t h e r  curve which s a t i s f i e s  (1)
0 

can pass  through (xo,yo).  On t h e  o t h e r  hand, i f  w e  f i n d  a p o i n t  

(xo,yo) wi th  t h e  p roper ty  t h a t  no member of (9)  passes  through 

it, then t h e r e  must be a d i f f e r e n t  curve which s a t i s f i e s  (1) 

and passes  through (x ,y ) ,  s i n c e  every  p o i n t  (xo,yo),  must 
0 0 

have a s o l u t i o n  of (1)which passes  through it. Thus, our  

s t r a t e g y  i n  t h i s  p a r t  of t h e  e x e r c i s e  w i l l  be t r y  t o  show 

t h a t  a t  each (xo,yo) i n  t h e  p lane  t h e r e  i s  a member of (9)  which 

passes  through (xo,y ) ,  whereupon t h e  theorem 'blocks o u t "  t h e  
0 

e x i s t e n c e  on any o t h e r  s o l u t i o n  which passes  through t h e  given 

p o i n t  (x,,Yo) 

A t  any r a t e ,  l e t t i n g  x = x and y = yo i n  (9)  w e  o b t a i n  t h a t
0 

s o  t h a t  

S.2.1.20 
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2.1.4(L) continued 

1 3 

Obtaining (12) from yo = ce5 X0 r equ i red  t h a t  w e  d i v i d e  both 

s i d e s  o f  t h e  equa t ion  by 

and s i n c e  

can never be 0 f o r  any r e a l  number xo, t h e  v a l i d i t y  of  (12) holds 

f o r  every  choice  of x 
0' 

S u b s t i t u t i n g  (12) i n t o  (9) w e  o b t a i n  t h e  r e s u l t  t h a t  

By o u r  key theorem, then (13) names t h e  only curve which passes  


through (xo, yo) and s a t i s f i e s  (1). 

Now w e  can say  t h a t  t h e  1-parameter family:  


y = ce  , c is an a r b i t r a r y ,  


i s  t h e  g e n e r a l  s o l u t i o n  of  t h e  d i f f e r e n t i a l  equat ion  


s i n c e, 

1. each member of ( 9 )  i s  a s o l u t i o n  of (1); 

2. f o r  each p o i n t  (xo,yo) i n  t h e  p lane ,  one and only one 

member of ( 9 )  passes  through t h i s  p o i n t ,  namely 
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2.1.4 (L) continued 

- - X  

Y = (y0e ; and 

3. no o t h e r  curve which passes  through (xo,yo) can s a t i s f y  ( 1 1 ,  

o r  from a d i f f e r e n t  pe r spec t ive ,  i f  another  curve s a t i s f i e s  (1) 

it d o e s n ' t  pass  through (xo,yo) . 

2.1.5(L) 

Under t h e  heading of  ignorance i s  b l i s s ,  t h e  p r e s e n t  e x e r c i s e  

would have been e a r l y  disposed of back i n  P a r t  1 of our  course.  

Namely, given 

we  would s e p a r a t e  v a r i a b l e s  t o  o b t a i n  

- 2'dy = dx. 

Hence, 

To be s u r e ,  going from (1) t o  ( 2 )  r e q u i r e d  t h a t  y # 0, s o  t h a t  

t h e  more c a r e f u l  among us  might have recognized t h a t  

i s  a s o l u t i o n  of ( l ) ,b u t  i s  n o t  a member of ( 3 ) .  [This should 

n o t  be confused t h a t  f o r  each member of ( 3 ) ,  y = 0 when x = -c. 

I n  o t h e r  words, each member of (1)meets t h e  x-axis a t  (-c,O) , 
b u t  y = 0 means y = 0 f o r  a l l  x; i . e . ,  t h e  x-axis.] 



Solu t ions  
Block 2:  Ordinary D i f f e r e n t i a l  Equations 
Uni t  1: The Concept of a General  So lu t ion  

2.1.5 (L) continued 

P i c t o r i a l l y ,  

Y 


A t y p i c a l  member of (3) 

when c < 0. 

X 

I 
(Figure  l a )  

Y 


A t y p i c a l  member of ( 3 )  

when c > 0. 

(Figure  l b )  


Thus, no member of  ( 3 )  i s  t h e  x-axis (y = 0 )  . 
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2.1.5(L) continued 

Moreover, i f  w e  wanted t h e  member of (3)  which passed through a 

g iven p o i n t  (xo,y0) , w e  would l e t  x = xo and y = yo i n  (3)  t o  

o b t a i n  

Equation (5)  shows t h a t  t h e r e  i s  one member of (3) which passes  

through (xo,yo) , namely 

This  much i s  hopeful ly  old-hat.  What w e  l ea rned  i n  t h e  l e c t u r e  

i s  t h a t  s i n c e  
n 


2 4 

3y3 and a (3  '1 
aY 

e x i s t  and are continuous except  when y = 0 ( i n  which case  

our  fundamental theorem quarantees  t h a t  (3) i s  t h e  genera l  so lu-  

t i o n  of  (1)provided t h a t  (1) is  def ined i n  a region R which 

inc ludes  no p o i n t s  on y = 0. 

What t h i s  means, f o r  example, i s  suppose w e  want a s o l u t i o n  of 

(1)which passes  through ( 2 , l )  . Then from (6) w e  see t h a t  
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2.1.5 (L) continued 

i s  one such s o l u t i o n .  

Moreover, from t h e  theorem of t h e  l e c t u r e  we know t h a t  i f  w e  

s t a y  " s u f f i c i e n t l y  c lose"  t o  ( 2 , l )  [ i . e . ,  i n  a neighborhood R 

which d o e s n ' t  touch t h e  x-axis]  then (7)  i s  t h e  only s o l u t i o n  of 

(1)which passes  through ( 2 , 1 ) ,  a s  long a s  w e  s t a y  wi th in  R. 

What happens i f  w e  l eave  R? This  i s  where ( 4 )  becomes c r u c i a l .  

Namely, y - 0 i s  a s o l u t i o n  of  (1). What we may then do i s  t ake  

t h e  curve y  = (x  - 1 chop it o f f  when it m e e t s  t h e  x-axis a t  

( 1 , 0 ) ,  then  "run" along t h e  x-axis i n  t h e  nega t ive  sense  from 

( 1 , O )  t o  any p o i n t  ( c , O )  where c < 1. Then a t  (c ,O) ,  we pick  up 

t h e  curve y  = (x  - c ) 3. P i c t o r i a l l y ,  

4 

y = (X - C I  (F igure  2  


Every curve of  t h e  type  dep ic ted  i n  Figure  2 i s  a s o l u t i o n  

of  (1) and passes  through ( 2 , l ) .  This  d o e s n ' t  c o n t r a d i c t  

our  fundamental theorem, however, s i n c e  each curve of t h e  

type i n  Figure  2 con ta ins  a t  l e a s t  a  p o r t i o n  of y  = 0. 
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2.1.5 (L) continued 


What is true is that the infinitely many solutions of (1) which 

pass through (2,l) all look the same (namely they are all y = 

(x - 1)3 if the solution is restricted to a neighborhood R of 

(2,l) which does not include a segment of the x-axis. 

As for any point (xo,o.) on the x-axis there are many solutions 

of (1) that pass through (xo,O). One of these is y = (x - xo)3 . 
The rest have the form 

~ T 

In most real life situations we are given a point (xo,yo) and a 


particular differential equation and what we seek are all 


solutions of the equation "near" (xo,yo) which pass through 


Summarized pictorially, let P o(xoIy0) by any point not on the 


x-axis and let R be any neighborhood of Po which includes no 


part of the x-axis. 


4 


1. Equation (1) has only one solution in R which passes through 


(x0tyo)' 
2 .  Several solutions may exist but they are indistinguishable 

when restricted to R. 
S. 2.1.26 
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2.1.6 

a .  Given 

w e  may w r i t e  

L e t t i n g  f (x ,y )  = 3y/x w e  have t h a t  f (x,y)  = 3/x; and s i n c e  both 
Y 

3y/x and 3/x e x i s t  and a r e  continuous except  when x = 0,  we may 

conclude from t h e  theorem t h a t  i f  R i s  any region of t h e  xy-plane 

which does n o t  i n t e r s e c t  t h e  y-axis  ( i . e . ,  x = 0 ) ;  then f o r  each 

( x o , p o ) ~ Rt h e r e  i s  one and only  one curve c which passes  through 

(xo,yo) and s a t i s f i e s  (1). 

b.  If w e  s e p a r a t e  v a r i a b l e s  i n  (2)  w e  o b t a i n  

Hence, 

3 
l ~ l= e 3 I n  1x1 + c 2  = In 1x1 + C2 = CZ , lnlxI 

Hence, 

3lyl = c3  1x1 , c3 > o ( s i n c e  c3 = e C 2 ) .  

*The c o n d i t i o n  t h a t  x # 0 i s  a l r e a d y  t a c i t l y  assumed by 
a s suming  t h a t  we a r e  i n  a r e g i o n  R f o r  which  t h e  g e n e r a l  
s o l u t i o n  e x i s t s .  
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2.1.6 continued 

Theref o r e ,  

y = cx3, where c = + c3, o r ,  c f 0 is  an a r b i t r a r y  cons tan t .  ( 4 )  

By observing,^ = 0 is  handled by l e t t i n g  c = 0  i n  ( 4 ) .  W e  see 

t h a t  

y = cx 3 , c an a r b i t r a r y  cons tan t  

i s  t h e  g e n e r a l  s o l u t i o n  of  equa t ion  (1) i n  R provided t h a t  R 

inc ludes  no p o i n t s  on t h e  y-axis.  

I n  p a r t i c u l a r ,  f o r  t h e  g e n e r a l  p o i n t  (xo,yo) wi th  xo # 0,  w e  

see from (5) t h a t  yo = cx 3, whence 
0 

[and n o t i c e  i n  (6 )  how g l a r i n g l y  it s t a n d s  o u t  t h a t  xo # 01. 

That  is ,  f o r  (xo ,yo)~R,  t h e  only s o l u t i o n  of equat ion  (1)which 

passes  through (xory0) i s  

X 
0 

c. L e t t i n g  xo = yo = 1 i n  (7)  w e  see t h a t  t h e  curve c i s  def ined by 

Note : 

Returning t o  t h e  case  x = 0, l e t  u s  observe t h a t  y - 0 i s  t r i v i a l l y  

a s o l u t i o n  of  equat ion  (1). Thus, i f  we  l e t  R i n t e r s e c t  t h e  y- 

a x i s ,  w e  f i n d  t h a t  (8) is  n o t  t h e  only  s o l u t i o n  of (1)which passes  

through (1,l). I n  p a r t i c u l a r ,  i f  w e  d e f i n e  t h e  curve cl by 

then cl a l s o  s a t i s f i e s  ( 1 1 ,  passes  through (1,l)b u t  it is n o t  

t h e  same curve a s  c.  

S.2.1.28 
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2.1.6 continued 


P i c t o r i a l l y ,  


Y 


C1 passes  through ( 1 , l l  and s a t i s f i e s  equat ion  (1). 

C passes  through (1,l)and s a t i s f i e s  equat ion  (1). 

Notice ,  however, t h a t  i n  any region R which does no t  con ta in  a 
segment of t h e  x-axis w e  cannot  d i s t i n g u i s h  between c and cl. 
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Our main purpose of  in t roduc ing  t h e  concept  of an envelope he re  i s  

t o  show one source of a s i n g u l a r  s o l u t i o n  t o  a  d i f f e r e n t i a l  

equat ion .  Namely, i f  t h e  one parameter fami ly  of  curves ,  y = f ( x , c ) .  

possesses  an envelope E, say y  = g ( x ) ;  then i f  t h e  1-parameter 

family i s  a s o l u t i o n  of a f i r s t - o r d e r  d i f f e r e n t i a l  equa t ion ,  s o  a l s o  

i s  t h e  envelope, s i n c e  each p o i n t  on t h e  envelope i s  a l s o  a  p o i n t  

on a t  l e a s t  one of  t h e  members of  t h e  1-parameter family.  

Before w e  begin t o  compute t h e  envelope of a given family ,  l e t  us  

f i r s t  i n d i c a t e  t h e  p l a u s i b i l i t y  of t h e  r e c i p e  f o r  computing t h e  

envelope. B r i e f l y  o u t l i n e d ,  i f  we assume t h a t  t h e  fami ly  has an 

envelope,  w e  look a t  any p o i n t  (xo,yo) t h a t  belongs t o  t h e  envelope,  

E. Since t h e  equaton f o r  E  is  y = g  (x)  , w e  have t h a t  

s i n c e  (xo,yo) must s a t i s f y  t h e  equat ion  f o r  E. 

But w e  a l s o  know t h a t  t h e r e  e x i s t s  a va lue  f o r  c such t h a t  

s i n c e  t h e  d e f i n i t i o n  of  envelope r e q u i r e s  t h a t  each p o i n t  on E 

be a p o i n t  on a t  l e a s t  one member of  t h e  1-parameter family. 

Notice t h a t  w e  may look a t  (2)  a s  a  func t ion  o f  c. That i s ,  f o r  

a f i x e d  (xo,yo) on E, w e  may rep lace  x by xo and y  by yo i n  each 

member of  t h e  1-parameter family.  For example, i f  t h e  1-parameter 

family i s  given by y  = cx - c2, then i f  w e  r ep lace  x  and y by xo 

and y  w e  o b t a i n  
0 

which i s  an i m p l i c i t  func t ion  of c. Moreover, i f  w e  d i f f e r e n t i a t e  

(3)  wi th  r e s p e c t  t o  c ,  remembering t h a t  xo and yo a r e  c o n s t a n t s ,  

w e  o b t a i n  
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2.1.7 (L) continued 

A s  i l l u s t r a t e d  i n  our  p a r e n t h e t i c a l  remark, we may d i f f e r e n t i a t e  

(2)  wi th  r e s p e c t  t o  c [and t h i s  i s  why we assume t h a t  f ( x , c )  i s  

d i f f e r e n t i a b l e .  That i s ,  t h e  requirement of d i f f e r e n t i a b i l i t y  is  

n o t  necessary  t o  t a l k  about  t h e  envelope of  a family,  b u t  t h e  

technique t o  be used f o r  f i n d i n g  t h e  envelope w i l l  use t h e  

d i f f e r e n t i a b i l i t y  p roper ty ]  t o  o b t a i n  

where i n  ( 4 )  t h e  d i f f e r e n t i a t i o n  i s  taken wi th  r e s p e c t  t o  c .  

Of course ,  w e  do n o t  know t h e  p o i n t  (xo,yo) e x p l i c i t l y  a s  y e t  

s i n c e  w e  a r e  only  assuming t h a t  t h e r e  i s  an envelope ( s o  even 

i f  t h e  envelope does e x i s t  w e  do n o t  know i t s  equat ion  - i n  f a c t  

t h a t  i s  what we a r e  t r y i n g  to f i n d  i n  t h i s  e x e r c i s e )  and t h a t  

(xo,yo) named an a r b i t r a r y  p o i n t  of  t h e  envelope. Thus, xo 

and y  a r e  a c t u a l l y  "unknowns" and a r e  b e t t e r  w r i t t e n  as  x  and 
0 

Y.  

I f  w e  now r e v i s i t  equat ions  (2)  and ( 4 )  i n  t h i s  l i g h t ,  w e  s e e  t h a t  

s i n c e  (x ,y)  must s a t i s f y  both ( 2 )  and ( 4 1 ,  i f  t h e  envelope e x i s t s ,  

it must be t h a t  t h e  equat ion  of  t h e  envelope is  obta ined by 

so lv ing  t h e  fo l lowing p a i r  of  equat ions  simultaneously:  

y = f  (x , c )  and 0 = f C ( x , c ) .  

N o t e  #1: 


Since  x  i s  n o t  a cons tan t  w e  must r ep lace  f '  (xo,c) by f c ( x , c ) .  


Note #2: 


Notice t h a t  equat ion  (5)  makes no re fe rence  t o  g. This  i s  a s  it 


should be , s ince  it i s  f t h a t  i s  e x p l i c i t l y  given,while g  i s  used 


only t o  r e f e r  t o  t h e  envelope,  assuming i n  t h e  f i r s t  p l ace  t h a t  


such an envelope e x i s t s .  


Note #3: 


Observe t h a t  (5)  only  t e l l s  us t h a t  i f  t h e  envelope E e x i s t s  it 


must s a t i s f y  t h e  cond i t ions  s t a t e d  i n  ( 5 ) .  I t  does n o t  say  t h a t  


i f  w e  s o l v e  (5)  by e l i m i n a t i n g  and f i n d i n g  y  a s  a func t ion  of  x 


S.2.1.31 



Solu t ions  

Block 2: Ordinary D i f f e r e n t i a l  Equations 

Unit  1: The Concept of  a General So lu t ion  


2.1.7 (L) continued 

t h a t  t h e  r e s u l t i n g  curve is  t h e  envelope of t h e  fami ly  y = f ( x , c ) .  

A l l  w e  a r e  saying i s  t h a t  i f  t h e  envelope e x i s t s ,  it i s  def ined by 

( 5 ) .  

A t  any r a t e ,  wi th  t h e  hope t h a t  (5)  now seems more than j u s t  a 

memorizable formula,  w e  t u r n  o u r  a t t e n t i o n  t o  t h e  e x e r c i s e .  

a .  Since y = cx - c2, w e  have, us ing  the n o t a t i o n  of ( 5 )  , t h a t  

Hence, 

Using (6) and (7)  i n  ( 5 ) ,  w e  see t h a t  i f  t h e r e  i s  an envelope E ,  

it is de f ined  by 

From t h e  second equat ion  i n  (8)  w e  see t h a t  c = x/2, and rep lac ing  

c by x/2 i n  t h e  f i r s t  equat ion  [ thus  e l i m i n a t i n g  c from ( 8 ) ]  w e  

o b t a i n  

Notice t h a t  t h e  C l a i r a u t  equat ion  used i n  t h e  l e c t u r e  had 

y = cx - c2 a s  a 1-parameter s o l u t i o n  while ( 9 )  shows t h a t  t h e  

s i n g u l a r  s o l u t i o n  y = 1/4x2 is  indeed t h e  envelope of t h e  family.  

b. Let  u s  p o i n t  o u t  f i r s t  t h a t  i f  t h e  1-parameter family i s  i n  t h e  

more i m p l i c i t  form f  (x,y ,c) = 0, then  (5) is  replaced by t h e  

system 
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2.1.7 (L) continued 

With t h i s  i n  mind, t h e  equat ion  (x  - c)2 + y2 = 1 may be w r i t t e n  i n  

t h e  form 

whereupon i n  t h e  language of (5 '  , 

f (x ,y , c )  = (x  - c) 2 + y2 - 1. 

Hence, 

s o  t h a t  equat ing  f c ( x , y , c )  t o  zero  y i e l d s  -2(x  - c )  = 0 o r  

By v i r t u e  of (12), w e  may s u b s t i t u t e  x f o r  c i n  (10) t o  ob ta in  
2o 

Deriving (13)- from (10) and (12) i s  equ iva len t  t o  so lv ing (5' ) . 
W e  thus  see t h a t  t h e  l i n e s  y  = 1 and y  = -1 a r e  envelopes t o  

t h e  family (x - c)2 + y2 = 1. This  accounts f o r  the  f a c t  t h a t  

y = + 1 was a s i n g u l a r  s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ion  

s a t i s f i e d  by (x  - c ) 2 + y2  = 1 i n  our  d i scuss ion  of Exerc ise  

2.1.3. 
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P i c t o r i a l l y ,  

Y 
A 

y = -1 

2.1.8 ( o p t i o n a l )  

a. D i f f e r e n t i a t i n g  

(X - C )  
2 + y2  = 4c + 4 

w i t h  r e s p e c t  t o  x y i e l d s  


2 ( x  - C) + 2y % = 0. 


Hence, 


iY= 0 ,x - c + Y d x  


Replacing c i n  (1) by i t s  v a l u e  i n  (2)  y i e l d s ,  

[x - (X + y % ) 1 2  + y2 = 4 ( x +  y S) + 4,  



- - 
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2.1.8 continued 

b. 	 W e  r e w r i t e  ( 3 )  s o  a s  t o  emphasize t h a t  i t  i s  a q u a d r a t i c  equat ion  i n  

dy/dx. Namely, 

Applying t h e  q u a d r a t i c  formula t o  ( 4 1 ,  w e  o b t a i n  

Equation (5), of course ,  i s  equ iva len t  t o  t h e  two f i r s t  o r d e r ,  

f i r s t  degree equa t ions :  

and 

To apply t h e  fundamental theorem, w e  l e t  

s o  t h a t  (6)  becomes 

*Analogous results will hold, of course, if w e  let f(x,y) = 
2 - 48 - y2 + 4 x / y  and use equation (7). 
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Since  f  (x ,y)  w i l l  n o t  be r e a l  u n l e s s  8 - y2 + 4x -> 0,  w e  see t h a t  

w e  must f i r s t  r e s t r i c t  our  region R t o  obey 

8 - y2 + 4x > 0,  f o r  a l l  (x,y) ER.-

Equation ( 9 )  may be w r i t t e n  i n  t h e  somewhat more sugges t ive  form 

from which w e  conclude t h a t  R i s  wi th in  t h e  parabola  y2 = 4x + 8. 

inc lud ing  t h e  parabola  i t s e l f .  

While t h i s  r e s t r i c t i o n  of  R a s  above makes f ( x , y )  r e a l  and , 

continuous,  t h e  theorem r e q u i r e s  t h a t  f  (x ,y)  a s  w e l l ,  be real
Y 

and continuous. Now from (8), 

and s i n c e  y2 = 4x + 8 makes t h e  denominator of (11)vanish ,  w e  
must make t h e  a d d i t i o n a l  r e s t r i c t i o n  t h a t  y 

2 # 4x + 8 SO t h a t  

f (x ,y)  w i l l  be r e a l  and continuous.  
Y 

Combining t h i s  wi th  (10) w e  s e e  t h a t  t h e  l a r g e s t  region R i n  

which t h e  g e n e r a l  s o l u t i o n  e x i s t s  i s  y 
2 

< 4x + 8,  y # 0; which 

d e f i n e s  R t o  be t h e  i n t e r i o r  of  t h e  parabola  y2 = 4~ + 8. 
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2.1.8 continued 

P i c t o r i a l l y ,  

Y 
4 

No s o l u t i o n s  h e r e  

s i n c e ,  i f  

y2>4x + 8 ,  

dy/dx i s  

n o t  r e a l .  


y2 = 4x + 8 

(-2 , O )  

X 


For each p o i n t  (xo,yo) i n  R t h e r e  i s  one and only one s o l u t i o n  

of (6)  which passes  through (xo ,yo) .* 
I=. Since (3, ~ ) E R , w ~expect  t h a t  c  w i l l  be determined once we l e t  

x = 3 and y = 4 i n  (1). This  y i e l d s  (3  - c l2  + 42 = 4 c  + 4 o r  

9 - 6c + c 2  + 16 = 4c + 4 o r  c2  - 10c + 21 = 0,  o r  

( C  - 3) (c - 7) = 0. 

From (12) w e  see t h a t  e i t h e r  c = 3 o r  c = 7. 

With c = 3,  equat ion  (1) becomes 

( X  - 3)
2 + y2 = 16,  

while wi th  c = 7, equat ion  (1) becomes 

(x  - 712 + y2 = 32. (14) 

* S i m i l a r l y  o n e  a n d  o n l y  o n e  s o l u t i o n  o f  ( 7 )  p a s s e s  t h r o u g h  
( x o , y  ) .  S i n c e  t h e s e  two s o l u t i o n s  n e e d  n o t  b e  t h e  same we see  
t h a t  ? o r  a u n i q u e  s o l u t i o n  o f  ( 3 )  we m u s t  r e s t r i c t  o u r  a t t e n t i o n  
t o  e i t h e r  ( 6 )  o r  ( 7 )  b u t  n o t  b o t h .  

S.2.1.37 
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Both (13) and ( 1 4 )  r e p r e s e n t  c i r c l e s  which pass  through ( 3 , 4 ) .  

The s l o p e  of (13) a t  (3 ,4)  i s  

This  ag rees  wi th  t h e  va lue  of 

a s  g iven by ( 7 ) .  On t h e  o t h e r  hand t h e  s l o p e  of  ( 1 4 )  a t  (3,4)  

is given by 

s o  t h a t  

which agrees  wi th  t h e  va lue  of 

a s  given by (6). 

I n  summary, then,  t h e  circle ( 1 4 )  i s  t h e  only s o l u t i o n  of (6) 

which passes  through ( 3 , 4 ) ;  whi le  t h e  c i r c l e  (13) i s  t h e  only  

s o l u t i o n  of  ( 7 )  which' passes  through ( 3 , 4 ) .  Since t h e  only solu-  

t i o m  of (3)  a r e  s o l u t i o n s  of e i t h e r  ( 6 )  o r  ( 7 ), we have t h a t  

(13) and ( 1 4 )  a r e  t h e  only  s o l u t i o n s  of (3)  which pass  through 

( 3 , 4 ) .  The ambiguity vanishes  once we agree  t o  r e p l a c e  equat ion  
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2.1.8 continued 

(5 by t h e  two s e p a r a t e  equat ions  (6)  and (7) . 

P i c t o r i a l l y ,  

d. W e  rewrite (1) a s  

and l e t  

Then 


f c ( x , y , c )  = -2 (x  - c) - 4. 


Using (16) and (17) i n  t h e  system 


y i e l d s  
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2.1.8 cont inued  


and 


From (19) , x - c = -2 o r  c = x + 2,  whereupon (18) becomes 


4 + y2 - 4(x  + 2) - 4 = o o r  


Thus, y2 = 4 ( x  + 2) must a l s o  s a t i s f y  (3)  s i n c e  it i s  the envelope 

of  a f a m i l y  o f  s o l u t i o n s  o f  (31 . A s  a check,  (19) y i e l d s  

whereupon (31 becomes 

which checks  w i t h  (19) .  

Again, p i c t o r i a l l y ,  w e  have drawn t h e  members of (1)w i t h  

c = 0,0 ,1 ,2 ,3 ,4 ,5 ,6 ,  and 7 t o  o b t a i n  
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A t  each 

ou t s ide0  	 A t  each p o i n t  
y2= 4x + 8, 

(XOIYO)  , i n s i d e
equat ion  ( 3 )  y2 = 4x + 8, equat ion  ,
has no 	 (3)  i s  s a t i s f i e d  by 
s o l u t i o n s .  	 two members of (1). 

One s a t i s f i e s  (1) i n  
t h e  form of (6)  and 
t h e  o t h e r  i n  t h e  form 
of ( 7 ) .  These a r e  
t h e  only two s o l u t i o n s  
of (3)  which pass  
through (xo,yo) . 

1 
A t  each p ~ i n t  

on y2= 4x + 8,  

t h e r e  a r e  two 

s o l u t i o n s  o f  

( 3 )  which p a s s  
through ( x  ,yo) .  

One of thege  

belongs t o  (1) 

[ s i n c e  i n  t h i s  case  
(6)  and (7)  a r e  t h e  

same curve  because 

8 - y2 + 4 x =  01; 

and t h e  o t h e r  i s  

y2 = 4x + 8,  which 

i s  c a l l e d  a s i n g u l a r  

s o l u t i o n .  
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2.1.9 ( o p t i o n a l )  

a .  Given t h e  C l a i r a u t  equat ion  

we know from t h e  l e c t u r e  t h a t  w e  may rep lace  dy/dx by c i n  (1) t o  
o b t a i n  

which i s  a 1-parameter family of s o l u t i o n s  of (1). 

b. L e t t i n g  f  (x.c) = cx - $ c4, w e  see t h a t  

Hence, us ing  (2)  and (3 )  i n  t h e  system 

w e  o b t a i n  


y = c x - l c 4 

4 

and 


x - c3 = 0. 


1 


The bottom equat ion  i n  ( 4 )  i n d i c a t e s  t h a t  c = x3, and rep lac ing  c 

by x1I3 i n  t h e  t o p  equat ion  of ( 4 )  [ i .e . ,  i n  (2) 1 ,  w e  o b t a i n  

s o  t h a t  
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is t h e  envelope of  ( 2 )  .* 


C. Hence, 

should a l s o  be a s o l u t i o n  of (1). 

To check t h i s  w e  see from (5) t h a t  

whereupon 

= Y [by (5)1. 

a. 1. y = 3/4x4I3 = 3/4 ( 3 ~ ) 4 ,-> 0 f o r  a l l  x. Hence, y = 3/4x 4/3 

never goes below t h e  x-axis .  

Hence, dy/dx and x have t h e  same s i g n  f o r  each x. Consequently, 

y = 3/4x4I3 rises when x > 0 and f a l l s  when x < 0. 

* A c t u a l l y ,  a l l  we h a v e  shown i s  t h a t  i f  ( 2 )  h a s  a n  e n v e l o p e ,  i t  i s  
g i v e n  by  ( 5 ) .  T e c h n i c a l l y  s p e a k i n g ,  we mus t  s t i l l  c h e c k  t h a t  ( 5 )  
i s  t h e  e n v e l o p e  and  t h i s  i s  l a b o r i o u s .  However i n  p a r t  ( c )  we 
p r o v e  i n d i r e c t l y  t h a t  ( 5 )  i s  t h e  e n v e l o p e  o f  ( 2 )  s i n c e  i t  s a t i s f i e s  
t h e  same d i f f e r e n t i a l  e q u a t i o n  a s  e a c h  member o f  ( 2 ) ;  and  i n  p a r t  
( d )  we show d i r e c t l y  t h a t  ( 5 )  i s  t h e  e n v e l o p e  of ( 2 ) .  
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2.1.9 continued 

1 -53. 	 dy-x= , x < O, s o  9i s  never negat ive .  
dx2 3 3 ( 3 ~ ) 2  dx 

Hence, y = 4 x4 l3  always "holds water".  Therefore ,  

-4 

These t angen t  l i n e s  
have t h e  form 

+c4 

a s  w i l l  be d i scussed  
below. 

Since  dy/dx = x1l3, t h e  s lope  of y = 3/4x4I3 a t  (xo,yo) i s  given 

by xo1l3. Hence, t h e  equat ion  of t h e  l i n e  t angen t  t o  y = 3/4x 4/3 

-IY -	Yo 3 = X 
X - X  0

0 

or 
1 4 

- Jy - y o - X o  3 X - X  
0 

and s i n c e  f o r  (xo, yo) on y = 3/4x 4/3 , yo = 3/4xo 4/3 , (6)  becomes 
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Then, s i n c e  x  i s  f i x e d ,  s o  a l s o  i s  xo. Theref o r e ,  l e t t i n g  

c = x 'I3 i n  
0 
( 7 )  w e  o b t a i n  y  = cx - 1/4c 4 which i s  c e r t a i n l y  a  

0 

member of  (2). 


Conversely, t h e  f a c t  t h a t  c = xo [from ( 4 )  1 impl i e s  t h a t  xo= c  

whereupon it i s  e a s i e r  seen t h a t  y  = cx - 1/4c4 i s  tangent  t o  

y = 3/4x4I3 a t  (c3, 3/4c 4 
; t hus  e s t a b l i s h i n g  t h a t  (5)  i s  t h e  

envelope of (2) . 

In  p a r t i c u l a r ,  

1. Equation (1)has  a t  l e a s t *  one s o l u t i o n  t h a t  passes  through 

(xo,yo) i f  (xory0) l ies  below y  = 3/4x4l3. Namely t h e r e  i s  a 

member of (2)  t h a t  does t h e  job. 

2. Equation (2)  has a t  l e a s t  two s o l u t i o n s  t h a t  pass  through 

(x0'yo) i f  (xo,yo) i s  on y  = 3/4x4l3. Namely y  = 3/4x 4/3 , 
i t s e l f ,  a s  w e l l  a s  a  member of  (2) . 

e. Here w e  p r e s e n t  a  g e n e r a l  a t t a c k  f o r  so lv ing  t h e  genera l  

C l a i r a u t  equat ion .  The a t t a c k  works f o r  a l l  such equat ions  

b u t  our  s p e c i f i c  i l l u s t r a t i o n  i s  r e s t r i c t e d  t o  t h e  equat ion  i n  

t h e  p r e s e n t  e x e r c i s e .  The key i d e a  i s  t o  d i f f e r e n t i a t e  t h e  

equat ion  wi th  r e s p e c t  t o  x ,  and f o r  t h e  sake of n o t a t i o n a l  

convenience t o  l e t  u = dy/dx. Thus, from 

*The f u n d a m e n t a l  t h e o r e m  of  t h e  l e c t u r e  r e q u i r e s  t h a t  o u r  
e q u a t i o n  h a s  t h e  fo rm d y / d x  = f ( x , y ) .  Our p r e s e n t  e q u a t i o n  
i s  o f  t h e  4 t h  d e g r e e  and  s u c h  e q u a t i o n s  a r e  d i f f i c u l t  t o  w r i t e  
i n  t h i s  fo rm ( a n d  e v e n  w o r s e ,  i f  t h e  d e g r e e  e x c e e d s  4 ,  t h e r e  
i s  n o  g u a r a n t e e  t h a t  t h e  e q u a t i o n  c a n  b e  w r i t t e n  i n  t h e  
r e q u i r e d  f o r m ) .  T h i s  u n i q u e n e s s  i s  h a r d e r  t o  come b y ,  b u t  t h i s  
i s  d i s c u s s e d  i n  t h e  n e x t  p a r t  o f  t h i s  e x e r c i s e .  

3 , 
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w e  o b t a i n  

and d i f f e r e n t i a t i n g  ( 8 )  with  r e s p e c t  t o  x y i e l d s :  

d dQ = - (xu) + -( - :u4)
dx dx dx 

du* = x - + U - u  3 du
dx dx E 

Then, s i n c e  u = dy/dx, (9)  becomes 

u = x  duz + u - u  3 du 
az 

o r  

3 duo =  ( x - u )  z. 

From (10) it fol lows t h a t  e i t h e r  

du - 0
E -

If (11)holds ,  u = c and s i n c e  u = dy/dx, we  conclude t h a t  

y i e l d s  a s o l u t i o n  of (1); and a t r i v i a l  check v e r i f i e s  t h a t  

t h i s  is  indeed c o r r e c t .  

If (12) ho lds ,  w e  have t h a t  dy/dx = u = x1j3 and rep lac ing  dy/dx 

by x1l3 i n  (1)y i e l d s  y = x(x1l3) - 1 / 4 ( ~ " ~ ) ~o r  y = 3/4 x 4/3 

whichagreeswi th  o u r  ea r l i e r - found  envelope of t h e  family given 
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Since (11) and (12) a r e  t h e  only p o s s i b l e  s o l u t i o n s  of 

w e  see t h a t  every  s o l u t i o n  of (1) comes from (2)  and (5) . In  

o t h e r  words ; 

1. No s o l u t i o n  of (1) passes  through (xoryo) i f  (xo,yo) i s  

above y = 3/4x 4/3 . 

2. There a r e  exac t ly*  two s o l u t i o n s  of (1)which pass  through 

(xoryo) i f  (xo,yo) i s  on y = 3/4x 4/3 . 

3. There i s  one s o l u t i o n  of (1) i f  (xo,yo) i s  below 


y = 3/4x 4/3 . 


Since  w e  a r e  n o t  always a b l e  t o  so lve  f o r  dy/dx e x p l i c i t l y ,  t h e  

s a f e s t  way t o  s t a t e  t h e  r e s u l t  is: 

1. I f  (xoIy0) i s  above y = ,equation (1) has no s o l u t i o n s  

which pass  through (xo,yo) . 
2. I f  (xoIyo) i s  below y = 3/4x4l3, every  s o l u t i o n  of (1)which 

passes  through (xo,yo) belongs t o  t h e  1-parameter family def ined 

by ( 2 ) .  

3. I f  (xoIyo) i s  on y = 3/4x4l3 then t h e r e  i s  i n  a d d i t i o n  t o  

any members of (2) which pass  through (xo,yo), t h e  s o l u t i o n  

y = 3/4x 4/3 * 

e ere we a r e  assuming t h a t  we have s o l v e d  (1) f o r  dy/dx and a r e  
r e s t r i c t i n g  our answer t o  one such f a c t o r  ( j u s t  a s  we d i d  i n  
t h e  p r e v i o u s  e x e r c i s e ) .  
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has t h e  form Mdx + Ndy = 0 with  

M = 2xy + 2 x3 and N = x + y2 + 1. 

From (2)  it fol lows t h a t  M = 2x = Nx s o  t h a t  (1) is  exac t .
Y 

Hence, t h e r e  e x i s t s  f ( x , y )  such t h a t  

and s i n c e  

w e  may equate  (3) and ( 4 )  t o  conclude t h a t  

and 

From (5) w e  see t h a t  

whence 

Equating f  i n  ( 6 )  t o  i t s  value  i n  (7)  y i e l d s  x2 + g '  (y) = 
2 x + y2 + Y1 o r  g l ( y )  = y2 + 1. Hence, 

g ( y )  = ; y 3  + y + C1. 
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2.2.1(L) continued 

Replacing g (y)  i n  ( 7 )  by i t s  value  i n  ( 9 )  , we conclude t h a t  

Moreover, s i n c e  (1)and (3)  t o g e t h e r  imply t h a t  df = 0; o r  

f (x ,y)  = c2, w e  see from (10) t h a t  

is a s o l u t i o n  of (1). Moreover, s i n c e  both  cl and c2 a r e  

a r b i t r a r y  c o n s t a n t s  w e  may "amalgamate" them and thus  w r i t e  (11) 

2 1 3 
x Y + x4 + y y + y = c3 (where c3 = c2 - cl). 

To c l e a r  (12) of f r a c t i o n s ,  w e  may mul t ip ly  both  s i d e s  by 

twelve t o  o b t a i n  

2 12x y + 3x4 + 4y3 + 12y = c (where c = 12c3) .  

To f i n d  t h e  member(s) of  (13) which pass  through t h e  p o i n t  

(xo,yo) w e  r e p l a c e  x by xo and y by yo i n  (13) t o  o b t a i n  

whence w e  conclude t h a t  

i s  t h e  only member of (13) which passes  through (xo,yo) . 
Moreover, s i n c e  (xo,y0) could denote any p o i n t  i n  t h e  p lane  and 

s i n c e  (15) is  uniquely determined and well-defined f o r  each 

choice of xo and yo, we may conclude from (15) t h a t  t h e r e  is 

one and only  one member of (13) which passes  through a given 

p o i n t  (xo, yo) ; and t h i s  member i s  de f ined  by (15). 

Up t o  t h i s  p o i n t ,  our d i s c u s s i o n  has been a review of e x a c t  

d i f f e r e n t i a l s  which w e  d i d  e a r l i e r  i n  our  course.  To t i e  i n  

t h e  concept of g e n e r a l  s o l u t i o n  a s  d iscussed i n  t h e  previous 
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2.2.1(L) continued 

s e c t i o n ,  w e  observe t h a t  (1)may be w r i t t e n  e q u i v a l e n t l y  a s  

where t h e  equivalence  of (1) and (16) hinges on t h e  f a c t  t h a t  

x2 + 2y + 1 i s  never O*. 

Applying t h e  theorem of Lecture  7.010 t o  (16) wi th  

w e  see t h a t  s i n c e  f  (x ,y)  e x i s t s  and i s  continuous ( s ince  f  
Y 

i s  t h e  q u o t i e n t  of two cont inuously  d i f f e r e n t i a b l e  func t ions  

whose denominator never vanishes)  i n  t h e  e n t i r e  p lane ,  t h e r e  

i s  one and only one s o l u t i o n  of (16) [ o r ,  e q u i v a l e n t l y ,  of ( 1 1 1  
which passes  through (xo, yo) . 

Since (15) i s  such a  s o l u t i o n ,  it is t h e  only one and we 

t h e r e f o r e  conclude t h a t  (13) is  t h e  g e n e r a l  s o l u t i o n  of (1). 
A s  a f i n a l  n o t e ,  le t  u s  observe t h a t  i n  any region R where M/N 

and a(-M/N)/ay e x i s t  and a r e  continuous,  t h e  equat ion  

has a g e n e r a l  s o l u t i o n .  However, (17) and t h e  equat ion  Mdx + 
Ndy = 0 a r e  n o t  e q u i v a l e n t  i f  t h e  region R inc ludes  p o i n t s  f o r  

which N (x ,y)  = 0. I n  such a  c a s e ,  once w e  s o l v e  (17) w e  must 

t a c k l e  s e p a r a t e l y  those  s p e c i a l  cases  f o r  which N(x,y) = 0. 

-- -- 

*In  t h e  more g e n e r a l  c a s e ,  when we r e - w r i t e  Mdx + Ndy = 0 i n  
t h e  form dy/dx = -M/N, we must be  prepared t o  e x p e c t  s i n g u l a r  
p o i n t s  wherever N ( x , y )  = 0 .  
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2.2.2(L) 

A very spec i a l  case of a f i r s t  order exact  d i f f e r e n t i a l  equation 

is  the  equation 

in which the  var iab les  a r e  already separated.  T r i v i a l l y  (1) is 

exact  s ince  with M = f  (x) and N = g (y) we have 

Indeed when (1)holds,  a so lu t ion  i s  F(x)  + G(y) = c where 

F' (x) = f (x) and G '  (y) = g ( y ) .  

A more sophis t ica ted  version of (1) i s  seen i n  

Narnely,as (2) now stands,  it is  -not  exac t ,  s ince  

and 

so  t h a t  M f Nx.
Y 

In  p a r t i c u l a r ,  then,  the  var iab les  i n  ( 2 )  a r e  not separated. 

However, the  var iab le  i n  ( 2 )  a r e  separable.  That is ,  there  i s  

an equivalent  way of wr i t ing  ( 2 )  i n  which the  var iab les  a r e  

separated.  Namely, we multiply both s ide s  of ( 2 )  by 

t o  obtain  
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2.2.2 (L) continued 

Note : 


I n  t h e  language used i n  t h e  t e x t  a s  w e l l  a s  i n  t h e  l e c t u r e ,  t h e  


f a c t  t h a t  mul t ip ly ing  both s i d e s  of (2)  by 1/(1+ 2x ) (1+ 2y ) 


y i e l d e d  an e q u i v a l e n t  e x a c t  d i f f e r e n t i a l  equat ion  (namely (311, 


means t h a t  1/(1+ 2x ) (1+ 2y ) is  c a l l e d  an i n t e g r a t i n g  f a c t o r  of 


( 2 ) .  

W e  may now i n t e g r a t e  (3)  by s i g h t  t o  o b t a i n  

a r c  t a n  x + a r c  t a n  y  = cl. 

Note : 


A knowledge of va r ious  t r igonomet r i c  i d e n t i t i e s  al lows u s  t o  


r e -wr i t e  ( 4 )  more " a l g e b r a i c a l l y "  i f  we s o  d e s i r e .  Namely, 


l e t t i n g  t a n  u = x and t a n  v  = y ( i .e . ,  u = a r c  t a n  x  and 


v  = a r c  t a n  y )  w e  have: 


t a n  u + t a n  vtan(u + V )  = 1 - t a n  u t a n  v  

b u t  from ( 4 )  u + v = cl. Hence, (5) impl ies  

t a n  cl = F+ 
o r  l e t t i n g  t a n  cl = c ,  w e  o b t a i n  

which i s  e q u i v a l e n t  t o  ( 4 ) .  

*Tn g e n e r a l ,  t h e  p r o c e s s  o f  r e w r i t i n g  f ( y ) d x  + g ( x ) d y  = 0 i n  t h e  
f o r m  d x / g ( x )  + d y / f ( y )  = 0 d o e s  n o t  y i e l d  a n  i d e n t i t y  s i n c e  t h o s e  
p o i n t s  a t  w h i c h  e i t h e r  g ( x )  = 0 o r  f ( y )  = 0 m u s t  b e  i n v e s t i g a t e d  
s e p a r a t e l y .  We h a v e  a v o i d e d  t h i s  p r o b l e m  i n  o u r  u s e  o f  1 + x 2  a n d  
1 + y 2  s i n c e  n e i t h e r  o f  t h e s e  two e x p r e s s i o n s  c a n  e v e r  b e  z e r o .  
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2.2.2 (L) continued 

The f a c t  t h a t  ( 4 )  [or ( 6 ) 1 i s  the  general  so lu t ion  of ( 2 )  follows 

from the  fundamental theorem when we wr i te  ( 2 )  i n  the  form 

2.2.3(L) 

I f  t he  f i r s t  order equation can be wr i t t en  i n  the  spec i a l  form 

i i . e . ,  dy/dx i s  a function of both x and y bu t  t he  var iab les  

occur only i n  the  form y/x; s o  t h a t  we may view f a s  a funct ion 

of t h e  s ing l e  var iab le  v where v = y/xl 

it seems suggestive* t o  l e t  v = y/x i n  (1). I f  w e  do t h i s  then 

y = xv, whereupon dy/dx = x dv/dx + v,  and (1)becomes 

dvx -+ v = f ( v ) .  (2) dx 

Equation ( 2 )  happens t o  have the  var iab les  separable - a so lu t ion  

which we can already handle! In  p a r t i c u l a r ,  from (2) we obtain  

Then, provided x # 0 and f ( v )  - v # 0, (3) i s  equivalent t o  

*Much o f  t h e  t echnique  f o r  s o l v i n g  d i f f e r e n t i a l  equat ions  i n v o l v e s  
t r y i n g  c e r t a i n  s u b s t i t u t i o n s  -

-
some f a i r l y  o b v i o u s ,  o t h e r s  r a t h e r  

s o p h i s t i c a t e d  i n  the  hope o f  r e p l a c i n g  t h e  g i v e n  equat ion  by 
an e q u i v a l e n t  e q u a t i o n  which happens t o  be  e a s i e r  f o r  us t o  
h a n d l e .  
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2.2.3(L) continued 

and i n  ( 4 )  t h e  v a r i a b l e s  a r e  separa ted .  

W e  then  i n t e g r a t e  ( 4 )  and f i n d  v i n  t e r m s  of x.  Once t h i s  i s  

done w e  need only r e p l a c e  v by y/x t o  o b t a i n  t h e  f i n a l  r e s u l t .  

I t  should be noted t h a t  t h e r e  i s  no need f o r  memorizing ( 4 )  

s i n c e  i n  a problem of type  (1) t h e  s u b s t i t u t i o n  v = y/x ( o r  y = 

xv) l eads  us t o  ( 4 )  d i r e c t l y .  

Thus, i n  t h e  p r e s e n t  e x e r c i s e ,  wi th  

w e  l e t  v = y/x. Hence , y =vx and t h e r e f o r e  

s o  t h a t  (5)  becomes 

Therefore ,  

s o  t h a t  

a r c  t a n  v = l n l x l  + c (6) 

*We must remember, however,  t h a t  i f  x = 0 or f ( v )  - v = 0 ,  ( 3 )  
i s  s t i l l  d e f i n e d  but ( 4 )  i s n ' t .  Hence, t h e s e  s p e c i a l  c a s e s ,  
a s  u s u a l ,  must be t r e a t e d  s e p a r a t e l y .  
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2.2.3 (L) continued 


and s ince  v = y/x, (6) may be wr i t t en  a s  


a r c  t a n  = l n [ x l +  c. 

X 

I n  p a r t i c u l a r ,  i f  we l e t  x = y = 1 i n  (7) we ob ta in  


a r c  t a n  1 = In  1 + c 


I!= 	c.
4 


Hence, with t h i s  value of c ,  (7) becomes 


arc t an  = l n lx l+  ; 

and i f  w e  now take i n t o  account t h a t  R i s  the  half-plane x > 0 ,  


(8) becomes 


a r c  t an  = I n  x + a -
'ti 


2.2.4 (opt ional)  

a. 	 Here w e  have an equation which almost has the  form dy/dx = f (y/x)  

bu t  it is spoi led only by the  f a c t  t h a t  cl and c2 do not  have 

t o  be zero. The technique here  is t o  t r y  f o r  a change of 

var iab les  i n  t h e  form 

Geometrically, t h i s  i s  equivalent  t o  t r a n s l a t i n g  our coordinate 

system f o r  (0,O) t o  (h ,k) .  P i c t o r i a l l y ,  
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2.2.4 continued 

The method f a i l s  i f  alb2 - a2bl = 0 (i.e.  , i f  t h e  l i n e s  a r e  

p a r a l l e l )  b u t  i n  t h a t  case ,  l e t t i n g  u  = alx + bly works w e l l  

f o r  us  (see p a r t  (c)). 

A t  any r a t e ,  r ep lac ing  x and y  i n  

by then va lues  i n  ( 1 1 ,  w e  o b t a i n  

Looking a t  (3)  w e  see t h a t  i f  w e  choose h  and k  such t h a t  

then ,  equa t ion  (3)  has  t h e  e f f e c t  of e l i m i n a t i n g  cl and c2 
from equat ion  (2). 
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2.2.4 continued 

I n  o t h e r  words, i f  alb2 - a2bi # 0,  we may s o l v e  ( 4 )  uniquely 

f o r  h and k t o  o b t a i n  

With h and k a s  given by (5) and (6), equat ion  ( 3 )  becomes 

Dividing numerator and denominator of  (7)  by xl, we o b t a i n  

Equation ( 8 )  i s  then solved by l e t t i n g  v = y l / x l ; . a f t e r  which w e  

r e p l a c e  xl and yl by x - h and y - k where h and k are a s  given 

i n  (5)  and (6). 

b. Given 

w e  f i r s t  observe t h e  r i g h t  s i d e  of (9)  i s  continuously d i f f e r e n -  

t i a b l e  excep t  when 3x - y - 9 = 0 ( o r  i n  more f a m i l i a r  form, 

y = 3x - 9 ) .  I n  o t h e r  words (9)  has no s o l u t i o n  on t h e  l i n e  

y = 3x - 9 b u t  i n  any region R,which excludes t h i s  l i n e r i t  has  

a  unique g e n e r a l  s o l u t i o n .  

I n  p a r t i c u l a r  us ing  t h e  n o t a t i o n  i n  ( a )  we have 
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2 .2 .4  cont inued 

s o  t h a t  from (5)  and (6), 

and 

Thus, ( 7 )  becomes 

and l e t t i n g  v = yl/xl, o r  y1 = vxl, (10) becomes 
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2.2.4 continued 

Hence, 

(3  -
-

V )  dv -
+ - -  dxl 


(x 2) (v 1) 
1 


Applying p a r t i a l  f rac t ions  t o  3 - v / (v  - 2 )  (v + 1 1 ,  we obtain  

A + B -v 3 - v  
. v T  - ( v -  2 ) ( v +  1) 


so t h a t  with v # 2 


B(v  - 2) - 3 - v 

A +  v + l  -v+l 


and l e t t i n g  v -+ 2, w e  obtain 


1
A = 3 .  

Similar ly  i f  v # -1, (12) may be wr i t ten  as 


v + l  3 - v 

(=)A + B = v - 2  -


and l e t t i n g  v -+ -1, 


B = --
4 


3 


Combining (13) and (14 )  with (12) w e  have 


-1 1 4 - -
3 ( c - 2  ) - 3 3 ) - (v -

3 v 

2) (v + 1) ' 


so  t h a t  (11)becomes 

+ C1 

o r  

1 4 i n  lv - 21 - In lv + 11 = lnlxll  + In c1 (cl > 0) 
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2.2.4 continued 


and if we remove the absolute value signs, we have 

v - 2 = c x 3 I  where c = + q3 
1


.
tv + 1) 


Remembering that v = yl/xl, (15) becomes 
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2.2.4 continued 

F ina l ly  r e c a l l i n g  t h a t  x = xl + h and y = yl + k and using the  

f a c t  t h a t  from ( 5 ' )  and ( 6 ' ) ,  h = 2 and k = -3, equation (16) 

becomes 

While the  computation is  i t s e l f  somewhat involved, no t ice  t h a t  

our main message is  t h a t  w e  a r e  t ry ing  t o  show how w e  modify 

ex i s t i ng  rec ipes  t o  f i nd  new rec ipes  f o r  solving problems which 

a r e  d i f f e r e n t  from the  usual ones. In  o the r  words, much of t he  

idea behind solving d i f f e r e n t i a l  equations hinges on t he  a b i l i t y  

(be it l o g i c a l  o r  hit-and-miss) of reducing unsolved equations 

t o  equivalent ,  more fami l ia r  equations which we have already 

solved. 

c. 	 Recognizing t h a t  2(2x + 3y) = 4x + 6y, we l e t  u = 2x + 3y. I n  

t h i s  way 

be comes 

(U + 4)dx - ( 2 ~  + 1)dy = 0

and 	s ince  u = 2x + 3y, du = 2dx + 3dy 

du - 3dydx = 2 

s o  t h a t  (18) becomes 

(u + 4 )  (v)- (2u + 1)dy = 0 
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2 . 2 . 4  con t inued  

udu + 4du - 3udy - 12dy - 4udy - 2dy = 0 

o r  

Hence, 

and s i n c e  u = 2x + 3y, w e  have 
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2.2.4 continued 

d. 	 Here w e  simply wish t o  r e i n f o r c e  how p a r t i c u l a r  s o l u t i o n s  a r e  

ob ta ined  from t h e  g e n e r a l  s o l u t i o n .  With x = -2 and y = 1, 

equat ion  (19) becomes 

Hence, c = -4 s o  t h a t  (19) becomes 

More g e n e r a l l y ,  i f  w e  l e t  x = xo and y = y0 
i n  (19) w e  o b t a i n  

which is  well-defined except  when 2xo + 3yo + 2 = 0 .  This  is 

t h e  reason t h a t  u + 2 = 0 (i .e. ,  2x + 3y + 2 = 0) i s  excluded. 

I n  summary, then ,  i n  any region R which does n o t  con ta in  a 

p o r t i o n  of  t h e  l i n e  2x + 3y + 2 = 0 , (19) i s  t h e  genera l  

s o l u t i o n  of (17) . 

The problem wi th  f ind ing  i n t e g r a t i n g  f a c t o r s  i s  t h a t  w e  must 

s o l v e  a p a r t i a l  d i f f e r e n t i a l  equat ion  r a t h e r  than an o rd ina ry  

d i f f e r e n t i a l  equat ion .  That  i s ,  i f  Mdx + Ndy is n o t  e x a c t ,  t h e  

test  f o r  f i n d i n g  u such t h a t  uMdx + uNdy i s  e x a c t  r e q u i r e s  t h a t  
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2.2.5 (L) continued 

Since ,  i n  g e n e r a l ,  u ,  M ,  and N a r e  func t ions  of x and y ,  equat ion  

(1)means t h a t  

a .  I n  t h i s  p a r t  of t h e  e x e r c i s e  w e  t r y  t o  determine u  knowing 

t h a t  u = u ( x ) ;  i .e .  au/ay = 0. With t h i s  knowledge, (2)  

becomes : 

M - Nx 
d u - [ Y 
- -

u N I dx. 


Equation ( 4 )  i s  n o t  even meaningful u n l e s s  M - Nx/N i s  a

Y 

func t ion  of x  a lone .  I n  t h i s  even,  i f  w e  l e t  

w e  o b t a i n  from ( 4 )  t h a t  

- -d" - P (x)  dx 
u 


whence 

*If u = u(x) , then u 
X 

-- du/dx. 

S.2.2.17 
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2.2.5 (L) continued 

Since a l l  we requi re  i s  a s ing l e  i n t eg ra t i ng  f ac to r ,  we may l e t  

c = 1 i n  (5) t o  ob ta in  

b. Given 

( y  - xex)dx - xdx = 0 .  


w e  let  


Then 


so  ( 7 )  is not  exact. 


However. 


s o  t h a t  from (61,  

i s  an i n t eg ra t i ng  f ac to r  of (7). 

2
Indeed, i f  w e  mul t iply  both s ide s  of (7) by l / x  we obtain  
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2.2.5 (L) continued 

and 

s o  t h a t  181 i s  exac t .  

I n  f a c t ,  w e  may w r i t e  (8) a s  

* 
( 9 )  i s  c a l l e d  t h e  s o l u t i o n  o f  ( 7 )  e v e n  i f  we do n o t  e v a l u a t e  

- X 

more  e x p l i c i t l y .  The p o i n t  i s  t h a t  ( e x c e p t  a t  x= 0 )  e X / x  i s  a 
c o n t i n u o u s ,  h e n c e  i n t e g r a b l e ,  f u n c t i o n  w h i c h  d e f i n e s  a f u n c t i o n  
f ( x )  i m p l i c i t l y  by 
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2.2.5 (L) continued 

c. 	 A f i r s t  o rde r  d i f f e r e n t i a l  equat ion  of  t h e  form 

2 + P ( x ) y  = Q ( x )  

i s  s a i d  t o  be  l i n e a r  i n  y. (This  w i l l  be expla ined i n  more d e t a i l  

l a t e r  i n  t h e  Block.) 

W e  may rewrite (10) i n  t h e  form 

L e t t i n g  

w e  	see t h a t  

s o  t h a t  (11) i s  n o t  e x a c t  u n l e s s  P  (x) 2 0 . 


Y e t ,  


s o  t h a t  


JP (x) dx 
e 

i s  an i n t e g r a t i n g  f a c t o r  f o r  (ll),hence a l s o  f o r  (10) .  

fP ( X I  dxI n  f a c t ,  i f  w e  mul t ip ly  both s i d e s  of  (10) by e 

eJP(x)dx  9 + p ( x ) e  JP ( X I d X  y = Q (x)e/P (x)  a x  
dx 


o r  
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2.2.5 (L) continued 

s o  t h a t  

ye IP (x'dx = J Q ( X ) e  
SP (x)dx dx + c. 

One should never memorize (13) [which could e a s i l y  be a t raumat ic  

exper ience] .  Rather ,  one should perform t h e  va r ious  opera t ions  

a s  they occur.  For example: 

d.  With 

W e  have t h a t  P (x)  = - T;1 whence IP (x) dx =-ln Ixi = In  Ixl -1 

s o  t h a t  

ZP (x)dx = Lo r  s i n c e  x > 0, e x -

Mul t ip ly ing both s i d e s  of  (14) by 1 y i e l d s  

Hence, 

vx-l -- 5 x5 + c ,  

*As a q u i c k  way o f  g e t t i n g  from ( 1 5 )  t o  ( 1 6 ) ,  compare t h e  

p r o c e s s  o f  g e t t i n g  from ( 1 2 )  t o  ( 1 2 ' ) .  That  i s ,  o n c e  we 

m u l t i p l y  b o t h  s i d e s  b y  i n t e g r a t i n g  f a c t o r  


j P ( x )  d x  e 9 

t h e  l e f t  s i d e  o f  t h e  e q u a t i o n s  i s  p r e c i s e l y  -d [ y  e / P ( x )  d x  I .d x  
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2.2.5 (L) continued 

Therefore, 

y = $ x 6  + CX. 

Moreover, f o r  each (xo,yo) i n  the  plane,  (17) y i e ld s  

Hence, 


1 6 


C = - X0 
(provided xo + 0) .


X 
0 

Thus, ( 1 4 )  has a so lu t ion  of t he  form (17) through each point  

(xo,yo) provided xo # 0. 

I f  we w r i t e  ( 1 4 )  a s  

and l e t  f (x,y) = x5 + $, we see t h a t  both fx(x ,y)  and f (x,y) a r e  

continuously d i f f e r en t i ab l e  except when x = 0 ,  so  t h a t  (17) i s  the  

general  so lu t ion  of ( 1 4 ) .  

2.2.6(L) 

a. Given 

Then 

where 
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2.2.6 (L) continued 

~ h u s ,  f  (x ,y)  i s  continuous provided p (x)  and q (x) a r e  continuous. 

Moreover, from (1) f (x ,y)  = p ( x ) ,  which i s  a l s o  continuous i f  
Y 


p (x )  i s  continuous.  


Hence, 

has  a g e n e r a l  s o l u t i o n  i n  any region R i n  which p ( x )  and q ( x )  a r e  

continuous.  

b. Given 

where f and g a r e  d i f f e r e n t i a b l e ,  w e  see from (2)  t h a t  

s o  t h a t  

$ - f f  (x)  

c = , where g '  (XI  f 0 .  


g' (x) 


P u t t i n g  ( 3 )  i n t o  (2) y i e l d s  
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2.2.6 (L) continued 

L e t t i n g  p ( x )  = - g l ( x )  and q ( x )  =7.T 
(x )g' + f (x)  , w e  see t h a t  

g (x
( 4 )  t a k e s  t h e  form 

which i s  l i n e a r  i n  y. 

Note : 

What (b)  shows i s  t h e  s t r u c t u r e  of t h e  f i r s t  o rde r  l i n e a r  

d i f f e r e n t i a l  equat ion .  I n  t h e  previous  e x e r c i s e  w e  e s s e n t i a l l y  

showed t h a t  every  f i r s t  o rde r  l i n e a r  d i f f e r e n t i a l  equat ion  had i t s  

s o l u t i o n  i n  t h e  form f  (x)  + cg (x)  . 

I n  p a r t  (b) w e  have shown t h a t  t h e  converse is  a l s o  t r u e .  That is ,  

i f  y = f  (x)  + cg (x)  i s  a 1-parameter fami ly  of curves .  Then, i f  

s u i t a b l e  r e s t r i c t i o n s  a r e  made on f and g ,  t h i s  1-parameter family 

i s  t h e  s o l u t i o n  of a f i r s t  o rde r  l i n e a r  d i f f e r e n t i a l  equat ion .  

c. Notice t h a t  

i s  l i n e a r  i n  5 ( r a t h e r  than y) . 

W e  s o l v e  such an equat ion  j u s t  a s  be fo re ,  only now e/P ( Y )  dy 
1

i s  t h e  in teg rak ing  f a c t o r .  I n  t h e  p r e s e n t  e x e r c i s e ,  p ( y )  = -
Y ' 

so  t h a t  Jp (y )dy  = In  y. Consequently, eJP ( Y )  d~ = e l n  Y = (y ,O )  . 

Mult ip ly ing both  s i d e s  of (5)  by y w e  o b t a i n  
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2.2.6(L) continued 

Hence, 

d. Given 

(which is  n o t  l i n e a r  s i n c e  t h e  r i g h t  s i d e  depends on y  a s  w e l l  a s  

on x ) ,  w e  d i v i d e  both  s i d e s  of  (6) by y  4 t o  o b t a i n  

-4 d l  = - 1 duI f  we now l e t  u = then  * dx = -3y-4 $, o r ,  y dx 3 ?lit* 
Hence (7)  becomes 

and (8)  i s  l i n e a r  i n  u. I n  f a c t ,  an i n t e g r a t i n g  f a c t o r  of (8) 

i s  

Mul t ip ly ing b o t h  s i d e s  of  (8)  by x - ~ ,w e  o b t a i n  

*In  our d i s c u s s i o n s  on l i n e a r  e q u a t i o n s ,  i t  i s  c r u c i a l  t h a t  we 
u s e  t h e  form dy/dx + p ( x ) y  = q ( x ) .  For example ,  g i v e n  
r ( x )  dy/dx + p ( x ) y  = q ( x )  we cou ld  w r i t e  t h i s  a s  dy/dx + 
p ( x ) / r ( x )  y = q ( x ) / r ( x ) ,  but  then  we must worry about where 
r ( x )  = 0 s i n c e  t h i s  c a s e  can l e a d  t o  s i n g u l a r  s o l u t i o n s .  
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2.2.6(L) continued 

Therefore,  ux -3 
= -3x + c, o r  

u = -3x 4 + cx3. 

Then, s i n c e  u = y -3 , ( 9 )  becomes y -3 = -3x 4 + cx3 


Note : 


The g e n e r a l  form of t h e  Bernoul l i  equat ion i s  


*+ p (x)  y = (x)yn , where n # 0 o r  1dx 

[ i . e . ,  when n = 0 o r  n = 1, t h e  equat ion i s  l i n e a r ) .  

The technique f o r  solving (10) i s  t o  mul t ip ly  both s i d e s  by 

y 
-n 

t o  o b t a i n  

W e  then l e t  u = y- ' i n  (11) [so  t h a t  du 
= (-n + 1)y 

-n 9 
d, ,+ 

-ns!Y=- 1 -du (and s i n c e  n # 1, 1 - n # 0) 1 t o  ob ta in  
Or' dx 1 - n  dx 

which i s  l i n e a r  i n  u, W e  so lve  (12) us ing ej(1 - n)p(x ldx  as an 
-n+l

i n t e g r a t i n g  f a c t o r ;  a f t e r  which w e  r e p l a c e  u by y t o  ob ta in  

t h e  f i r s t  answer. 
S.2.2.26 
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2.2.6 (L) continued 

From a l e a r n i n g  p o i n t  of  view, n o t i c e  how a b i t  of c l e v e r  maneuver- 

ing  a l lows us t o  t ransform a Bernou l l i  equat ion  i n t o  t h e  more 

f a m i l i a r  l i n e a r  equat ion .  

2.2.7 ( o p t i o n a l )  

The main aim of t h i s  e x e r c i s e  i s  t o  i n d i c a t e  how w e  o f t e n  (when w e  

are lucky enough) may guess a  proper s u b s t i t u t i o n  even i f  t h e  

equat ion  d o e s n ' t  have a f a m i l i a r  form. 

I n  t h e  p r e s e n t  example, w e  have 

which i s  a q u a d r a t i c  equat ion  i n  . I n  f a c t ,  equat ion  (1) 

happens t o  be s o l v a b l e  f o r  2 even more conveniently i n  t h i s  case.  

Namely, w e  may rewrite (1)a s  

s o  t h a t  

and t h i s  l e a d s  t o  

I n  o r d e r  t o  keep t h i n g s  s ingle-valued,  w e ,  a s  u s u a l ,  e l e c t  t o  

view (2)  a s  t h e  two s e p a r a t e  equa t ions  

and 
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2 . 2 . 7  continued 

The major p o i n t  of t h i s  e x e r c i s e  i s  simply t h a t  i n  e i t h e r  (3)  o r  

( 4 1 ,  t h e  r i g h t  s i d e  inc ludes  x and y only i n  t h e  form x-y. Thus 

while ( 1 1 ,  i n  e i t h e r  t h e  form (3)  o r  form (4) , does n o t  f a l l  i n t o  

any previous ly-s tudied  ca tegory  of f i r s t  o rde r  equa t ions ,  we 

might perhaps expect  t h e  s u b s t i t u t i o n ,  u = x-y, t o  be h e l p f u l .  

Making t h i s  s u b s t i t u t i o n ,  w e  see t h a t  = 1 - ; o r  2 = 1 -dx -d" 
dx ' With t h i s  i n  mind, equat ion  ( 3 )  becomes 

while (4)  becomes 

Thus, from e i t h e r  ( 3 ' )  o r  ( 4 ' )  w e  see t h a t  t h e  s u b s t i t u t i o n  

u = x - y has reduced (1) t o  two f i r s t  o r d e r ,  f i r s t  degree 

d i f f e r e n t i a l  equat ions  i n  which t h e  v a r i a b l e s  a r e  separab le .  

From t h e  p o i n t  of view of what w e  a r e  t r y i n g  t o  t each  i n  t h i s  

e x e r c i s e  (i.e. , t h e  "c leve r"  use  of  change of  v a r i a b l e s )  , 
equat ions  ( 3 ' )  and ( 4 ' )  a r e  s u f f i c i e n t  t o  make our  po in t .  

Never theless ,  t o  r e i n f o r c e  some of e a r l i e r  i d e a s  and p r a c t i c e  

va r ious  computations, l e t  us  c a r r y  t h i s  e x e r c i s e  f u r t h e r ,  i f  

only  a s  a review. 

From (3' we o b t a i n  

s o  t h a t  
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2.2.7 continued 

Reca l l ing  t h a t  u  = x - y ,  equat ion  (5) becomes 

s o  t h a t  (6)  i s  a 1-parameter fami ly  of  s o l u t i o n s  of ( 3 ) .  

Notice from (6)  t h a t  c is  n o t  r e a l  un less  x - y > 0. That i s ,-

no member of (3)  rises above t h e  l i n e  y  = x. 


This  i s  i n  accord wi th  t h e  fundamental theorem of Lecture  7.010 

s i n c e  wi th  f  (x ,y)  = 2-, +1 
 w e  s e e  from (3)  t h a t  x - y 2 0 

f o r  f  (x ,y )  t o  e x i s t .  Moreover, s i n c e  f v  (x,y)  = -1/ w e  s e e  
a 


t h a t  x - y  may l e a d  t o  a  (poss ib ly )  s i n g u l a r  s o l u t i o n  of ( 3 ) .  

Indeed, wi th  y  = x equat ion  (3)  i s  s a t i s f i e d  and y  = x  does no t  

belong t o  t h e  1-parameter fami ly  de f ined  by (6). 

I n  summary: 

1. 	 I f  (xo,yo) is  above t h e  l i n e  y = x ,  equat ion  (3)  [or  f o r  t h a t  
dm a t t e r ,  a l s o  ( 4 ) 1 has no s o l u t i o n  s i n c e  then 	& i s  non-real.  

2. I f  (xo,yo) i s  below t h e  l i n e  y  = x [i .e. ,  xo - yo > 01 , then  

by t h e  fundamental theorem, one and only  one curve s a t i s f i e d  (3)  

and passes  through (xo,yo).  This  curve i s  a  member of (6)  and 

corresponds t o  t h e  va lue  of c when x = xo and y = y
0 ' 

That is ,  

wi th  x = x 
0 

and y  = y
0' equat ion  (6)  y i e l d s  

Replacing c i n  (6)  by i t s  value  i n  (7)  w e  conclude t h a t  i f  

yo 5 x 
0' then  
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2.2.7 continued 


i s  t h e  only curve which passes  through (xo,yo) and s a t i s f i e s  ( 3 ) .  


3. I f  xo = yo, then (7)  i n d i c a t e s  t h a t  c = xo. Hence, 

passes  through (xo,yo) and s a t i s f i e s  ( 3 ) ;  b u t  i n  a d d i t i o n  s o  a l s o  

y = x. I n  f a c t ,  y = x i s  t h e  envelope of (6)  a s  w e  s h a l l  show 

s h o r t l y .  

Our r e s u l t s  concerning t h e  s o l u t i o n s  of (3)  may be e a s i e r  t o  

g rasp  i n  t e r m s  of a graph. 

To begin  wi th ,  (6)  might be e a s i e r  t o  recognize  wi thout  t h e  

square  r o o t .  Thus, l e t  us  square both s i d e s  o f  (6)  t o  o b t a i n  

W e  must be c a r e f u l  t o  no te  t h a t  (9) i nc ludes  more than (6) . 
2Namely, if a = b  and w e  square  both  s i d e s  t o  o b t a i n  a 2  = b , 

n o t i c e  t h a t  t h e  l a t t e r  e q u a l i t y  inc ludes  a = -b a s  w e l l .  

I n  o t h e r  words, (9)  con ta ins  t h e  r e s u l t  of  squar ing  both  s i d e s  

of = -(-x + C )  o r  = x - C,  a s  w e l l .  To keep 

t r a c k  of  what ' s  happening, n o t i c e  from (3)  t h a t  s i n c e  

-20 , must be a t  l e a s t  1. 

With t h i s  i n  mind, w e  may now graph a  t y p i c a l  member of ( 6 ) .  

Namely, each member of  (9 )  i s  a parabola .  I n  p a r t i c u l a r ,  w e  ob-

t a i n  from (9)  t h a t  

and 
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2.2.7 continued 


From (11) we see that our parabola always "spills water". From 


(10) we see that y' > 1- 4+ 

Recall that each member of (6) is the corresponding member of 


(9) limited to $ 2 1. In other words, from (12) we see that 

for a given c, only that portion of (9) for which x -< c belongs 

to (6). 

In any event, continuing to plot the member of (9) first we 
1 + 2chave that y1 = 0t-tx = -; and when x = 1 + 2c, (9) yields 

In any event, 
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2.2.7 continued 

y = -x2 + (1+ 2 c ) x  - c 2  f o r  c = 2. Only t h e  hatched p o r t i o n  

makes up t h e  graph of ( 6 ) ;  i . e . ,  = -x + 2. 

Using Figure  1 a s  a h i n t ,  coupled wi th  t h e  f a c t  t h a t  y = x i s  a 

s o l u t i o n  of  (3), l e t  us  r e p l a c e  y by x i n  ( 9 )  [on i n  (6)  1 t o  o b t a i n  

t h a t  y = x i n t e r s e c t s  = -x + c only a t  ( c , c ) .  Moreover, 

when x = c w e  see from (10) t h a t  y '  = 1 s o  t h a t  y = x i s  tangent  

t o  = -x + c a t  (c,c). W e  a l s o  s e e  t h a t  t h e  high p o i n t  of 
1 + 2 c  1 + 4 c  1y = -x2 + (1+ 2 c ) x  - c2 occurs  a t  ( , . - I =  ( c +  2' 

This l i n e  i s  t h e  
graph of 

fi=X - C ,  C > O  
This  l i n e  i s  t h e  graph 
of = -x + c\ 
c > O  

\ > x  

2(0,-c 

T o t a l  l i n e  i s  t h e  graph of 

(Figure 2a) 

y = x  

t X 

Graph of = x -

T o t a l  l i n e  i s  t h e  graph of 

y = -x2 + (1+ 2c)x  - c 2 
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2.2.7 continued 

Figure  2  shows t h a t  each p o i n t  of y  = x belongs t o  a member of 

( 6 ) ;  hence, y = x i s  a s o l u t i o n  of ( 3 ) .  

A 	 s i m i l a r  a n a l y s i s  holds  f o r  ( 4 )  . I n  f a c t  f o r  ( 4 ) ,  s i n c e  

L 0,  dy/dx -< 1. More s p e c i f i c a l l y ,  so lv ing  ( 4 ' )  y i e l d s  

s o  t h a t  

Squaring both  s i d e s  y i e l d s  

Notice t h a t  (14) i s  t h e  same a s  (9 )  wi th  c = -cl. 


I n  o t h e r  words, t h e  d o t t e d  p o r t i o n s  of t h e  curves i n  Figure  2 


correspond t o  t h e  graphs of (18) whi le  t h e  s o l i d  por t ions  


correspond t o  t h e  graphs of  (6). 


A s  a f i n a l  concre te  example, l e t  us f i n d  a l l  s o l u t i o n s  of (1) 


which p a s s  through ( 1 , O ) .  

L e t t i n g  x = 1 and y  = 0 i n  (6)  y i e l d s  

m = - 1 + c  

Hence c = 2. 
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2.2.7 continued 

Therefore ,  

is  t h e  only member of  ( 6 )  which s a t i s f i e s  ( 3 ) .  Hence, equat ion  

(15) i s  t h e  only  s o l u t i o n  of (3)  which passes  through ( 1 , O ) .  

I n  terms of ( a ), (15) i s  t h e  appropr ia t e  p o r t i o n  of t h e  parabola  

y = -x2 + 5x - 4. 

S i m i l a r l y  l e t t i n g  x = 1 and y = 0 i n  (13) y i e l d s  

s o  t h a t  cl = 0. 

Therefore ,  = x i s  t h e  only  member of (13) t h a t  s a t i s f i e s  

( 4  ; hence, t h e  only s o l u t i o n  of  ( 4  which passes  through ( 1 , O  . 
Notice from ( 1 4 )  t h a t  cl = 0 y i e l d s  y = -x2 + x. 

Graphing y = -x2 + x and y = -x2 + 5x - 4 i n  a s i n g l e  diagram, 

w e  have : 
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2.2.7 continued 

Thus, whi le  two parabolas  a r e  s o l u t i o n s  of (1) which pass  through 

( 1 , 0 ) ,  a t  ( 1 , O )  only one of t h e  s o l u t i o n s  s a t i s f i e s  ( 3 )  while 

t h e  o t h e r  s a t i s f i e s  (4). 

2.2.8(L) 

The main aim of t h i s  e x e r c i s e  i s  t o  show how c e r t a i n  second order  

d i f f e r e n t i a l  equa t ions  may be reduced t o  two success ive  f i r s t  

o r d e r  equat ions .  The g e n e r a l  second o rde r  equat ion  i s  a r e l a t i o n -

s h i p  between x ,  y ,  y ' ,  and y"; and t h e  technique w e  have i n  

mind i s  one t h a t  works when e i t h e r  x o r  y (and it works even 

b e t t e r  i f  both x and y  a r e  missing) i s  missing from t h e  equat ion .  

I n  e i t h e r  c a s e ,  i f  w e  l e t  p = y l ,  then  p '  ( = * dx ) = y'l. 

Hence, i f  y i s  missing,  t h i s  s u b s t i t u t i o n  g i v e s  us  a  r e l a t i o n -

s h i p  between x ,  p ,  and 2 , which i s  a f i r s t  o rde r  equat ion  

invo lv ing  p  a s  t h e  dependent v a r i a b l e  and x  a s  t h e  dependent 

v a r i a b l e .  W e  then  s o l v e  t h i s  equat ion  t o  f i n d  p  i n  terms of  x; 

and once t h i s  i s  done w e  r e p l a c e  p  by y '  and so lve  t h e  r e s u l t i n g  

f i r s t  o rde r  equat ion  f o r  y i n  t e r m s  of x. 

I f  x i s  missing,  w e  must be a  b i t  t r i c k y ,  s i n c e  then t h e  

r e s u l t i n g  equa t ion  involves  y ,  p ,  and $ , where both p  and y  

a r e  func t ions  of x. To reso lve  t h i s  dilemma of t o o  many 

v a r i a b l e s ,  w e  invoke t h e  chain  r u l e  t o  rewrite $ a s  (2); 
and observing t h a t  p = $ , w e  see t h a t  w e  may w r i t e
2 a s  Pgrand t h e  r e s u l t i n g  equat ion  now involves  only y ,  p ,  

and 8 . This  i s  t h e  technique t h a t  w e  s h a l l  examine i n  t h i s  

e x e r c i s e .  

*For t h o s e  who remember our e lementary p h y s i c s  c o u r s e ,  
r e c a l l  t h a t  i n  the  u s u a l  k inemat ics  problems, we e i t h e r  wrote 
t h e  a c c e l e r a t i o n  a s  d v / d t  or a s  v  dv/dx [ i . e . ,  dv /dt  = dv/dx 
-+v 
d x / d t ]  depending on whether t h e  a c c e l e r a t i o n  was g i v e n  i n  terms of  
x or  i n  terms of t .  The method b e i n g  d e s c r i b e d  i n  t h i s  e x e r c i s e  
i s  s imply a  g e n e r a l i z a t i o n  o f  t h i s  t echnique .  
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a .  W e  a r e  g iven t h a t  

L e t t i n g  p  = y '  (= dy/dx) , w e  have t h a t  y"  = p '  s o  t h a t  (1) 

becomes 

Separa t ing  v a r i a b l e s  i n  ( 2 )  y i e l d s  ePdp = eXdx s o  t h a t  

eP = ex + c 

Thus, 

I n t e g r a t i n g  ( 4 )  y i e l d s  y a s  t h e  d e s i r e d  func t ion  of x*. 

Since w e  do n o t  want t o  be bogged down a t  t h i s  s t a g e  of t h e  

game wi th  techniques  of  i n t e g r a t i o n ,  we use  t h e  f a c t  t h a t  

dy/dx = 1 when x = 1. From ( 3 ' ) ,  t h i s  impl ies  e l  = e l  + c s o  

t h a t  c = 0 and wi th  c = 0, equat ion  ( 4 )  i s  s i m p l i f i e d  t o  

*When t h e  i n t e g r a t i o n  i s  performed we o b t a i n  a second a r b i t r a r y  
c o n s t a n t .  Thus, our f i n a l  s o l u t i o n  has  the  form y  = f ( x , c , c l ) ,  
and t h i s  s h o u l d n ' t  be  t o o  s u r p r i s i n g  s i n c e  we a r e  s o l v i n g  a 
2 nd order e q u a t i o n  (by i n t e g r a t i n g  t w i c e ) .  
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from which 


3and s i n c e  (1, -Z ) i s  t o  be on t h e  curve,  w e  s e e  from (6)  t h a t  

s o  t h a t  cl = 1; and (6)  becomes 

y = ; x 2  + 1. 

Note #1 

A l l  w e  know about  ( 7 )  i s  t h a t  i t ' s  a curve which passes  through 

(1, 3/21 wi th  s lope  1, and s a t i s f i e s  equat ion  (1). Since (1) i s  

a second o rde r  equat ion ,  w e  do n o t  know anything about  t h e  g e n e r a l  

s o l u t i o n  of (1). However, w e  a r e  s u r e  t h a t  ( 7 )  i s  one such 

curve and t h a t ' s  a l l  t h a t ' s  asked f o r  i n  t h i s  problem. 

Note #2 


Equation (1) is a s p e c i a l  case  of t h e  more g e n e r a l  equat ion  


which becomes 

under t h e  s u b s t i t u t i o n  p = dy/dx. 

While w e  may always s e p a r a t e  v a r i a b l e s  i n  (9)  t o  ob ta in  


f (p)  dp = f  (x)  dx, t h i s  equat ion  may be d i f f i c u l t  t o  s o l v e ,  


depending on t h e  choice of f ,  Symbolical ly,  t h e  s o l u t i o n  


always has t h e  form 


~ ( p )= F ( x )  + c ,  where F '  = f 

and knowing t h a t  t h e r e  i s  a va lue  xo f o r  x a t  which x = p; 
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2.2.8 (L) continued 

i .e . ,  F ( X ~ ) = F ( p o ) ,  w e  see from (10) t h a t  F(po) = F ( x  + c 
0 


s o  t h a t  c = 0. Hence (10) becomes 


I f  F happens t o  be 1-1 a s  i n  t h i s  case  where F (x)  = eX , w e  

deduce from (11) t h a t  p = x o r  dy/dx = x. Even i f  F i s  n o t  

1-1, -one s o l u t i o n  of  (11) is  p = x. I n  o t h e r  words, y = 1/2x2 + 
c i s  always a one family  of curves which s a t i s f i e s  y " f ( y l )  = 

f ( x )  and passes  through a t  l e a s t  one p o i n t  where t h e  s l o p e  

equa l s  t h e  x-coordinate.  

b. 	 Given 

yy" = ( y ' l L  

w e  l e t  p = y '  whereupon (12) becomes 

If 	w e  w r i t e  dp/dx a s  dp/dy dy/dx = dp/dy p ,  (13) becomes 

I f  	w e  assume t h a t  p # O f ,  ( 1 4 )  becomes 

and s e p a r a t i o n  of  v a r i a b l e s  then y i e l d s  

*If p = 0 ,  t h e n  y = c o n s t a n t  and t h i s  c l e a r l y  s a t i s f i e s  ( 1 2 ) .  
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Therefore ,  dy/dx = cly o r  dy/y = cldx. 


Hence, 


A s  a check t h a t  (16) i s  a 2-parameter ( i .e . ,  cl and c3 a r e  both  

a r b i t r a r y  c o n s t a n t s )  fami ly  of  s o l u t i o n s  of (121, w e  have 

Hence, 


clX 2 CIX)

yy" = (c3e 1 (cl c3e 

F i n a l l y ,  t o  f i n d  t h e  member of (16) which passes  through (0 ,2)  

wi th  s l o p e  4.  w e  have from (16) t h a t  2  = c3e0 o r  

whi le  from ( 1 7 ) ,  4 = c c e 0.1 3  
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Hence 


C1C3 = 4 ,  


and s i n c e  c3 = 2, 


Using t h e  va lues  of  cl and c3 given by (18) and (19) i n  (16) , 
w e  o b t a i n  
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2.3.1(L) 

Up t o  now, we have been s t a r t i n g  wi th  a d i f f e r e n t i a l  equat ion  

and then f i n d i n g  i t s  s o l u t i o n .  The p o i n t  i s  t h a t  i n  many c a s e s ,  

p a r t  of t h e  problem i s  t o  develop t h e  appropr ia t e  d i f f e r e n t i a l  

equat ion .  That  i s ,  i n  r e a l - l i f e  s i t u a t i o n s  w e  a r e  o f t e n  given a 

c e r t a i n  s i t u a t i o n  which, hopeful ly ,  can be t r a n s l a t e d  i n t o  a 

d i f f e r e n t i a l  equat ion;  a f t e r  which, w e  hope t h a t  t h e  equat ion  is  

so lvab le .  

The aim of t h i s  e x e r c i s e  i s  t o  g i v e  a b r i e f  glimpse i n t o  t h i s  

a s p e c t  of d i f f e r e n t i a l  equat ions .  

W e  a r e  t o l d  t o  f i n d  t h e  family of or thogonal  t r a j e c t o r i e s  t o  t h e  

1-parameter fami ly  of curves 

That  i s ,  w e  want t h a t  family of curves ( i f  it e x i s t s )  wi th  t h e  

p roper ty  t h a t  every  i n t e r s e c t i o n  between a member of t h i s  

family and a member of  (1) i s  a t  r i g h t  angles .  Since two 

curves m e e t  a t  r i g h t  angles  i f  and only i f  t h e i r  s lopes  a t  t h e  

p o i n t  a r e  nega t ive  r e c i p r o c a l s  of  one another  (except  i n  t h e  

case  where one of  t h e  l i n e s  i s  v e r t i c a l  s i n c e  i n  t h a t  case  we 

do n o t  r e f e r  t o  t h e  s l o p e  of t h e  l i n e ,  except  t o  say t h a t  t h e  

soope i s  i n f i n i t e ) ,  t h e  procedure is  t o  f i n d  dy/dx from (1) i n  

a form t h a t  is  f r e e  of t h e  parameter c .  Once t h i s  i s  done we t ake  

t h e  nega t ive  r e c i p r o c a l  of dy/dx and use t h i s  a s  t h e  s lope  of 

a  member of t h e  d e s i r e d  family.  This  procedure l eads  us t o  t h e  

d i f f e r e n t i a l  equat ion  which must be solved.  

I t  i s  on ly  a f t e r  we have t h e  equat ion  t h a t  t h e  d i scuss ion  of 

t h i s  Unit  becomes important .  I n  s t i l l  o t h e r  words, a s  f a r  back 

a s  p a r t  1 of t h i s  course  w e  knew how t o  w r i t e  t h e  d i f f e r e n t i a l  

equat ion  f o r  t h e  family of or thogonal  t r a j e c t o r i e s  f o r  a  given 

1-parameter family of curves.  I f ,  however, t h e  equat ion  was 

anything d i f f e r e n t  from v a r i a b l e s  separab le ,  w e  d i d  no t  have t h e  

" t echno log ica l  know-how" t o  s o l v e  t h e  equat ion .  A l l  t h a t  i s  



Solu t ions  
Block 2: Ordinary D i f f e r e n t i a l  Equations 
Uni t  3: Some Geometric Appl ica t ions  of F i r s t  Order Equations 

2.3.1 (L) continued 

happened wi th  our  d i scuss ion  of  t h i s  u n i t  i s  t h a t  w e  a r e  now a b l e  

t o  s o l v e  a wider range of  f i r s t  o rde r  d i f f e r e n t i a l  equat ions  

than w e  could have solved before .  

a .  Returning t o  (1)we have 

c = e X (y - x ) ,  

and d i f f e r e n t i a t i n g  (2) i m p l i c i t l y  wi th  r e s p e c t  t o  x y i e l d s  

o r  s i n c e  ex # 0, 

That  is ,  

i s  t h e  d i f f e r e n t i a l  equat ion  s a t i s f i e d  by t h e  1-parameter 

fami ly  (1). 

Since t h e  nega t ive  r e c i p r o c a l  of  1 + -1x - y i s  l + x - y t w e  
see from (4)  t h a t  t h e  or thogonal  t r a j e c t o r i e s  must s a t i s f y  t h e  

d i f f e r e n t i a l  equat ion  

From t h e  fundamental theorem of Lecture  2.010, w e  see from (5)  

t h a t  t h e r e  is  one and only  one s o l u t i o n  of (5)  t h a t  passes  

through an a r b i t r a r y  p o i n t  (xo,yo) u n l e s s  poss ib ly  when (xory0) 

i s  on 1 + x - y = 0 ( t h a t  is  w e  must be on our  guard when w e  

d e a l  wi th  t h e  l i n e  y = x + 1, b u t  w e  s h a l l  say more about t h i s  

l a t e r )  . 

Assuming then f o r  t h e  moment t h a t  t h e  region R on which (5) 

i s  de f ined  excludes any p o i n t  of  t h e  form (xo, x0 + 1) w e  know 
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t h a t  (5)  possesses  a  unique genera l  s o l u t i o n  and w e  must now t r y  

t o  f i n d  t h i s  s o l u t i o n .  

Our p o i n t  now i s  t h a t  i n  previous e x e r c i s e s  we would have 

begun with equat ion  (5)  given.  I n  t h i s  e x e r c i s e  w e  f i r s t  had t o  
d e r i v e  equat ion  ( 5 ) .  The so -ca l l ed  "cook-book technique" begins 

once (5)  i s  de r ived  i n  t h e  sense  t h a t  w e  t r y  t o  match (5)  with a 

s p e c i f i c  type  o f  equat ion  f o r  which w e  a l r eady  have a " rec ipe" .  

One technique f o r  s o l v i n g  (5)  i s  t o  w r i t e  i t  i n  t h e  form Mdx + 
Ndy = 0 and s e e  i f  i t ' s  exact* .  Equation (5)  then becomes 

i n  which case  M = 1 and N = 1 + x + y. Therefore Mv = 0 and 
.z 

N = 1 s o  t h a t  (6)  is  n o t  e x a c t .  Hopefully, however, w e  n o t i c e  
t f ia t  

s o  t h a t  e l l d y  = eY i s  an i n t e g r a t i n g  f a c t o r  of ( t i ) * * .  I n  f a c t ,  i f  

w e  mul t ip ly  both  s i d e s  of  (6)  by eY, w e  o b t a i n  eydx + e Y ( l+ x - y )  

dy = 0 o r  eYdx + eYdy + xeYdy - yeYdy = 0 o r  (eYdx + xeYdy) + 
eYdy - yeyay = O*** o r  d(xeY)  + d ( e Y )  + d ( e Y - yeY) = 0. Hence, 

d(xeY + eY + [ey - yeY])  = 0,  o r  xeY + eY + eY - yeY = c ,  o r  

i s  t h e  d e s i r e d  s o l u t i o n  of ( 5 ) .  

[Aside: 


There i s  no p r i o r i t y  on t h e  way of  so lv ing  an equat ion .  For 


example, one might have e l e c t e d  t o  w r i t e  (5)  a s  


* U n l e s s  a n o t h e r  t e c h n i q u e  s u g g e s t s  i t s e l f , t h i s  a p p r o a c h  i s  a l w a y s  
a g o o d  i d e a ,  f o r  i f  t h e  e q u a t i o n  i s  e x a c t ,  w e ' r e  home f r e e .  I f  i t  
i s n ' t ,  we m i g h t  b e  a b l e  t o  " p r e d i c t "  a n  i n t e g r a t i n g  f a c t o r .  Even  
if t h i s  f a i l s  t h e  t i m e  f o r  t h e  t r i a l  i s  n o t  v e r y  g r e a t  .so we h a v e  
n o t  l o s t  much a s  we now s e t  o u t  t r y i n g  t o  f i n d  a d i f f e r e n t  

t e c h n i q u e .  


* * R e c a l l  t h e  r e s u l t  o f  E x e r c i s e  2 . 2 . 5 .  

***When i n  d o u b t ,  t h e  l o n g e r  t e c h n i q u e  o f  e q u a t i n g  f w i t h  M a n d  f 
X Y w i t h  N may a l w a y s  b e  u s e d  t o  o b t a i n  t h e  s a m e  r e s u l t .  

S.2.3.3 
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which i s  l i n e a r  i n  x and which has  eY a s  an i n t e g r a t i n g  f a c t o r .  

Thus , 

which agrees  wi th  (7) . I  

Equation (7)  can,  i f  w e  wish t o ,  be w r i t t e n  i n  t h e  more e x p l i c i t  

f  o m  

b. 	 I f  y = x + ce-X passes  through (0,4) w e  have 4  = 0 + ceO s o  
t h a t  c = 4, and our  member of (1) i s  

S i m i l a r l y ,  i f  (0,4) s a t i s f i e s  (8)  w e  have 0  = (4 - 2) + ce-4 o r  
4 -2e = c. Hence, x = (y - 2) - 2 e 4 c Y ,  o r  

i s  the: member of (8)  which passes  through (0 ,4)  . A s  a check, 

w e  see from ( 9 )  t h a t  

S.2.3.4 
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!?y I = 1 - 4 e  -X I = 1 - 4 e 0 = - 3  

dx (0,4)  (0,4)  


and from (10) t h a t  


s o  t h a t  

A comparison of (11) and (12) shows t h a t  ( 9 )  and (10) i n t e r s e c t  

a t  r i g h t  angles  a t  ( 0 , 4 ) .  

c. 	 W e  proceed a s  i n  (6), l e t t i n g  x = 0  and y  = 1 i n  (1) t o  o b t a i n  

1 = 0 + ce0 o r  c = I. Hence, 

i s  t h e  member of  (1) t h a t  passes  through ( 0 , l )  . 

S i m i l a r l y ,  i f  w e  l e t  x = 0 and y = 1 i n  (8), w e  o b t a i n  0 = 

(1 - 1 2) + ce - s o  t h a t  c = e ,  whereupon 

i s  t h e  member o f  (8) which passes  through ( 0 , l ) .  


Again, a s  a check, w e  s e e  from (13) t h a t  


whi le  from ( 1 4 )  w e  have 
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Thus, (13) and (14) i n t e r s e c t  a t  r i g h t  angles  a t  ( 0 , l )  

The i n t e r e s t i n g  f a c t  i s  t h a t  ( 0 , l )  belongs t o  t h e  l i n e  y = x + 1, 

and w e  have seen t h a t  under t h i s  condi t ion  t h e  s o l u t i o n  t o  (5) 

need n o t  be unique. For example, l e t  us  n o t i c e  t h a t  (15) tel ls  

us t h a t  t h e  l i n e  x = 1 a l s o  m e e t s  y = x + e-X a t  r i g h t  angles.  

More genera l ly ,  y = x + ~ e - ~ .  Therefore,

and 


Since c > 0, (18) tel ls  us t h a t  y = x + ~ e - ~always "holds w a t e r n -  

(17) t e l l s  us  t h a t  dy/dx = 0 ++ 1 - -X ce-X = 0 ++ e = l/c ++ 

ex = c ++x = I n  c*. 

For x = I n  c w e  f i n d  t h a t  

I n  o t h e r  words, f o r  c > 0, y = x + ce-X has  a minimum value  (hence, 

a h o r i z o n t a l  tangent)  a t  ( I n  c ,  I n  c + 1) which is  on t h e  I n  c 

-
*IfC < 0,  In c is non-rea l .  Hence dy/dx would never  b y  z e r o ,  but 
t h i s  is d i s c u s s e d  i n  more d e t a i l  i n  t h e  opt imal  remarks a t  t h e  end 
o f  t h i s  l e c t u r e .  
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2.3.1 (L) continued 

Some Geometric D e t a i l  


The Graph of  y = x + ce-X 


Case 1: c = 0 


W e  then  have t h e  l i n e  y  = x. 


Y 

y = x  


graph of  y  = x + ce-X when c = 0. 

X 

(Figure  1) 

Case 2:  c > 0 


Then y = x + ce-X + 


d2Y z=ce  -X (>  0 f o r  a l l  x s i n c e  c > 0 and e'X > 0 ) .  

Thus, t h e  curve always holds  water ,  has i t s  y - in te rcep t  a t  

y = 0 + ce  -0 = c, i . e . ,  a t  ( 0 , ~ ) ;  and i t s  minimum occurs 
-- X 1when 1 ce  = 0 o r  e-X = - o r  ex = c o r  x = I n  c*. 

-x C -In c With x = I n  c ,  y = x + ce  impl ies  y  = I n  c + c e .  o r  

y = l n c + c eln 'Ic = I n  c + c ( l / c )  = I n  c + 1. Hence, the  

minimum of y = x + ce-X ( c  > 0) occurs  a t  t h e  p o i n t  ( I n  c ,  In. c 

f 1) which i s  on t h e  l i n e  y  = x + 1, t h e  s p e c i a l  case  we 

mentioned e a r l i e r  i n  t h e  problem. 

*Notice In c is non-real if c 5 0 so it is crucial that Case 2 
requires that c > 0. 
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2.3.1 (L) continued 

Graphica l ly ,  Case 2 is  i l l u s t r a t e d  by 

Y 
A 

y = x + l
I 

/ 

d
/ 

/ 
y = x  


f o r  l a r g e  x ,  x + ~ e - ~ % 
x 

s o  y = x i s  an asymptote 

( 0 , ~ )  

\> 
/ f o r  y = x + - - ~ e - ~ ( c + O )  a s  x

i s  

/ / 
minimum a t

( I n  c ,  i n  c + 1) on t h e  l i n e  
/ 

/ /" y = x + l  
/ 

/ 
/ /' 

/ 
# 

/ ,/ > X 

(Figure  2 )
4' 

Y 
4 

/ Y  = x 
/

/
/ 

/ 
/' each curve has  a h o r i z o n t a l  

tangent  a t  ( I n  c, I n  c + 1) 

/ ( 0 , l )  ,/ t h e  l i n e  y = x + 1  
/ 

/ / 
/ 

/ / 

(Figure 3)  
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2.3.1 (L) continued 

Figure  2 i s  reproduced i n  Figure  3 f o r  t h e  s p e c i a l  cases  c = 1, 2 

and 3. . 

Case 3: c < 0 


I n  t h i s  case  w e  s t i l l  have 


b u t  s i n c e  c < 0,  y" < 0 f o r  a l l  x,  s o  now o u r  curve always 

" s p i l l s  water".  Moreover, s i n c e  -c > 0 and e-X > 0,  1 - cemX>0, 

hence y '  > 0 f o r  a l l  x s o  our  curve i s  always r i s i n g .  F i n a l l y ,  

f o r  l a r g e  x ,  x + cemX% x b u t  s i n c e  c < 0,  x + ce-X < x. Thus, 

we have t h a t  f o r  a t y p i c a l  c < 0, t h e  graph of  y = x + ce-X i s  

given by 

X 

t o  l o c a t e  a lgebra i -  

c a l l y  s i n c e  it involves  so lv ing  0 = x + ce-X 

b u t  t h e r e  a r e  numerical methods (Newton's 

method) f o r  approximating t h i s  po in t .  

(Figure 4) 

1W e  reproduce Figure  4 f o r  t h e  s p e c i a l  cases  c = - T ,  c = -1, 

and c = -2 .  
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2.3.1 (L) continued 

c = -2 1 

(Figure 5) 

W e  may n e x t  combine Figure  1, 3 and 5 t o  ob ta in :  

(Figure 6) 
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2.3.1(L) cont inued 

Rather than draw t h e  l i n e  y  = x + 2 ( i n  Figure  6 ) i n  a  s e p a r a t e  

diagram, w e  have added it t o  Figure  6  and w e  hope t h a t  it seems 

c l e a r  t h a t  y  = x + 2 m e e t s  every m e m b e r  of y = x + X 
ce ( c  > 0) 

a t  r i g h t  ang les .  

I n  a s i m i l a r  way w e  d i s c u s s  t h e  Graph of  x = y - 2 + ce-Y 

Case 1: c = 0 


W e  then  o b t a i n  x = y - 2 o r  y = x + 2. 


Case 2: c < 0 


Then 


Since  c< 0,  -c> 0. Hence, -ceY and 1 - ce-Y a r e  both p o s i t i v e .  

Thus, our  curve  i s  always r i s i n g  and holding water .  
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2.3.1 (L) continued 

W e  	i l l u s t r a t e  Figure 7 f o r  the  case c = -1. We obtain  

Y / y = x + 2  

(Figure 8) 

For the  case c > 0, 1 - ce-Y can be pos i t i ve ,  zero, o r  negative.  

I n  f a c t ,  

In  -1 

[ in  which case x = In  c - 2 + -In c c ce  = l n c - 2 + c e  --
In  c - 1 s o  t h a t  dy/dx = - a t  ( In  c - 1, In c )  which i s  a l s o  on 

y = x + 1 3  

and 

Thus, 



Solu t ions  
Block 2:  Ordinary D i f f e r e n t i a l  Equations 
Uni t  3: Some Geometric Appl ica t ions  of F i r s t  Order Equations 

2.3.1 (L) continued 

Y 

( I n  c - 1, I n  C )  > x 

x = y -2 + ce-Y 

(Figure 9 )  

L e t t i n g  c = 1 and c = 2 ,  F igure  9 becomes 

(Figure  1 0 )  
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2.3.1(L) continued 

(Figure 11) 

Dotted curves  a r e  members of  x = y - 2 + ~ e - ~ .  S o l i d  curves 

a r e  members o f  y = x + ~ e - ~ .  

F i n a l l y ,  w e  see t h a t  f o r  a  given c # 0, x = I n  c m e e t s  

y = x + ce-X a t  r i g h t  ang les ,  b u t  it i n t e r s e c t s  o t h e r  members 

of y = x + n o t  a t  r i g h t  angles .  That  is ,  
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2.3.1 (L) continued 

(Figure 12) 

Thus, while t h e  r o l e  of y = x + 1 is  an i n t e r e s t i n g  one, 

d i s regard ing  t h i s  case  would n o t  a f f e c t  our  answer t o  t h e  

problem s i n c e  t h e  family x = I n  c i s  no t  orthogonal  t o  t h e  

family y = x + ~ e - ~ .  

2.3.2 

From 

w e  o b t a i n  
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2.3.2 continued 


Replacing c i n  (1)by i t s  va lue  i n  (2)  y i e l d s  


v2 = (2y 2 ) x  


s o  t h a t  i f  y # 0* I equat ion  ( 3 )  becomes y = 2x $ o r  

= (provided x # O**) dx 2x .

From (4) t h e  d i f f e r e n t i a l  equat ion  f o r  t he  or thogonal  t r a j e c t o r i e s  

is  given by 

I n  (5)  t h e  v a r i a b l e s  a r e  separab le  and w e  o b t a i n  

ydy = -2xdx 

* I f  y = 0, we s i m p l y  h a v e  a p a r t i c u l a r  s o l u t i o n  of  (1) g i v e n  by 
c = 0 .  

**We m u s t  beware  o f  t h e  c a s e  x = 0 ,  b u t  f rom (3) i f  x = 0 t h e n  
y = 0 a n d  we h a v e  a l r e a d y  d i s p o s e d  of  t h i s  c a s e .  

***Not ice  t h a t  s i n c e  1 1 2 ~ '  2 0 and -x2 0 ,  e q u a t i o n  ( 6 )  r e q u i r e s  
t h a t  c l  2 0.  Hence,  i n  ( 7 ) ,  c i s  a n  a r b i t r a r y  p o s i t i v e  c o n s t a n t .  
With c2= 0 ,  ( 7 )  i s  t h e  s i n g l e  p o i n t  ( 0 , O ) .  
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2.3.2 continued 


is the family of orthogonal trajectories, and this is a family 


of ellipses. In fact, in more "traditional" form equation ( 7 )  

be comes 

(where we have elected to write c 

rather than c2 to facilitate notation. 


Notice that this c is not the same 

as the c given in the exercise.) 


(81 represents the ellipse 

A few notes : 

1. If (xo,yo) is any point in the plane, we see from (1) 


that 


so that if xo # 0, 
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2.3.2 continued 

Thus, i f  (xo,yo) i s  any po in t  not on the  y-axis ( i . e . ,  x 
0 # 0 )

one and only one member of equation (1)passes through (xOIyo) 

and t h i s  member is  given by 

and t h i s  member, a s  do a l l  members of ( l),passes through ( 0 ~ 0 ) .  

Notice, however, t h a t  i f  yo # 0 ,  no member of (1) passes 

through (Ofyo) s ince  from (1)xo = 0 implies y = 0 o r  yo = 0. 
0 

Hence, i f  xo # 0, one and only one member of (1)passes through 

(xo,yo) ; and i f  xo = 0, every member of (1)passes through 

(x,IY,) i f  yo = 0 ,  bu t  no member of (1)passes through (xo,yo) 
i f  yo # 0. 

2. A s  f o r  family (7)  , given any po in t  (xo, yo) we see t h a t  
2 2xo + 2 yo = c. 

. 
Hence, c i s  a well-defined number f o r  a l l  

points  (xo,yo) Thus, f o r  each po in t  (xo,yo) i n  the  plane 

(excluding the  o r i g i n  s ince  c 7 0 )  one and only member of (5)
# 

passes through (xo,yo) and this i s  given by 

3 .  A s  a check on (9) and ( l o ) ,  l e t  us pick a po in t ,  (1,2) and 

see  what happens. Le t t ing  xo = 1, yo = 2 ,  equation (9) becomes 

and equation ( 1 0 )  becomes 

From ( 1 1 1 ,  
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2.3.2 continued 

From (12) , 

4 x +  2 y g =  0 

Comparing (13) and (14) w e  see t h a t  (11) and (12) i n t e r s e c t  a t  

r i g h t  angles  a t  ( 1 , 2 ) ,  

4. Solving (11) and (12) s imultaneously w e  g e t  

2 2x + 4x = 6 ( s i n c e  y2 = 4x) 

Hence, x = 1 o r  x = -3. 

W e  may d i s c a r d  x = -3 s i n c e  it does no t  s a t i s f y  (11). But 

when x = 1 w e  see t h a t  i n  both (11)and (12) 

. 
y = 2 o r  y = -2.  

Thus, (11) and (12) a l s o  i n t e r s e c t  a t  (1,-2) To be ortho- 

gonal  t r a j e c t o r i e s ,  every  i n t e r s e c t i o n  must be a t  r i g h t  angles .  
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2.3.2 continued 

2 The symmetry of both y2 = 4x and 2x + y2 = 6 with respec t  t o  the  

x-axis guarantee t h i s  r e s u l t ,  bu t  it i s  s t i l l  important t h a t  we 

understand t h i s  idea.  

Graphically,  

5. We must no t  be blinded by looking a t  individual  curves. 
2 Whereverany member of y2 = cx meets any member of 2x + 2 

y = c2 -

the  i n t e r s e c t i o n  i s  a t  r i g h t  angles. In  the  diagram below, 
2 y2 = cx and 2x + y2 = c2  a r e  drawn f o r  c and c 2  equal t o  1 / 4 ,  

1, and 4 .  
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2.3.2 continued 

Notice t h a t  a s  c + and x  + 0 y: = cx impl ies  y  -+ L I .e . ,  

t h e  s p e c i a l  case  x = 0 i s  a "degenerate case"  of v2 = cx. Also 


n o t i c e  t h a t  a l l  p o i n t s  of  i n t e r s e c t i o n  a r e  a t  r i g h t  angles  
2 inc lud ing  where 2x + y2 = c2 meets t h e  y-axis .  

H e r e  w e  g e n e r a l i z e  t h e  f i r s t  two e x e r c i s e s  t o  show t h a t  orthogo- 

n a l i t y  is  n o t  a  c r u c i a l  requirement - and w e  a l s o  hope t o  show 

how p o l a r  coord ina tes  can be advantageous t o  us  i n  t h e  so lv ing  of 

c e r t a i n  d i f f e r e n t i a l  equat ions .  

To begin  wi th ,  w e  observe t h a t  i f  @2 - @ 1 = 4 5 O ,  then  t a n ( @ 2  1 

o r  

t a n  @2 - t a n  

1 + = 1. t a n  $l tan $2 

L e t t i n g  t a n  denote t h e  s l o p e  of  t h e  given family,  w e  have 

Hence, 

t a n  +1= = $ (x  # 01 

d e s c r i b e s  t h e  members of  y  = mx. 

Then l e t t i n g  t a n  @2 denote t h e  s l o p e  of each member of t h e  r equ i red  

family ,  w e  see from (1) and (2)  t h a t  t h e  d i f f e r e n t i a l  equat ion  of 

t h e  given family  i s  
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2.3.3 (L)continued 

Hence, 

We solve (3) by l e t t i n g  v = y/x, and t h i s  leads  t o  

Hence, 


(1- v)dv - d x  

--• 2 l + v X 


In tegra t ing  (4)  y i e ld s  


a r c  tan v - 1 In (1+ 2 v = ln lx l  + Cl. 


Hence, 


2 arc t an  v - In  (1+ 2 v = 2 In  1x1 + Cl 


2 a r c  t an  v - I n  (1+ 2
v ) = In x2 + c1' 
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2.3.3 (L) continued 

L e t t i n g  v 	= y/x, w e  f i n a l l y  o b t a i n  


2 
 22 a r c  t a n  $ - I n  (1+ 5)= I n  x + c,, 
X 

2 a r c  t a n  $ - x2 I n  (
+ 2 2 

) = In  x 2Y + cl, 
X 

2 2 2 2 2 a r c  t a n  z - [ l n  ( x  + 	y ) - I n  x I = I n  x + cl, 

2 a r c  t a n  $ - I n  (x2 + 2 y = cl. 

2 2 
Equation (5)  sugges t s  p o l a r  coord ina tes  wi th  r = x + y2 and 

2 a r c  t a n  y/x = 8 .  Thus, 20 - l n  r = cl o r  l n  r2 = 20 - cl. 

Hence, 

20 -cl 2 r = e  e = k2 e2' ( s i n c e  e-C1 > 0 1 .  

0 0From (6), r = ke o r  r 	= -ke . Thus, 

r = ceO (where c = +- k 	 i s  an a r b i t r a r y  cons tan t )  

Equation ( 7 )  sugges t s  t h a t  p o l a r  coord ina tes  might have y ie lded  

a b e t t e r  approach t o  t h i s  problem. Notice t h a t  i n  t h e  language 

of  p o l a r  coord ina tes ,  y = m x  i s  t h e  ray  0 = +- tan-lm. The 

p o i n t  i s  t h a t  it i s  t h e  r a d i u s  angle  J, which i s  45O. Hence 

t a n  J, = -+ 1, and s i n c e  

t a n  J, = -r d r  

w e  see a t  once t h a t  dr/d0 = -+ r ,  o r  d r / r  = -+ d0. 

W e  t hus  o b t a i n  t h e  p o l a r  form 
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2.3.3 	(L) continued 


very quickly using polar coordinates. 


2.3.4 


Since 28 and $ = 8 ,  pictorially, 

we have that 


tan $ 	= tan($l - 8) 

= tan(28 - 8 )  

= tan 8 

and since 

r tan $ = dr - ' 
d e  

this means 


d8 
r - =  tan 8 .dr 


+ 8 
*S ince  8 can be  p o s i t i v e  or  n e g a t i v e  r = ce- s a y s  t h e  same 
a s  r = c e 8 .  I t  d o e s ,  perhaps,  emphasize t h a t  t h e r e  a r e  t w o  
curves  r = c e e  and r = ce-O r a t h e r  than one.  
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2.3.4 continued 


We may s e p a r a t e  t h e  v a r i a b l e s  i n  (1) t o  ob ta in  


- -  do d r  

t a n  8  - -r 


cos 8d8 - - - d r  

s i n  8  r ' 


Hence, 


I n  l s i n  81 = l n l r l +  cl 


o r  


l n l s i n  81= l n ] r l +  I n  c2 = l n ( c 2 1 r l )  (where cl = In  c2)  


s i n  8  = c3r (c3 = +_ c2) .  

Theref o r e ,  

r = c s i n  8  (c = 1 
-)
3 


i s  t h e  requ i red  s o l u t i o n .  


Note : 
2 From (2) we have r2 = c r  s i n  8  o r  x + y2 - cy = 0 o r  

which is a family of c i r c l e s  centered a t  C C
(0, -1 with rad ius  

2 

-Z-.

One such member i s  
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2.3.4 continued 

Pick any p o i n t  P on t h i s  circle,  l e t  Q denote t h e  p o i n t  a t  which 

t h e  t angen t  t o  t h e  c i r c l e  a t  P meets t h e  x-axis and then,  f o r  

any choice  of PI  # PQR is  t w i c e  k POQ (i .e. ,  AOQP i s  i s o s c e l e s ) .  

2.3.5 

Since 

g = 3 - 4y 

w e  have 

$ + 4, = 3, 

which is  l i n e a r  wi th  e4Xa s  an i n t e g r a t i n g  f a c t o r .  Thus, 

e4x 9 + 4x e4xy = 3xedx 
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2.3.5 continued 

Theref o r e ,  


ye4X= f i x e 4 ~ d x+ c 


I n t e g r a t i n g  by p a r t s  wi th  u = x and dv = e4xdx w e  o b t a i n  du = dx 

and v = 1/4 e4Xs o  t h a t  

s o  t h a t  (3)  becomes 

W e  may observe t h a t  one and on ly  one m e m b e r  of ( 4 )  passes  through 

a g iven p o i n t  (xo,y0). Namely wi th  x = xo and y = yo, we f i n d  c 

from (4)  by 

Moreover, t h e  r i g h t  s i d e  of (1) te l l s  us  t h a t  one and only one 

s o l u t i o n  of  (1) passes  through a given p o i n t  (xo,yo).  Thus ( 4 )  

y i e l d s  every  s o l u t i o n  t o  ( I ) ,e t c .  

Thus, i f  w e  l e t  x = 0 and y = 13/16 i n  ( 4 ) ,  we see t h a t  

4x 
o r  c = 1. Hence, y = 3/4 x - 3/16 + e 

- i s  t h e  only curve which 

passes  through (0 ,  13/16) and s a t i s f i e s  (1). 
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2.3.6(L) 

The main reason f o r  c a l l i n g  t h i s  a l e a r n i n g  e x e r c i s e  is  s o  t h a t  w e  

can, a s  a note  a t  t h e  end of t h i s  e x e r c i s e ,  l i s t  a few n i c e  formulas 

and in t roduce  a few t e c h n i c a l  terms. 

W e  have 

The diagram hinges  n o t  on whether x i s  p o s i t i v e  o r  nega t ive ,  

b u t  only  t h a t  x + 0 s i n c e  x = 0 impl ies  -x = x and L i s  n o t  

then determined. 

From our  diagram t h e  s l o p e  of  L i s  on t h e  one hand dy/dx and 

on t h e  o t h e r  hand, y - O/x -(-x) = y/2x. Hence t h e  d i f f e r e n t i a l  

equat ion  w e  must s o l v e  is  

W e  may s e p a r a t e  t h e  v a r i a b l e s  i n  (1) t o  o b t a i n  

s o  t h a t  

1 
1

l n l y l =  1n x + c1 -- l n l x l T  + c1 
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2.3.6 (L) continued 

Hence, 


1 


I Y ~ = 
C 

C2 X (where c2 = e 0) 


and squar ing  both  s i d e s  y i e l d s  


2 y = c l x l  (where c = c2 > O ) ,  x # 0 .  


Since  

we  see t h a t  equa t ion  ( 2 )  may be  w r i t t e n  a s  


2 
y = cx, i f  x> 0 

and 

The graph of  (3) f o r  a t y p i c a l  c > 0 i s  

whi le  t h e  graph o f  ( 4 )  i s  



Solutions 
Block 2: Ordinary D i f f e r en t i a l  Equations 
Unit 3: Some Geometric Applications of F i r s t  Order Equations 

~ 

2.3.6 (L) continued 

Thus, as  long a s  we a r e  r e s t r i c t e d  t o  a region R where x # 0, 
there  is  one and only one curve and t h i s  i s  a member of (2 ) .  

This passes through (xo,yo) and s a t i s f i e s  (1). 

In  s t i l l  o the r  words, i f  R includes  no por t ion of the  y-axis 

and (xo ,yo)~R,  then there  is one and only one curve which passes 

through (xo,yo) and s a t i s f i e s  (1). This curve is  obtained by 

l e t t i n g  y = yo and x = x 
0 

i n  (2) t o  obtain  

s o  t h a t  c is a well-defined r e a l  number s ince  xo # 0. 

Using the  value of c from (5) i n  (2) y i e ld s  
-, 

a s  t h e  required curve. 

In  p a r t i c u l a r ,  i f  xo = 1 and yo = 2 and R = { ( x , y ) :  x > 0 1  

w e  see from (6 )  t h a t  y2 = 4 1x1 o r  s ince  x > 0, y2 = 4x is  the  

only curve which passes through (1,2) and s a t i s f i e s  (1). 

Geometrically, 
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2.3.6 (L) continued 

Pick any p o i n t  P on y2 = 4x and draw t h e  t angen t  t o  y2 = 4x a t  P. 

I f  Q denotes  t h e  p o i n t  a t  which t h i s  l i n e  meets t h e  y-axis  and R 

where it meets t h e  x-axis ,  then  = m. 

Notice t h a t  i f  w e  a l low x t o  be 0 w e  may combine t h e  upper ha l f  of 

y2 = 4x ( x  > 0) with  t h e  lower h a l f  of y2 = -4x (x  c 0) t o  o b t a i n  -

and t h i s  curve a l s o  passes  through (1,2)  and s a t i s f i e s  (1). 

Again, t h e  e x t r a  s o l u t i o n  s t e m s  from al lowing R t o  inc lude  p a r t  

of  x = 0. 

A few h e l p f u l  f a c t s  t h a t  a r e  u s e f u l  i n  geometry r e l a t e d  problems 

and which may be  r e a d  from t h e  diagram a r e  given below: 
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2.3.6 (L) continued 

1. Equation of AP i s  

Y =!Ly.
x - a  dx 

x - a  -- - -1 
Y Y '  

o r  

x - a = Y  

Y '  


o r  

a = x - XI = x-intercept  of tangent l i n e .  
Y 

1'. Y= y'
X 

Hence, b = y - xy' = y-intercept  of tangent l i n e .  

2. 

X - C  

-X - C  = - 9 = -y' 

Y dx 


c = x + yy' = x-intercept  of normal l i n e .  

e = y + x $ = y + y ,X = y-intercept of normal l i ne .  

S.2.3.32 
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2.3.6(L) continued 

and s i n c e  a = x - y / y l ,  x - a = x - x + y/y' = y/y1. Hence, 

= 1 , i ( y ' 1 + 1 I= l eng th  of  t angen t  l i n e  from P t o  x-axis.  

and b = y - xy'. Hence, y - b = y - y + xy' = xy ' .  Therefore,  

= I x h + (y '  ) I= l e n g t h  o f  tangent  from P t o  y-axis.  

y y ' ,  and (x  - c12 = y 2 ( y l )2. Thus, 

= l e n g t h  of normal l i n e  from P t o  x-axis.  

-
4 ' .  PE = Jx2 + (y - e l 2  and e = y + X 

Y' ' Hence, y - e = 

y - y s o  - e)

2 
= x ~ / ( ~ ' ) ~ . 
- x/y ' ,  (y Therefore 

= l eng th  of  normal l i n e  from P t o  y-axis.  

5. The p r o j e c t i o n  of AP on t h e  x-axis i s  c a l l e d  t h e  subtangent .  

That  i s  t h e  subtangent  is  AD. Now, AD = AP cos $ 
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2 .3 .6  (L) continued 

= lYl 1 = length of subtangent.
Y 

6. Similar ly  t he  pro jec t ion  of PC on the  x-axis, E,i s  ca l l ed  

t he  subnormal. Hence, 

= lyym1 = length of subnormal'. 


I f  we p r e f e r  t o  use po la r  coordinates,  then 


We l e t  COD be perpendicular - t o  a t  0.  Then CP i s  defined 

t o  be t he  po la r  tangent; DP , t he  po la r  normal; , t he  

polar  subtangent; and OD, the  polar  subnormal 

r d rt an  $ = -,r ( rmmeans -de ) 

but  

Hence, 

2 

= Ir tan$l= r r = length of polar  subtangent. 
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2.3.6 (L) continued 


S i m i l a r l y  


s o  t h a t  

-
OD = lr'l = l eng th  of p o l a r  subnormal, etc. 

2.3.7 

a .  The y - i n t e r c e p t  of t h e  tangent  l i n e  i s  given by 

and s i n c e  t h e  s l o p e  o f  t h e  t angen t  l i n e  i s  y ' ,  w e  see from (1) 

t h a t  our  d i f f e r e n t i a l  equat ion  i s  given by 

y J  = y - xy' 

o r  i n  d i f f e r e n t i a l  form 

dy = ydx - xdy 

o r  

ydx - (x  + 1)dy = 0. 

The v a r i a b l e s  a r e  separab le  i n  (31, and w e  have 

Hence, 
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2.3.7 continued 


Hence, 


and removing t h e  a b s o l u t e  va lue  s i g n  

where c2 i s  an a r b i t r a r y  non-zero cons tan t  s i n c e  eC1 is  an 

a r b i t r a r y  p o s i t i v e  cons tan t .  Taking r e c i p r o c a l s  i n  (5) w e  ob ta in  

1 

x + l  = c (where c = - ) .  

2 

That i s  

The r e s t r i c t i o n  c # 0 may be removed by observing t h a t  from (61, 

c = 0 impl ie s  y = 0. C e r t a i n l y  t h e  x-axis  has t h e  p roper ty  t h a t  

a t  each p o i n t ,  i t s  s l o p e  ( = O )  equa l s  y - in te rcep t  of i t s  t angen t  

( = O ,  s i n c e  t h e  x-axis  i s  i t s  own t a n g e n t ) .  

Thus, (6)  may be r e w r i t t e n  a s  

y = c ( x  + l ) ,c an a r b i t r a r y  cons tant .  

Note : 

For t h o s e  who may be a b i t  cu r ious ,  n o t i c e  t h a t  w e  made t h e  

r e s t r i c t i o n  x # -1 i n  ( 3 ' ) .  What does t h i s  mean? W e l l ,  n o t i c e  

t h a t  when x = -1, equat ion  (7)  shows t h a t  y = 0 f o r  each choice  

of  c .  I n  o t h e r  words t h e  x - in te rcep t  of each member of c i s  -1. 

P i c t o r i a l l y ,  



Solutions 

Block 2: Ordinary D i f f e r e n t i a l  Equations 
Uni t  3: Some Geometric Appl ica t ions  of  F i r s t  Order Equations 

2.3.7 continued 

(Figure  1) 

Notice t h a t  once w e  have (7), it i s  t r i v i a l  t o  vary geometr ica l ly  

t h a t  each member of ( 7 )  i s  a s o l u t i o n  of ( 2 ) .  Namely, 

i . e . ,  t h e  s l o p e  of AC i s  equa l  t o  i t s  y- in tercept .  
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2.3.7 continued 

b. Le t t ing  x = x and y = yo i n  (7) w e  ob ta in
0 

s o  t h a t  

yo 
C = x + 1  

0 

so  c i s  uniquely determined and e x i s t s  unless  x = -1. 
0 

Thus, i f  xo # 0 , the  member of (7) which passes through (xo,y0) 

I n  p a r t i c u l a r  with x = 2 and yo = 9, w e  see  from (9) t h a t  
0 

is  the  only member of (7) which passes through (2,9) with t h e  


desi red property.  


I f  xo = -1, then every member of ( 7 )  passes through ( - 1 , O )  but  


no member of (7) passes through (-l,yo) i f  yo # 0 .  


Note : 


In  terms of t he  bas ic  exis tence theorem, we see  from (2) t h a t  


s o  t h a t  t h e  only thing w e  have t o  worry about i s  when x = -1 


s ince  then the  denominator vanishes. The l i n e  x = -1 is  a 


"degenerate" so lu t ion  of our problem (a s  i n  any v e r t i c a l  l i n e )  


s ince  then both t h e  y- intercept  and the  s lope both "equal - ". 


With respec t  t o  (10) no t ice  t h a t  s ince  (2,9) is  not "near" 


x = -1, then no matter  what o ther  so lu t ions  might e x i s t  


when x = -1, none of these  can pass through (2 ,9) .  Namely, 


w e  can pick a region R which includes (2,9) but  which doesn ' t  
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2 .3 .7  continued 

i n t e r s e c t  t h e  l i n e  x = -1 and from (11)we can conclude t h a t  i n  R 

(10) i s  t h e  on ly  s o l u t i o n  of our  prob1e.m which passes  through 

( 2 , 9 ) .  /' 

Any s o l u t i o n  o f  (2)  which passes  through (2,9)  must coincide  

wi th  y = 3 ( x  + l ) , a t  l e a s t  throughout R. 

2 .3.8 ( o p t i o n a l )  

Here, i n  a d d i t i o n  t o  t h e  usua l  r u l e s  of  geometry, w e  a l s o  need t h e  

phys ica l  f a c t  t h a t  " t h e  angle  of  inc idence  equa l s  t h e  angle  of  

r e f l e c t i o n " .  Otherwise, t h i s  problem i s  no d i f f e r e n t  from any 

o t h e r  e x e r c i s e  w e  have t a c k l e d  i n  t h i s  u n i t .  

To begin wi th ,  w e  have 

I 
(Figure 1) 

S.2.3.39 
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2.3.8 continued 

1. Figure 1 emphasizes the  l o c a l  nature  of our eventual  

d i f f e r e n t i a l  equation. W e  assume t h a t  P i s  a f ixed ,  but  a rb i -  

t r a r y ,  po in t  on our mirror.  By the  given da ta ,  the  l i g h t  ray 

which emanates from 0 and s t r i k e s  our mirror  a t  P i s  r e f l e c t e d  

p a r a l l e l  t o  t he  x-axis. 

2. The angles of incidence and r e f l e c t i o n ,  being measured from 

the  normal, t e l l  us t h a t  the  normal t o  our mirror a t  P must be 

the  angle b i s ec to r  of < OPR (s ince these  two angles a r e  equa l ) .  

Thus, Figure 1 becomes 

(Figure 2) 

Angle of incidence equals angle of r e f l e c t i o n  means al = a2  

where PQ i s  the  normal t o  t he  mirror a t  P. 

3. By d e f i n i t i o n  of the  normal l i n e ,  t he  tangent l i n e  t o  our 

mirror  a t  P i s  perpendicular t o  PQ a t  P. This leads  t o  Figure 3. 

(Figure 3) 
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2 . 3 . 8  continued 

SP i s  t angen t  t o  t h e  r e q u i r e d  mi r ro r  a t  P. Notice t h a t  0 ,$ ,  and 

$have t h e i r  u s u a l  meanings ( i . e . ,  tan$ = dy/dx, t an$=r /  dr/dQ, 

e t c . ) .  

From t h i s  p o i n t ,  t h e  problem r e q u i r e s  no f u r t h e r  phys ica l  know- 

ledge ,  only  geometry. F i r s t  of a l l ,  s i n c e  a l  = a 2  and QP 1SP, 

it fol lows t h a t  

But, s i n c e  PR is  p a r a l l e l  t o  t h e  x-axis ,  

Comparing (1) and (2 ) , w e  conclude t h a t  

If w e  now elect  t o  use  C a r t e s i a n  coord ina tes ,  w e  have t h a t  

t a n  $ = dy/dx and t a n  8 = y/x. 

From A SOP, 8 = $ + $, o r  by ( 3 ) ,  

Hence, 

t a n  8 = t a n  2 $ 

-- 2 t a n  $ 


1 - t a n2$ 


* P e r h a p s  F i g u r e  3 i s  a good  p l a c e  f o  u s  t o  e m p h a s i z e  t h e  l o c a l  
n a t u r e  o f  d i f f e r e n t i a l  e q u a t i o n s .  A t  a p a r t i c u l a r  moment,  F i g u r e  
3 i s  i n t e r e s t e d  o n l y  i n  how o u r  m i r r o r  b e h a v e s  a t  a p a r t i c u l a r  
p o i n t  P [ w h i c h  may b e  l a b e l e d  P ( x , y )  o r  P ( r , 0 ) ,  d e p e n d i n g  on 
w h e t h e r  we e l e c t  t o  u s e  C a r t e s i a n  o r  p o l a r  c o o r d i n a t e s  i n  o u r  
a n a l y s i s ] .  
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2.3.8 continued 

Clearing (5)  of f r ac t i ons  and solving the  r e su l t i ng  quadra t ic  

equation f o r  y ' ,  w e  obtain  

Equation (6) has t he  form 

i f  we divide numerator and denominator on the  r i g h t  s i d e  of (6) 

by x,  bu t  it a l s o  happens t o  be exact .  Namely, ( 6 )  may be 

wr i t t en  a s  

+- d (  jx2 + y2) = dx. 

Hence, 

Squaring both s ide s  of (7) we obtain 

x 2 + y2 = x2 + 2cx + c2 

which i s  a family of parabolas with focus a t  t he  or ig in .  

Aside : 

Equation (8) i s  double-valued and occurs because equation (6) i s  

double-valued. Had w e  wr i t t en  (6) a s  the  two single-valued 
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2.3.8 continued 


differential equations: 


and 


Then our fundamental theorem would tell us that unless yo = 0, 

there is one and only one solution of (6') or (6")which passes 

through (xo,yo). Otherwise notice that unless xo = yo = 0, 

equation (8) allows 2 values of c for each (xory0) . Namely 

c has two distinct real values unless xo 2 + yo 2 = 0 (i.e., 

x0 = yo = 0). The point is that one of these values satisfies 

(6') and the other (6"). 

2.3.9 (optional) 


Here we have an elementary illustration of a famous applied type 


of differential equation known as pursuit problems. Again, once 


the problem is set up it becomes another geometric example, but 


in this case the computation does beccme a bit more overwhelming. 


Let us use time, t, as our parameter, beginning with t = 0 when 

A is at (0,O). What we know for sure then is that at any time 

t, A is at (0, at) while B is at some Point P(x,y). [It is 

the relationship between x and y which we seek in this exercise]. 
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2.3.9 continued 


P i c t o r i a l l y ,  w e  have 


(Figure 1) 

Since t h e  d i r e c t i o n  of motion always has B pointed  toward A 

and s i n c e  a t  a given moment, t h e  d i r e c t i o n  of  a curve i s  

measured by t h e  d i r e c t i o n  of i t s  t angen t  l i n e ,  w e  have from 

Figure  1 t h a t  t h e  s l o p e  of PQ i s  (y - d t )  (x  - O ) ,  

b u t  s i n c e  t h i s  l i n e  i s  a l s o  t angen t  t o  t h e  pa th  t r a c e d  o u t  

by P I  t h e  s lope  of PQ i s  a l s o  t h e  s l o p e  of our  r equ i red  

"p resen t  curve",  and t h i s  s l o p e  i s  denoted by dy/dx. 

Equating t h e s e  two express ions  f o r  t h e  s lope  of PQ w e  o b t a i n  

y - a t  = xy' .  

To e l i m i n a t e  t from (1)w e  may d i f f e r e n t i a t e  (1)wi th  r e s p e c t  

t o  x  (remembering t h a t x a n d  t a r e  dependent) t o  o b t a i n  
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2.3.9 continued 

We can a l s o  compute t t  = dt/dx another way. Namely, 

Now, 

and ds/dt  = b s ince  ds/dt  i s  the  speed along the  desi red curve 

(which i s  the  speed of B) o r  b. Thus (3) becomes 

and equating t h e  values of t t  a s  given by ( 2 )  and ( 4 )  w e  obtain  

Since t he  y term is  missing from (5)  w e  use t he  subs t i t u t i on  

p = y ' t o  ob ta in  from (5)  t h a t  

We may then separa te  var iab les  i n  (6) t o  obtain  
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2.3.9 continued 

s i n  h - l  p = - 6a l n  l x l  + c 


o r  


p = s i n  h(-
a 

l n  1x1 + c) 


o r  

= s i n  h(- 6a i n  1x1 + cl) .  

W e  may s impl i fy  (7') by l e t t i n g  r = a/b and cl = I n  c2. Then, 

- a I n  1x1 + c1 


= - r I n  1x1 + I n  c2 


= I n  1x1 -r + I n  c2  


-r = I n  c2 1x1 


Hence, 


s i n  h ( -  5a I n  1x1 + cl) 


= s i n  h ( l n  c2 1x1 -') 


*Where c3 = c and 1x1 = x [ s ince  we a r e  assuming t h a t  
2 2 

t h e  p r e s e n t  curve i s  i n  t h e  r i g h t  h a l f  p lane  ( i .e . ,  x ,O ) . ]  
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2.3.9 continued 


Thus, our final differential equation is given by 


Hence, 


l+r 

- X + c4, if r+l (i.e., if A and B 

4c3 (l+r) have unequal speeds) 
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