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1 .4 .1(L)  

C l e a r l y  each element of S i s  a complex number s i n c e  both  cos t 

and s i n  t a r e  r e a l  f o r  a l l  0 5 t I T .  Thus, S  e x i s t s  wi thout  any 

r e f e r e n c e  t o  a  p i c t u r e .  The p o i n t  is, however, t h a t  i f  we use 

t h e  Argand diagram, w e  view x  + i y  a s  t h e  p o i n t  z [ =  ( x , y )  1 i n  

t h e  xy-plane. 

I n  o t h e r  words i f  we i d e n t i f y  t h e  p o s i t i o n  v e c t o r  R wi th  t h e  

complex number z,  we see  t h a t  t h e  ."graph" of  S (by which we  

mean t h e  set  of p o i n t s  i n  t h e  Argand diagram which r e p r e s e n t s  

S)  i s  t h e  curve whose v e c t o r  equat ion  i s  

R ( t )  = cos  t i  + s i n  t j ,  0 -< t -< IT. 

T h i s ,  a s  we a l ready know from o u r  s tudy o f v e c t o r s ,  is  t h e  curve 

whose parametr ic  form i s  

x = cos  t O < t < I T  

- - 

y = s i n  t 


which we  recognize a s  the  upper h a l f  of t h e  u n i t  c i r c l e  centered  

a t  t h e  o r i g i n .  

P i c t o r i a l l y ,  

,.t -t-I 
-4 / y,
\A 

.\ II &,>

,L* 2.

P ( cos  t, s i n  t)  = cos  t f i s i n  t 

There i s  a 1-1 correspondence between complex numbers i n  S and 

p o i n t s  on t h e  above semi-c i rc le .  The correspondence i s  def ined 

by (cos  t ,  s i n  t) ++ cos t + i s i n  t. 
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1 .4 .1(L)  cont inued 

More g e n e r a l l y ,  every  curve i n  t h e  z-plane has t h e  equa t ion  of 

t h e  form 

( w e  say  more about  t h i s  i n  Exerc ise  1.4.9) and because t h e  

Argand diagram has  t h e  s t r u c t u r e  of a 2-dimensional v e c t o r  space ,  

w e  see t h a t  equat ion  (2 )  i s  equ iva len t  t o  t h e  v e c t o r  func t ion  

of a s c a l a r  v a r i a b l e ,  de f ined  by 

Summarized p i c t o r i a l l y  

1. 	 I n  v e c t o r  form, C i s  given by $(t)= x ( t ) f  f (t)j.
+ 	 +

2. I n  t h e  Argand diagram R r ep resen t s  z ,  and C 

. 

i s  then  t h e  


set  of  complex numbers, {z: z = x ( t )  + i y  ( t)  

2 b. 	 L e t  w denote t h e  image of z wi th  r e s p e c t  t o  f .  I n  t h i s  case  w = z . 
Since  both  z and w a r e  complex, f is  a c t u a l l y  a  mapping of a  

2-dimensional v e c t o r  space ( t h e  z-plane) i n t o  a 2-dimensional 

v e c t o r  space ( t h e  w-plane) . 

I f  w e  now i d e n t i f y  t h e  z-plane with t h e  xy-plane and t h e  w-plane 

wi th  t h e  uv-plane, w e  see t h a t  w = z a c t u a l l y  is  e q u i v a l e n t  

t o  mapping t h e  xy-plane i n t o  t h e  uv-plane ( a  t o p i c  w e  have a l -  

ready s t u d i e d  f a i r l y  thoroughly) .  
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1.4.1 (L)  continued 


P i c t o r i a l l y  


w-plane 

2 More s p e c i f i c a l l y ,  i f  z = x + i y  then z2  = (x2 - y + i 2xy; 

s o  t h a t  

2 2u = x  - y  
w = u + i v ,  wi th  

v = 2xy 

Not ice  t h a t  w e  have a l r eady  d i scussed  t h e  mapping g iven by (3) 

i n  Blocks 3 and 4 of P a r t  2. 

Of course ,  we have something "going f o r  us"  now t h a t  w e  d i d n ' t  

have then.  Namely, we a r e  now a b l e  t o  view mappings of  t h e  

xy-plane i n t o  t h e  uv-plane ( a  concept  which c e r t a i n l y  e x i s t s  

independently of the  inven t ion  of complex numbers) a s  complex 

valued func t ions  of a complex v a r i a b l e  which map t h e  z-plane 

i n t o  t h e  w-plane. 

With t h i s  i n t e r p r e t a t i o n ,  w e  a r e  now a b l e  t o  d i s c u s s  a v e c t o r  

product  t h a t  was undefined be fo re  (a l though wi th  h i n d s i g h t  we 

could  have gone back t o  Blocks 2 ,  3 ,  and 4 of  P a r t  2 and invented 

t h e  v e c t o r  product  which corresponds t o  t h e  product  of two com- 

p l e x  numbers) and we may conclude t h a t  z2 i s  t h e  complex number 

whose magnitude i s  t h e  square  of t h e  magnitude of z and whose 

argument Is t w i c e  t h e  argument of z .  

I n  p a r t i c u l a r ,  t hen ,  s i n c e  each p o i n t  i n  S has u n i t  magnitude, 

i t s  image under the  squar ing  func t ion  a l s o  has u n i t  magnitude. 
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Moreover, s i n c e  t h e  argument of the  image is  twice  t h e  argument 

o f  t h e  p o i n t ,  we see t h a t  s i n c e  the  arguments of  t h e  p o i n t s  i n  

S  vary from 0  t o  180° ,  t h e  arguments of the  images range from 

O 0  t o  360 O . I n  summary, then ,  the  mapping w = z2 c a r r i e s  t h e  

set  S  i n t o  t h e  whole u n i t  c i r c l e  centered  a t  t h e  o r i g i n .  I n  

p a r t i c u l a r ,  t h e  p o i n t  ( r , B )  maps onto ( r , 2 8 ) .  

H e r e  w e  s e e ,  a s  an impor tant  a s i d e ,  how t h e  theory  of mapping 

t h e  complex p lane  i n t o  t h e  complex p lane  g ives  us new i n s i g h t  t o  

r e a l  mappings. I n  p a r t i c u l a r ,  with r e s p e c t  t o  equat ion  ( 3 )  

w e  now have t h a t  t h i s  mapping, i n  terms of what it means t o  

m u l t i p l y  complex numbers, i s  easy  t o  exp la in  p i c t o r i a l l y ,  

S p e c i f i c a l l y ,  t h e  image of a given p o i n t  i n  t h e  xy-plane is  

found by doubl ing  t h e  argument of  t h e  p o i n t  (vec to r )  and 

squar ing  i t s  magnitude. 

Again w e  h a s t e n  t o  p o i n t  o u t  t h a t  we could have invented  t h e  

product  of  two v e c t o r s  t o  be t h e  vec to r  i n  t h e  same p lane  

e q u i v a l e n t , t o  t h e  product  of t h e  two given v e c t o r s  a s  complex 

numbers. That  i s ,  

( a  1 + b 5) (c + d 3) = ( a c  - bd) f + (bc + ad) 5. 

But n o t i c e  how much more n a t u r a l  t h i s  d e f i n i t i o n  becomes i n  

terms of  t h e  language of complex numbers. 

I n  o t h e r  words, one major r e a l  app l i ca t ion  of t h e  theory  of 

complex f u n c t i o n s  of  a complex v a r i a b l e  i s  t o  t h e  r e a l  problem 

of  mapping t h e  xy-plane i n t o  t h e  uv-plane. These problems can 

be t a c k l e d  wi thou t  r e f e r e n c e  t o  the  complex numbers, b u t  a 

knowledge of t h e  complex numbers g ives  us a cons ide rab le  qnount 

of  "nea t "  n o t a t i o n  which i s  h e l p f u l  i n  ob ta in ing  r e s u l t s  

f a i r l y  qu ick ly .  

As a f i n a l  o b s e r v a t i o n ,  l e t  us  observe t h a t  a s  a  f u n c t i o n  f  

has t h e  s a m e  s t r u c t u r e  (bu t  a  d i f f e r e n t  domain) whether  w e  

w r i t e  f ( x )  = x2 o r  f ( z )  = z 2. I n  e i t h e r  case  w e  have a  f u n c t i o n  

machine i n  which t h e  ou tpu t  i s  t h e  square of  t h e  i n p u t .  The 

b i g  d i f f e r e n c e  i s  from t h e  geometrical  p o i n t  of view. I n  t h e  
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express ion  f (x)  = x2 s e  may view both  t h e  domain and t h e  image of 

f a s  being 1-dimensional ( s i n c e  x is  assumed t o  be r e a l ) .  

Accordingly,  w e  may graph t h e  func t ion  i n  t h e  2-dimensional xy-

p l a n e  i n  t e r m s  of t h e  curve y = x 2. 

On t h e  o t h e r  hand, i n  t h e  express ion w = f ( z )  = z 2 ,  t h e  domain 

and t h e  image of f must be 2-dimensional s i n c e  n e i t h e r  z nor z 2 

i s  requ i red  t o  be r e a l .  Thus, w e  would r e q u i r e  a $-dimensional 

space  t o  graph t h i s  func t ion  i f  w e  wanted a graph which was t h e  

analog of the  graph y = f ( x ) ,  Since we cannot ,  i n  t h e  usual. 

geometric  sense ,  draw a 4-dimensional space ,  our  geometr ic  

i n t e r p r e t a t i o n  must involve viewing t h e  z-plane ( t h e  domain of 

f )  a s  being mapped i n t o  t h e  w-plane ( the  range of f 1 . 

a. 	 I f  we  look a t  z a s  being t h e  p o i n t  ( r , 8 )  i n  t h e  z-plane,  then 
3 z = ( r , 0 )  = (r3,38) . Thus, under f each p o i n t  i n  t h e  z-plane 

i s  mapped i n t o  t h e  p o i n t  ( p , r $ )  i n  t h e  w-plane where p=r3and 

$I= 38 [ i . e . ,  t h e  mapping cubes t h e  magnitude and t r i p l e s  t h e  

argument] . 

I n  

(I', 
-p a r t i c u l a r  the  p o i n t  (1 ,8)  where 0 -< 8 -< 90° i s  mapped onto

30) = (1,38) and s i n c e  O 0  -< 8 -< 90°, O 0  -< 8 -< 270'. Thus, 

t h e  f i r s t  quadrant  S of t h e  u n i t  c i r c l e  i s  mapped o n t o  t h e  

f i r s t  t h r e e  quadrants  of t h e  u n i t  c i r c l e .  

Again p i c t o r i a l l y ,  

z-plane 	 w-plane 



-- - 
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By t h e  same token,  each p o i n t  i n  TI w r i t t e n  i n  p o l a r  c o o r d i n a t e s ,  

has t h e  form (r, 45O ) . [ I f  t h e  l i n e  extended i n t o  t h e  t h i r d  

quadran t ,  t h e  p o i n t s  on t h i s  p a r t  would be rep resen ted  a s  (r,225O).] 

Hence "cubing" such a p o i n t  y i e l d s  (r3, 135O) . I n  o t h e r  words, 

t h e  mapping de f ined  by f  ( z )  = z3 maps t h e  r ay  0 = 45' on to  t h e  

r ay  0 = 135O i n  such a way t h a t  the  image of each p o i n t  has  t h e  

cube of t h e  magnitude of t h e  po in t .  

P i c t o r i a l l y ,  

w-plane 

= ( x  + 3 i y )

= x3 + 23x ( i y )  + 3 x ( i Y l 2  + 3 
( i y )

= x3 + 2 
3x y i  - 3xy2 - 3 
i y
2 2 3 
= (x3 - 3 x y )  + i ( 3 x  y - y 1. 

Hence, 

Again, by way of review, equat ion  (1) d e f i n e s  a r e a l  mapping o f  

2-space i n t o  2-space, b u t  from our knowledge of complex v a r i a b l e s ,  

w e  know t h a t  t h e  r a t h e r  cumbersome system (1) is e q u i v a l e n t  t o  

mapping each p o i n t  ( v e c t o r )  i n  the  xy-plane i n t o  t h e  p o i n t  whose 

magnitude i s  t h e  cube of t h e  given magnitude and whose argument 

i s  t r i p l e  t h a t  of t h e  g iven argument. 
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a .  z = x + i y  + 22 = 2x + i 2 y .  T h e r e f o r e ,  w = 22 = 2x + i 2 y .  L e t t i n g  

u  d e n o t e  t h e  r e a l  p a r t  of  w and v t h e  imaginary  p a r t  w e  have 

-
b w = f ( 2 )  = z + w = x - i y .  Hence, 

Hence, 
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Hence, 

2 x - F y 2 # 0  

( s i n c e  z  # 0) 

Again, a s  a reminder,  t h i s  problem shows us t h a t  w e  may view t h e  

mapping 

a s  f ( 2 )  = z2 + 22 + i; and 

1.4.4 (L) 


Our main a i m  i n  t h i s  e x e r c i s e  i s  t o  g e t  a b e t t e r  f e e l i n g  f o r  t h e  

" r e a l i t y "  of  complex func t ions  of a complex v a r i a b l e .  P a r t s  (b )  

and (c) a r e  concerned wi th  extending t h e  analogs of f  (x )  = x + c 

and f ( x )  = cx where c and x a r e  r e a l  numbers t o  f  ( z )  = z + c 

and f ( z )  = cz where c and z a r e  now complex numbers. A s  w e  s h a l l  



S o l u t i o n s  
Block 1: An In t roduc t ion  t o  Functions of  a Complex Var iab le  
Uni t  4: Complex Functions of a Complex Var iab le  

1 . 4 . 4  	(L) continued 

see, t h e  a lgebra  of t h e s e  func t ions  i s  the  same a s  t h a t  of t h e i r  

r e a l  analogs ,  b u t  t h e  geometric  i n t e r p r e t a t i o n  i s  a b i t  more 

s o p h i s t i c a t e d  ( t h e  r e s u l t  of  both  our  domain and image space 

being 2-dimensional r a t h e r  than 1-dimensional) .  I n  p a r t  ( a )  

w e  want t o  emphasize t h e  f a c t  t h a t  what looks l i k e  a new func t ion  

t o  u s  i s  r e a l l y  an o ld  func t ion  t h a t  we handled i n  a very r e a l  

s i t u a t i o n ,  I n  p a r t i c u l a r ,  

a .  	 Reca l l  i n  our  t rea tment  of t h e  double i n t e g r a l  t h a t  when we 

wanted t o  r eve r se  t h e  o r d e r  of i n t e g r a t i o n ,  t h e  technique  was 

geomet r i ca l ly  expressed by t h e  mapping of  t h e  xy-plane i n t o  

t h e  uv-plane given by 

It should  be c l e a r  t h a t  we do n o t  have t o  know anything about 

complex numbers t o  t a l k  about  t h e  mapping de f ined  by equat ion  

(1). I f ,  however, we want t o  view t h e  mapping a s  be ing from 

t h e  z-plane i n t o  t h e  w-plane, our  procedure i s  t o  w r i t e  (1) i n  

t h e  form u  + i v ,  which i n  t h i s  case  means t h a t  we s tudy  t h e  

complex func t ion  of a complex v a r i a b l e  de f ined  by 

f ( z )  	= x + i ( - y )  


= x - i y .  


I f  w e  now r e c a l l  t h a t  z is  x + i y ,  we s e e  t h a t  x - i y  i s  by 

d e f i n i t i o n  z. Thus, ( 2 )  becomes 

Of course  we a r r i v e d  a t  (3)  r a t h e r  i n v e r s e l y  t o  t h e  wording 

o f  t h e  e x e r c i s e  i n  which w e  w e r e  t o  begin wi th  (3)  and d e r i v e  , 

(1). Our purpose f o r  doing t h i s  was simply t o  s t a r t  t h e  

e x e r c i s e  emphasizing the  r e l a t i o n s h i p  between complex func t ions  

of a complex v a r i a b l e  and r e a l  mappings. Had we begun wi th  

( 3 ) ,  	w e  would have merely r eve r sed  our  s t e p s  t o  o b t a i n :  
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and from t h e  r e a l  and imaginary p a r t s  of f ( z ) ,  w e  would have 

concluded t h a t  t h e  graph of f was equ iva len t  t o  t h e  mapping de- 

f i n e d  by 

This  mapping i s  e q u i v a l e n t  t o  r e f l e c t i n g  t h e  xy-plane about  t h e  

x-axis  (i.e. , w e  l eave  x a lone  and change t h e  s i g n  of  y. 

P i c t o r i a l l y ,  

z-plane w-plane f ( z )  = F = ( x , - y )  
(Figure 1) 

But s i n c e  the w-plane is  a r e p l i c a  of the  z-plane w e  may super-  

impose t h e  two p lanes  i n  Figure  1 t o  ob ta in  
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Thus, t h e  e f f e c t  of  f on s e t  S  i n  t h e  Argand diagram i s  t o  pro- 

duce t h e  mir ror  image of S  wi th  r e s p e c t  t o  t h e  x-axis .  I n  

p a r t i c u l a r  i f  S  i s  any c losed  reg ion ,  f ( S )  % 
= S ( i . e . ,  S and i t s  

image have the  same s i z e  and shape) . 

. 	 I n  t h e  r e a l  case ,  we saw t h a t  t h e  graph of f (x)  + c j u s t  " ra i sed"  

each p o i n t  of t h e  curve y = f ( x )  by an amount c.  In  p a r t i c u l a r  

t h e  graph of f ( x )  = x t c ,  was obta ined by l i f t i n g  each p o i n t  on 

t h e  l i n e  y  = x by c u n i t s .  P i c t o r i a l l y ,  

Now, g iven f ( z )  = z t c ,  w e  s e e  t h a t  i n  t h e  Arqand diagram t h i s  

sum must be i n t e r p r e t e d  a s  a vec to r  sum. A s  a  v e c t o r  t h e  complex 

number c i s  w r i t t e n  a s  c l i-t + c21t (where w e  a r e  assuming t h a t  

c = c1 + c 2 i ) .  L e t t i n g  c  denote c l i  + c 2 j r  w e  s e e  t h a t  adding 

c t o  z i s  equ iva len t  t o  d i s p l a c i n g  z by an amount e q u a l  t o  the  

magnitude of c i n  t h e  d i r e c t i o n  of c .  

For example, t h e  mapping de f ined  by f ( z )  = z + 3 + 4 i  maps the  

p o i n t  z i n t o  the  p o i n t  5 u n i t s  from z  i n  t h e  d i r e c t i o n  
4 t  
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Geometr ica l ly ,  adding 3 + 4 i  onto  z  s h i f t s  ( t r a n s l a t e s )  P t o  Q.  

That i s ,  P i s  t r a n s l a t e d  5 u n i t s  i n  t h e  d i r e c t i o n  3 1  + 4 3 .  

c. 	 Here w e  invoke t h e  f a c t  t h a t  we have a very convenient  way of 

mul t ip ly ing  complex numbers us ing p o l a r  coord ina tes .  I n  p a r t i -  

c u l a r  i f  c = (r 8 ) then c z  has a s  i t s  magnitude ro t i m e s  t h e  
0' 	 0 

magnitude of z and a s  i t s  argument Q0 p lus  the  argument of z. 

I n  o t h e r  words w e  o b t a i n  t h e  image of z by r o t a t i n g  t h e  v e c t o r  

z through Q0 degrees  and inc reas ing  i t s  magnitude by a f a c t o r  of  

r 
0 ' 

By way of an example, i f  f ( 2 )  = (3 + 4 i ) z ,  then t h e  image of a  

g iven number z i s  obta ined by r o t a t i n g  z  through an angle  equa l  
4 t o  a r c  t a n  and r e p l a c i n g  t h e  magnitude of z by 5 t i m e s  i t s  

value .  P i c t o r i a l l y ,  

1. 	 W e  p i c k  any po in t  on OP.  

2 .  	 W e  e r e c t  a  pe rpend icu la r  t o  OA and l o c a t e  B on OA such t h a t  
- 4 -5 + 	 4AB = OA. Therefore ,  t a n  # AOB = . 
3 .  	 We mark o f f  t h e  l eng th  OP ( i . e . ,  121) 5 t i m e s  a long OB. 

4 .  	 0% then denotes  (3  + 4 i )  $P = ( 3  + 4 i ) z .  
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A s  a very i n t e r e s t i n g  s p e c i a l  c a s e ,  n o t i c e  t h a t  i f  t h e  magnitude 

of  c i s  1 then t h e  mapping f ( z )  = cz  simply r o t a t e s  z through an 

a n g l e  equa l  t o  t h e  argument of c ( i . e . ,  t h e  magnitude i s  pre-

served because c has u n i t  magnitude). 

I f  w e  l e t  8  denote the  argument of  c,  t h e  f a c t  t h a t  c is  of  u n i t  

magnitude means t h a t  c = cos 8 + i s i n  8. 

Hence, 

cz 	= (COS 8 + i s i n  8)  (x + i y )  


= x cos 8-y s i n  8 t i (x s i n  8  + y cos  8 )  , 


and a s  d iscussed i n  our e a r l i e r  e x e r c i s e s ,  t h i s  i s  e q u i v a l e n t  

t o  t h e  r e a l  mapping 

u = x cos  8  - y s i n  8  

v = x s i n 8 + y  c o s 8 .  

Thus, comparing t h i s  r e s u l t  wi th  our  p o l a r  coord ina te  i n t e r p r e -  

t a t i o n ,  w e  s e e  t h a t  t h e  mapping def ined by equa t ion  (1) i s  equi-

v a l e n t  t o  r o t a t i n g  the  xy-plane through e O .  

Hopefully,  t h i s  shows us s t i l l  another  way i n  which complex 

numbers have a  r e a l  i n t e r p r e t a t i o n .  By t h e  way, i n  the  s p e c i a l  

case  t h a t  c i s  r e a l ,  t he  argument of c i s  e i t h e r  O 0  o r  180°, 

depending upon whether c i s  p o s i t i v e  o r  nega t ive .  Notice then 

t h a t  i n  t h i s  case  t h e  r e s u l t  checks wi th  t h e  usua l  r e s u l t  i n  

t h e  r e a l  case;  i . e . ,  mul t ip ly ing  by ( r e a l )  c l eaves  t h e  

d i r e c t i o n  a lone ,  changes t h e  magnitude by a f a c t o r  of Icl and 

p rese rves  t h e  sense i f  c >  0 ,  r e v e r s e s  t h e  sense  if c < 0. 

A s  a f i n a l  note  on t h i s  e x e r c i s e  n o t i c e  t h a t  t h e  l i n e a r  mapping 

de f ined  by f ( z )  = clz + c2 where both cl and c2  a r e  complex-

valued cons tan t s  maps l i n e s  through the  o r i g i n  i n t o  l i n e s  

through t h e  o r i g i n ;  and c i r c l e s  centered  a t  t h e  o r i g i n  i n t o  

c i r c l e s  centered  a t  t h e  o r i g i n .  Namely, t h e  mappping f ( z )  i s  

a r o t a t i o n  (accompanied by a uniform magnif ica t ion  f a c t o r  equal  

t o  c l )  followed by a t r a n s l a t i o n .  Under a r o t a t i o n , l i n e s  
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through t h e  o r i g i n  remain l i n e s  through the  o r i g i n ,  and c i r c l e s  

cen te red  a t  t h e  o r i g i n  remain c i r c l e s  centered  a t  t h e  o r i g i n .  

Notice a l s o  t h a t  t h e  a lgebra  of  i n v e r t i n g  t h i s  type  of  f u n c t i o n  

i s  word-for-word t h e  same a s  i n  t h e  r e a l  case s i n c e  t h e  s t r u c t u r a l  

r u l e s  a r e  t h e  same. Namely, i f  w = c z c2  (cl  0) then  1

etc. 

I n  o t h e r  words, t h e  a lgebra  remains the  same, b u t  t h e  geometric  

i n t e r p r e t a t i o n  i s  e l e v a t e d  by a dimension of  s o p h i s t i c a t i o n  

( s o  t o  speak)  . 

a. Here w e  have f ( z )  = clz + c 2  where cl = - a n d c 2 = i .  
Jz 


By t h e  r e s u l t  of t h e  previous  e x e r c i s e  clz r o t a t e s  z through 

an ang le  e q u a l  t o  t h e  argument of cl and m u l t i p l e s  t h e  magnitude 

of by Icll . I n  o u r  case ,  lcll = 1 [ i . e . ,  

whi le  t h e  a r g u e n t  of  c1 is  45O. 

Y 


-I
Jz 

Hence, clz i s  a 45" r o t a t i o n  of t h e  z-plane.  Then s i n c e  

+ # 
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c z + i " t r a n s l a t e s "  clz an amount e q u i v a l e n t  t o  t h e  v e c t o r  t 1 J 

( i . e . ,  adding i r a i s e d  t h e  p o i n t  by 1 u n i t ;  we s e e  t h a t  

i s  e q u i v a l e n t  t o  r o t a t i n g  each p o i n t  i n  t h e  p lane  through 45' 

and then r a i s i n g  it  1 u n i t )  . 

P i c t o r i a l l y ,  

Rota te  P  through 45' and then l i f t  i t  ( i . e . ,  move it p a r a l l e l  t o  

t h e  y-axis)  one u n i t .  
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Hence i n  C a r t e s i a n  form, t h e  mapping is  given by 

1.4.6 

4 z4 has  magnitude 16 i f  z has magnitude 2 ,  and t h e  argument of z 

i s  f o u r  t i m e s  t h e  argument of z. Hence a s  z t r a c e s  t h e  p o r t i o n  

of t h e  c i r c l e  r = 2 between 8 = O 0  and 0 = 60°, f ( z )  t r a c e s  t h e  

p o r t i o n  of t h e  circle r = 16 between 8 = O 0  and 8 = 240°. 

P i c t o r i a l l y  4g ( s )  where g ( z )  = z 

F i n a l l y ,  adding 3 + 4 i  t r a n s l a t e s  each p o i n t  5 u n i t s  i n  t h e  
3 d i r e c t i o n  + 4 i. 
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Adding 3 + 4 i  t o  each p o i n t  on t h e  c i r c l e  r = 16 t r a n s l a t e s  t h e  

c i r c l e  from c e n t e r  a t  0 t o  c e n t e r  a t  0 ' .  

{r = 16 ,  0 -< 8 -< 240') 

l a t e d  by 3: + 4 5 ,  i . e . ,  

$A' = & 3 '  = 3; + 4 3 .  
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Here again  w e  s e e  how o u r  knowledge of v e c t o r  c a l c u l u s  h e l p s  us  

here .  Namely, it i s  n a t u r a l ,  i f  only by mimicking, t o  d e f i n e  

l i m  f  ( z )  = L 

z+c 

which means t h a t ,  given E >  0,  t h e r e  e x i s t s  6 > 0 such t h a t  

o < I z  - c I <  a -+ If ( 2 )  - L I  < €. 

The above d e f i n i t i o n  makes sense  even though z ,  c ,  and L need 

n o t  be r e a l  s i n c e  we a r e  d e a l i n g  only with abso lu te  va lues  -
which a r e  (non-negative) r e a l  numbers. 

Moreover, from a p i c t o r i a l  p o i n t  of view ( i . e . ,  i n  terms of t h e  

Argand diagram) t h e  above d e f i n i t i o n  i s  p r e c i s e l y  t h e  same a s  

our  l i m i t  d e f i n i t i o n  when w e  d e a l t  wi th  vec to r  func t ions  of a 

v e c t o r  v a r i a b l e .  

Reca l l  i n  t h a t  case  we showsd t h a t  t h e  d e f i n i t i o n  was e q u i v a l e n t
* t tt o  saying t h a t  i f  = u ( x , y : ~t v ( x . y ) ]  and i f  L = L1l + L2),  

-b * 
c = c1I + cZj :  then  

was e q u i v a l e n t  t o  

l i m  u (x ,y )  = L1 

~ x , y ~ + ( c 1 , c 2 )  

l i m  v ( x , y )  = L 2 .  
(x,y)+(c,,c,) 

Trans la ted  i n t o  t h e  Argand diagram t h i s  says t h a t  i f  c = c L  f c 2 i  

then 

+ * f (6) 
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means 


l i r n  R e [ f ( z ) l  = R ~ ( L )  


( x , y ) +  (c1,c2) 


and 


l i r n  I m [ f ( z ) l  = I m ( L ) .  


( ~ I Y ) + ( ~ ~ , C ~ )  

For example, i n  the  given e x e r c i s e  

f (2) = z 3 

3 = ( X  + i y )

Hence, 

The key p o i n t  i s  t h a t  us ing  t h e  Argand diagram model f o r  t h e  

complex numbers w e  need n o t  inven t  any new i d e a s  t o  handle 

l i m  f ( z )  i f  c i s  complex and f  i s  complex-valued. 

Z+C 

I n  p a r t i c u l a r ,  every l i m i t  theorem t h a t  was t r u e  i n  o u r  s tudy of 

v e c t o r  func t ions  of a  v e c t o r  v a r i a b l e  remains t r u e  i n  our  s tudy 

of complex funct ions  of a complex v a r i a b l e .  More s p e c i f i c a l l y ,  

w e  may continue t o  use such r e s u l t s  a s  t h e  l i m i t  of a sum i s  

t h e  sum of t h e  l i m i t s ,  t h e  l i m i t  of a product  i s  t h e  product  of 

t h e  l i m i t s ,  e t c .  Again, t h e  main i d e a  i s  t h a t  once w e  view 
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complex numbers i n  t h e  Argand diagram we cannot d i s t i n g u i s h  

between complex numbers and p lana r  vec to r s  s t r u c t u r a l l y .  Thus, 

theorems f o r  one model remain theorems f o r  the  o t h e r .  

1.4.8 

( z  	+ h I 2  = z2 t 2zh f h2 ( j u s t  as i n  the  reaL c a s e ) .  

Hence, ( z  + h12 - z2 = 2zh + h2.  Hence, 

= 	22 + h ,  provided h  # 0. 

Hence, 

( z  	l i m  [ 
+ 2 h12 - z 1 = l i m  [2z + h1 


h
h+O 	 h+O 

= 	l i m  2 2 +  l i m  h 

h+O h+O 

Notice t h a t  t h i s  e x e r c i s e  seems t o  be the  complex e q u i v a l e n t  
2of f i n d i n g  f '  (x)  when f  (x)  = x . This idea  is  t h e  t o p i c  of t h e  

n e x t  u n i t .  

1.4.9 


Our main aim i n  t h i s  e x e r c i s e  i s  t o  show t h a t  the  s tudy  o f  complex-

valued f u n c t i o n s  of  a  s i n g l e  r e a l  v a r i a b l e  was made when we 

s t u d i e d  t h e  p l a n a r  problem of vec to r  func t ions  of a s c a l a r  

v a r i a b l e .  

Namely, i f  we view z a s  x f i y ,  then t h e  f a c t  t h a t  z i s  a f u n c t i o n  

of t h e  s c a l a r  ( r e a l )  v a r i a b l e  t means t h a t  we may w r i t e  



S o l u t i o n s  
Block 1: An In t roduc t ion  t o  Functions of a  Complex Var iab le  
Uni t  4 :  Complex Functions of a Complex Var iab le  

1.4.9 continued 

The c r i t i c a l  p o i n t  i s  t h a t  i f  we e l e c t  t o  use t h e  Argand diagram 

a s  a geometric  model, w e  see a t  once t h a t  equat ion  (1) i s  

s t r u c t u r a l l y  equ iva len t  t o  t h e  v e c t o r  equat ion:  

I n  summary, t h e  curve i n  t h e  xy-plane de f ined  by equat ion  (2)  i s  

t h e  "graph" of t h e  complex numbers de f ined  by equa t ion  (1). I n  

o t h e r  words, one way of v i s u a l i z i n g  a (cont inuous)  complex 

f u n c t i o n  of a r e a l  v a r i a b l e  i s  a s  a curve i n  t h e  z-plane. 

The main p o i n t  i s  t h a t  s i n c e  w e  may i d e n t i f y  a complex func t ion  

of a r e a l  v a r i a b l e  w i t h  a v e c t o r  func t ion  of a  s c a l a r  v a r i a b l e ,  

w e  may a l s o  assume t h a t  t h e  c a l c u l u s  s t r u c t u r e  of v e c t o r  func t ions  

o f  s c a l a r  v a r i a b l e s  is  i n h e r i t e d  by complex func t ions  of  r e a l  

v a r i a b l e s ;  and both p a r t s  ( a )  and (b)  of t h i s  e x e r c i s e  a r e  

des igned t o  i l l u s t r a t e  t h i s .  

a .  	 W e  assume here  t h a t  f '  ( t)has t h e  usua l  meaning, except  t h a t  f  

i s  now a  vec to r  func t ion  r a t h e r  than a  s c a l a r  func t ion .  The 

p o i n t  i s  t h a t  had we been g iven t h e  problem 

we would have been able  t o  conclude t h a t  

3' -+ 
(t)= 1 + 2t3.  

S ince  equat ion  ( 3 )  t r a n s l a t e s ,  i n  t h e  Argand diagram, i n t o  

it fol lows t h a t  f l ( t )  must be the  analog of equat ion  ( 4 ) ,  namely, 
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More g e n e r a l l y ,  t h e n , i n  terms of  the  Argand diagram i f  z  = f ( t )  

where f  i s  a d i f f e r e n t i a b l e  complex func t ion  of a r e a l  v a r i a b l e ,  

w e  may view z  = f ( t )  a s  t h e  curve z = g ( t )  + h ( t )  i where g  i s  

t h e  r e a l  p a r t  of f and h  i s  t h e  imaginary p a r t  of f .  I n  t h i s  

e v e n t ,  f l ( t )  i s  a v e c t o r  t angen t  t o  t h i s  curve with magnitude equa l  

t o  

The key p o i n t  is  t h a t  t h e  c a l c u l u s  here  i s  a "carbon copy" of t h e  

c a l c u l u s  of  v e c t o r  func t ions  of a  s c a l a r  funct ion .  

2b. I f  	R 1(t)= t i + e3 t j ,  then  we a l ready know t h a t  

T r a n s l a t i n g  t h e  r e s u l t  ( 6 )  i n t o  t h e  language of complex numbers 
2 w e  have t h a t ,  i f  f '  (t)= t + e3ti ,  then 

1 3 f (t)= 	 t + e3ti + c ,  where c i s  an a r b i t r a r y  complex cons tan t .  

(7)  

I f  w e  now u s e  t h e  f a c t  t h a t  f  (0) = 1 + i, equat ion  (7)  becomes 
1 + 1 2 i = - i + c s o  t h a t  c = 1 + i. P u t t i n g  t h i s  r e s u l t  i n t o  (71,

3 + + + + 2 
w e  have t h a t  f ( t )  = t3 e3ti 1 T i ,o r  


I n  summary, w e  a l r e a d y  know how t o  d i f f e r e n t i a t e  and i n t e g r a t e  

complex f u n c t i o n s  o f  a r e a l  v a r i a b l e  because our  previous  knowledge 

of  v e c t o r  f u n c t i o n s  of s c a l a r  v a r i a b l e s .  I n  p a r t i c u l a r  

dZ
1. I f  	z = x ( t )  + y ( t )  i, then = dX + 8 i; and 

2. 	 I f  z = x l ( t ) + y ' ( t )  i , t h e n / z d t  = x ( t )  + y ( t )  i + c; where 

x '  (t)= dt dx( t )  and y '  (t)= dydt and c  i s  an a r b i t r a r y  complex 

cons tan t .  

Thus, whi le  complex func t ions  of a r e a l  v a r i a b l e  a r e  impor tan t  i n  

our  s tudy of  complex v a r i a b l e s  (e .g. ,  a s  mentioned i n  E x e r c i s e  

1 .4 .1 ,  t h e  "graph" of a set of complex numbers i n  t h e  Argand 
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diagram has t h i s  form),  we do n o t  devote much t i m e  t o  such a  

s tudy  s i n c e  t h e  main r e s u l t s  a r e  a l r eady  a v a i l a b l e  t o  us from o u r  

s tudy  of p lana r  vec to r s .  

The r e s u l t  of t h i s  e x e r c i s e  j u s t i f i e s  why t h e  s tudy of r e a l -

valued funct ions  of a  complex v a r i a b l e  i s  u s u a l l y  ignored from a  

c a l c u l u s  p o i n t  of view*. Namely, assuming t h a t  t h e  r e s u l t  of 

t h i s  e x e r c i s e  holds ,  w e  have t h a t  i f  y  = f ( z )  and i f  dy e x i s t s ,  

t hen  -dy = 0.  This ,  i n  t u r n ,  impl ie s  t h a t  f  ( z )  i s  cons tan t .dz 
Thus, i f  f :  c+R such t h a t  f 1  e x i s t s ,  then  f ( z )  must be cons tan t .  

I n  o t h e r  words, un less  f  (z 1 = c o n s t a n t ,  ( = 1d  f  f a i l s  t o  

e x i s t .  Thus, t h e  study of d i f f e r e n t i a b l e  r e a l  f u n c t i o n s  of a 

complex v a r i a b l e  is  " s h o r t  and sweet". 

Now, t u r n i n g  t o  t h e  s p e c i f i c s  of t h i s  e x e r c i s e ,  we must f i r s t  

d e f i n e  what w e  mean by f  i n  t h e  case  t h a t  f  i s  a rea l -valued 

f u n c t i o n  of a complex v a r i a b l e .  I n  terms of o u r  usua l  approach 

i n  t e r m s  of s t r u c t u r e ,  w e  d e f i n e  $ = f 'u ( 2 )  by 

f  (zo + Az) - f  (zo)  

f' (zo) = l i m  [ 1 


Zaz+o 

provided t h a t  t h e  l i m i t  e x i s t s .  Since z ,and hence Az, i s  complex, 

it means t h a t  t h e r e  a r e  many pa ths  by which Az may apprcaeh 0. 

One such path  is t h e  one de f ined  by t h e  change i n  t h e  imaginary 

p a r t  of Az being 0; and ano the r ,  by t h e  change of t h e  r e a l  p a r t  

o f  A Z  being 0. 

*We h a s t e n  t o  s t r e s s  " c a l c u l u s "  l e s t  you  e r r o n e o u s l y  b e  l e d  t o  
b e l i e v e  t h a t  s u c h  f u n c t i o n s  a r e  u n i m p o r t a n t  i n  a l l  r e s p e c t s .  
F o r  e x a m p l e ,  t h e  a b s o l u t e  v a l u e  o f  a complex  v a r i a b l e  i s  
e x t r e m e l y  i m p o r t a n t  and t h i s  i s  an  example  o f  a r e a l - v a l u e d  f u n c t i o n  
o f  a complex  v a r i a b l e .  T h a t  i s ,  i f  z i s  complex  and  f(z) = l z l  
t h e n  t h e  r a n g e  of  f i s  t h e  n o n - n e g a t i v e  r e a l  n u m b e r s .  
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I n  	t e r m s  o f  t h e  Argand diagram we have, 


Y 

p,Re[Az]+ 0 along l i n e  Re(z)  = Re(z0) 

1 ,  Im(Az)+O along l i n e  Im(z) = lm(zo) 
Z o  = (x0,yo) 

X 

A l g e b r a i c a l l y  speaking,  W e  &re saying t h a t  I f  z = x + fy t hen  

Az = Ax + iAy; and w e  a r e  looking a t  Az i n  one case  wi th  Ay = 0 

and i n  t h e  o t h e r  w i t h  Ax = 0. 

The key p o i n t  i s  t h a t  numerator i n  the  bracketed express ion  i n  

equa t ion  (1)must be  r e a l  s i n c e  f is  given t o  be r e a l  va lued.  

Thus, wi th  Ay = 0,  

i s  equal. t o  

i n  which case, 	f ' ,  i f  it e x i s t s  must be given by 


f (xo+ AX,  yo) - f ( X ~ , Y ~ )  - -af

f ' ( z o )  = l i m  ] = [ ax
Ax 

I
(x0,yo)
Ax+O 



S o l u t i o n s  
Block 1: An In t roduc t ion  t o  Functions of  a Complex Var iab le  
Uni t  4: Complex Functions of a Complex Var iab le  

1.4.10 continued 

S i m i l a r l y  wi th  Ax = 0, equat ion  (1)becomes 

f ( z o +  iAy) - f (zo)  

f t ( z  1 = l i r n  [ I


0 iAy 
Ay+O 

f ( x o ' ~ ,  + Ay) - f (x0,yo) 
= l i m  [ I 

iAy Ay+O 

(xory0 -- -1 l i m  f + Ay) - f (xo,y0) 
[ I 

S ince  t h e  ex i s t ence  of t h e  l i m i t  i n  (1)means t h a t  t h e  va lue  of 

f l ( z o )  must be  independent of t h e  d i r e c t i o n  i n  which z+0, w e  may 

equa te  t h e  va lues  of f 1 (zo) found i n  (2)  and ( 3 )  t o  conclude 



S o l u t i o n s  
Block 1: An I n t r o d u c t i o n  t o  Functions of a  Complex v a r i a b l e  
Unit  4 :  Complex Funct ions  o f  a Complex Var iable  

1.4.10 cont inued 

Equating t h e  r e a l  and imaginary p a r t s  i n  t h e  e q u a l i t y  given by ( 4 1 ,  

w e  conclude t h a t  

f x (xoty0) = 0 and f  (xoly0) = 0. Y 

F i n a l l y ,  s i n c e  (x  ,yo) = zo was an a r b i t r a r y  p o i n t  (number) i n  
0 

t h e  domain of f we may conclude from equat ion  (5) t h a t  

and from o u r  knowledge of  real-valued func t ions  of s e v e r a l  ( t w o )  

r e a l  v a r i a b l e s * ,  w e  may conclude t h a t  

f  (x ,y)  = c o n s t a n t .  

Then s i n c e  f ( x , y )  i s  simply t h e  geometric equ iva len t  of  f ( z ) ,  

w e  conclude t h a t  f  ( 2 )  = ( r e a l )  cons tant .  

* N o t i c e  t h a t  we h a v e  i d e n t i f i e d  f ( z )  w i t h  f  ( x , y )  by v i e w i n g  z 
a s  t h e  p o i n t  ( x , y )  i n  t h e  Argand d i a g r a m .  S i n c e  f i s  r e a l - v a l u e d  
i t  f o l l o w s  t h a t  f ( x , y )  i s  a r e a l  f u n c t i o n  o f  t h e  r e a l  v a r i a b l e s  
x a n d  y .  C o n s e q u e n t l y  t h e  s t a t e m e n t  g i v e n  i n  ( 6 )  i s  i n d e p e n d e n t  
o f  o u r  knowing  a n y t h i n g  a b o u t  complex  numbers  ( a l t h o u g h  t h e  
d e r i v a t i o n  o f  ( 6 )  came f rom o u r  t r e a t m e n t  of  t h e  complex  n u m b e r s ) .  
A c c o r d i n g l y  ( 7 )  i s  m e r e l y  a r e a f f i r m a t i o n  t h a t  i f  d f  - Odx + Ody 
t h e n  f ( x , y )  i s  c o n s t a n t .  
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