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LINEAR INDEPENDENCE 

Preface  

The concept  of l i n e a r  independence (and l i n e a r  dependence) t ranscends  

t h e  s tudy of d i f f e r e n t i a l  equat ions .  For example, i n  s tudying systems 

of n l i n e a r  a l g e b r a i c  equat ions  i n  n unknowns, w e  saw t h a t  t h e r e  was 

" t r o u b l e "  i f  one of t h e  equat ions  was a l i n e a r  combination of some of 

t h e  o t h e r s  i n  t h e  system. By way of b r i e f  review, we saw t h a t  t h e  

system 

e i t h e r  had i n f i n i t e l y  many s o l u t i o n s  o r  e l s e  no s o l u t i o n s  depending 

upon whether o r  no t  c = 2b - a .  That i s ,  i n  t h e  given system of equa-

t i o n s ,  t h e  t h i r d  equat ion  was a l i n e a r  combination of t h e  f i r s t  and 

t h e  second; i n  p a r t i c u l a r  (and we used row-reduced matr ix  techniques 

f o r  c a r r y i n g  o u t  t h e s e  computations) , t h e  t h i r d  equat ion  i s  twice t h e  

second minus t h e  f i r s t .  

Now, i n  t h i s  p o r t i o n  of our  course  ( s e e ,  f o r  example, Exercise 2.4.51, 

w e  again  s e e  t h e  danger of one func t ion  being a l i n e a r  combination of 

some o t h e r s  when w e  seek  t h e  g e n e r a l  s o l u t i o n  of a l i n e a r  d i f f e r e n t i a l  

equat ion .  We s h a l l  dwel l  on t h i s  p o i n t  i n  a  moment. For now, how-

e v e r ,  l e t  us admit t h a t  t h e  concept  of one element being a l i n e a r  

combination of o t h e r s  p lays  an important  r o l e  i n  any t o p i c  t h a t  can be  

desc r ibed  a s  a l i n e a r  system, and t h e  s tudy of l i n e a r  systems i s  a 

major t o p i c  of i n v e s t i g a t i o n  i n  t h e  s tudy of (n-dimensional) vec to r  

spaces.  In  Block 3 ,  t h e  f i n a l  block of our  course ,  w e  s h a l l  s tudy 

vec to r  spaces  a b i t  more thoroughly than we have up t o  now, and a t  

t h a t  t ime,  we s h a l l  r e v i s i t  l i n e a r  independence from a more genera l  

p o i n t  of view. 

Since t h i s  t o p i c  i s  r a t h e r  s u b t l e  and o f t e n  r e q u i r e s  much experience 

on t h e  p a r t  of t h e  s t u d e n t ,  w e  p r e f e r  t o  in t roduce  it wi th  some of t h e  

genera l  r a m i f i c a t i o n s  t h a t  apply t o  a l l  v e c t o r  spaces.  In  t h i s  way, 

n o t  on ly  w i l l  we g e t  a  b e t t e r  understanding of t h e  s t r u c t u r e  of l i n e a r  

d i f f e r e n t i a l  equa t ions ,  b u t  we s h a l l  be b e t t e r  f o r t i f i e d  t o  d i s c u s s  

t h e  s t r u c t u r e  and behavior  of any v e c t o r  space when w e  g e t  t o  t h i s  

s tudy i n  Block 3 .  



In t roduc t ion  

Based on loose  i n t u i t i o n ,  i f  one were t r y i n g  t o  formula te  a  d e f i n i t i o n  

of what i s  meant by t h e  genera l  s o l u t i o n  of an n th  o r d e r  d i f f e r e n t i a l  

equa t ion ,  it i s  n a t u r a l  t o  assume t h a t  one would have begun wi th  a 

much less s o p h i s t i c a t e d  d e f i n i t i o n  than t h e  one chosen by us ( r e p l e t e  

wi th  i n i t i a l  c o n d i t i o n s ,  e t c . ) .  Most l i k e l y ,  we i n t u i t i v e l y  view an 

n t h  o r d e r  d i f f e r e n t i a l  equat ion  a s  one which we must i n t e g r a t e  n t i m e s  

i n  o r d e r  t o  o b t a i n  t h e  s o l u t i o n  [and, indeed,  t h i s  i n t u i t i v e  approach 

i s  p e r f e c t l y  a c c u r a t e  i n  t h e  u l t r a - s imple  c a s e  i n  which t h e  equat ion  -

has t h e  form dn = f  (x)  1. Each t i m e  w e  i n t e g r a t e ,  we g e t  another  
dx 

a r b i t r a r y  c o n s t a n t  of i n t e g r a t i o n .  Thus, w e  might have been tempted 

t o  d e f i n e  t h e  g e n e r a l  s o l u t i o n  of an n th  o r d e r  d i f f e r e n t i a l  equat ion  

a s  any s o l u t i o n  which con ta ins  n  a r b i t r a r y  cons tan t s .  

What we showed i n  Exerc ise  2.4.5 was t h a t  such a  d e f i n i t i o n  f a i l e d  t o  

c a p t u r e  t h e  d i f f e r e n c e  between a r b i t r a r y  and independent a r b i t r a r y  

c o n s t a n t s .  For those  who have n o t  looked a t  Exerc ise  2.4.5 o r  who 

have b u t  do n o t  wish t o  i n t e r r u p t  t h i s  r ead ing  t o  r e t u r n  t o  it, l e t  u s  

g i v e  ano the r  example. C l e a r l y ,  

con ta ins  two a r b i t r a r y  cons tan t s .  That i s ,  how w e  choose cl i n  no way 

restricts how w e  may choose c2 .  On t h e  o t h e r  hand, it should be  c l e a r  

t h a t  (1) i s ,  i n  a  somewhat d i sgu i sed  form, a 1-parameter fami ly  of 

cu rves ,  not a 2-parameter family.  That i s ,  s i n c e  t h e  sum of two a r b i -  

t r a r y  c o n s t a n t s  i s  an a r b i t r a r y  c o n s t a n t ,  we may r e p l a c e  t h e  sum 

c1 + c2 i n  (1)by t h e  s i n g l e  a r b i t r a r y  cons tan t  c ,  t o  o b t a i n  

Equation (2)  r e p r e s e n t s  a 1-parameter family of curves  which is  

e q u i v a l e n t  t o  t h e  family r ep resen ted  by equa t ion  ( 1 1 ,  even though two 

a r b i t r a r y  c o n s t a n t s  appear i n  (1). 
To make t h i s  d i s c u s s i o n  more p e r t i n e n t  t o  o u r  p r e s e n t  s tudy of l i n e a r  

d i f f e r e n t i a l  equat ions  i n  g e n e r a l ,  w e  have seen i n  t h e  p r e s e n t  l e s s o n  

t h a t  i f  

i s  any n t h  o r d e r  l i n e a r  d i f f e r e n t i a l  equa t ion ,  and i f  y = u l ( x ) ,  1 ..., 



and y  = u n ( x )  were each s o l u t i o n s  of (31,  then s o  a l s o  was any l i n e a r  

combination of u l ,  ..., and un. ( I n  t h e  l e c t u r e ,  we s t r e s s e d  t h e  c a s e  

n = 

I n  o t h e r  words, under t h e  given c o n d i t i o n s ,  

i s  a l s o  a  s o l u t i o n  of ( 3 ) ,  where c l ,  ..., and c a r e  n  a r b i t r a r y  n 
c o n s t a n t s .  

The ques t ion  t h a t  w e  wish t o  address  ourse lves  t o  i n  t h i s  s e c t i o n  i s  

2 ,  b u t  t h e  r e s u l t  holds  f o r  any o r d e r . )  

under what cond i t ions  can w e  t e l l  t h a t  t h e  c o n s t a n t s  i n  ( 4 )  cannot be  

"condensed," o r  from t h e  oppos i t e  p e r s p e c t i v e ,  under what cond i t ions  

can a  family of curves  de f ined  wi th  less than n-parameters be  t h e  same 

family a s  t h a t  named by ( 4 )  wi th  i t s  n  a r b i t r a r y  cons tan t s .  

I n  o rde r  n o t  t o  make t h i s  d i s c u s s i o n  t o o  a b s t r a c t ,  l e t  us  s t a r t  wi th  a 

more concre te  i l l u s t r a t i o n .  Suppose t h a t  equat ion  (3) represented  a  

th i rd -o rde r  l i n e a r  d i f f e r e n t i a l  equa t ion ,  and t h a t  by "hook o r  crook" 
2 2we had somehow discovered t h a t  y  = s i n  x ,  y = cos  x ,  and y  = cos 2x 

were each s o l u t i o n s  of ( 3 ) .  C e r t a i n l y  then ,  w e  could conclude t h a t  

f o r  any choice  of c o n s t a n t s  c c2,  and c3 ,  

2 2 y = c1 s i n  x  + c2 cos x + c3 cos 2x 

was a l s o  a  s o l u t i o n  of (3) .* 
However, i f  we now in t roduce  t h e  t r igonometr ic  i d e n t i t y  

2 2 cos 2x E cos  x  - s i n  x ,  

i n t o  (5 ) , w e  o b t a i n  

2 2*Do n o t  t r y  t o  f i n d  t h e  s p e c i f i c  l i n e a r  e q u a t i o n  f o r  w h i c h  s i n  x ,  c o s  x 
a n d  c o s  2 x  a r e  s o l u t i o n s .  I t  i s  o f t e n  a d i f f i c u l t  j o b ,  b u t  m o r e  i m p o r -
t a n t l y ,  i t  i s  i r r e l e v a n t  t o  o u r  p r e s e n t  d i s c u s s i o n .  I t  i s  shown i n  

2 2E x e r c i s e  2 . 5 . 6  a n d  r e i n f o r c e d  i n  S e c t i o n  C t h a t  s i n  x a n d  c o s  x c a n n o t  
b e  s o l u t i o n s  o f  ( 3 )  i f  ( 3 )  h a s  c o n s t a n t  c o e f f i c i e n t s .  N o t i c e  a l s o  
t h a t  i t  i s  i m p o r t a n t  t o  s t r e s s  l i n e a r i t y .  F o r  e x a m p l e ,  i t  i s  s i m p l e  
t o  c o n s t r u c t  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  h a v e  g i v e n  s o l u -
t i o n s .  By way o f  i l l u s t r a t i o n ,  t h e  t r i v i a l  z e r o t h - o r d e r  n o n - l i n e a r  

2 2 2 2
e q u a t i o n  ( y  - s i n  x ) ( y  - c o s  x ) ( y  - c o s  2 x )  = 0 a d m i t s  s i n  x ,  c o s  x 
c o s  2x a s  s o l u t i o n s ,  b u t  i n  t h i s  c a s e ,  ( 5 )  i s  n o t  a s o l u t i o n .  T h a t  
i s ,  k e e p  i n  mind  t h e  f a c t  t h a t  f o r  l i n e a r  c o m b i n a t i o n s  o f  s o l u t i o n s  t o  
a g a i n  b e  s o l u t i o n s  r e q u i r e s  t h a t  t h e  e q u a t i o n  b e  l i n e a r .  



2 2 2 2 y = c1 s i n  x  + c Z  cos x  + c 3 ( c o s  x  - s i n  x )  

Since cl ,  c2 ,  and c3 a r e  a r b i t r a r y  c o n s t a n t s ,  s o  a l s o  a r e  cl - c and 3 
c 2  + c3. L e t t i n g  kl = cl - c 3 a n d  k2 = c2 + c3,  equat ion  (7) becomes 

2 + 2 y = kl s i n  x  k2  cos  x. 

Thus, w e  see t h a t  ( 8 ) ,  an equat ion  wi th  two a r b i t r a r y  c o n s t a n t s ,  

names t h e  same family  of curves  a s  does (51, an equat ion  wi th  t h r e e  

a r b i t r a r y  cons tan t s .  I n  o t h e r  words, t h e  c o n s t a n t s  i n  (S), while  

a r b i t r a r y ,  a r e  n o t  independent i n  t h e  sense  t h a t  they may be condensed. 

That i s ,  t h e r e  is  an equat ion  wi th  fewer than n cons tan t s  [e.g. equa-

t i o n  ( 8 ) l  which d e f i n e s  t h e  same family  of  curves a s  does equat ion  ( 5 ) .  

Our c e n t r a l  q u e s t i o n  is  what caused t h i s  t o  come about? Hopefully, 

t h e  answer i s  c l e a r  a t  l e a s t  i n  terms of our  concre te  example. Namely, 

one of our  s o l u t i o n s  ( i n  t h i s  c a s e ,  u3 = cos  2x1 was a l i n e a r  combina- 
2 2t i o n  of t h e  previous* s o l u t i o n s  (ul = s i n  x ,  u2 = cos  x ) .  I n  p a r t i -  

c u l a r ,  

i n  our  p r e s e n t  i l l u s t r a t i o n .  

I n  o t h e r  words, r e t u r n i n g  t o  t h e  more g e n e r a l  c a s e ,  i f  any s p e c i f i c  

m e m b e r ,  uk ,  of {ul, ..., u 1 may b e  expressed a s  a  l i n e a r  combination n
of t h e  preceding members of t h e  set ,  then  t h e  t e r m  ckuk(x)  i s  "redun-

d a n t "  i n  equat ion  ( 4 ) .  

*The t e r m  " p r e v i o u s "  s u g g e s t s  t h a t  t h e  s o l u t i o n s  a r e  o r d e r e d .  F o r  
2

e x a m p l e ,  h a d  we o r d e r e d  t h e  t e r m s  b y  u = cos X ,  u 2  = c o s  2x ,  and  

L 
u 3  = s i n x ,  o u r  i d e n t i t y  t e l l s  u s  t h a t  u - u3.  Now, h o w e v e r ,  u

2 = 1 2 
i s  n o t  a l i n e a r  c o m b i n a t i o n  o f  " p r e v i o u s "  s o l u t i o n s  s i n c e  u 3 i s  l i s t e d  
a f t e r  u 2 .  N o t i c e ,  h o w e v e r ,  t h a t  s i n c e  u = u - u 3 ,  we may w r i t e  t h a t

2 1 

u 3  -- u1 - u
2 ( i . e .  s i n2x = c o s 2x - c o s  2 x )  a n d  now u 3  i s  a l i n e a r  com-

b i n a t i o n  o f  terms w h i c h  come b e f o r e  i t .  I n  o t h e r  w o r d s ,  i f  a n y  member 
o f  ( u l ,  ..., u ) i s  a l i n e a r  c o m b i n a t i o n  o f  some o t h e r s ,  we c a n  a l w a y sn 
r e w r i t e  t h e  e q u a l i t y  s o  t h a t  o n e  member i s  a l i n e a r  c o m b i n a t i o n  o f  t h e  
p r e c e d i n g  o n e s ,  n o  m a t t e r  how t h e  members  a r e  l i s t e d .  



Namely, i f  

uk (x)  = a u ( X I  + ... + ak-luk-l (x)1 1  

[where one o r  more of t h e  a ' s  may be  0 1 ,  then  by (91, 

y = c u (x)  + ... + Ck-luk-l1 1  
(x) + C u (x)  + ... + cnun(x)k k  

may be w r i t t e n  a s  

y = c u (x)  + .. + C k - l U k - l1 1  (x) + ck [alul (x)  + ... + ak-luk-l (x)  1 + 

+ ... + cnun(x)  

where i n  (10) t h e r e  a r e  only  n-1 a r b i t r a r y  cons tan t s  s i n c e  t h e  term 

involving u k ( x )  has  vanished.  

Again, more c o n c r e t e l y ,  suppose we l e t  n = 5 and u 4 = ul + 2u3 

(= l u l  + Ou2 + 2u3) . Then 

-L e t t i n g  k l  = cl + C 4 ,  k2 - c 2 ,  k3 = c3  + 2c4,  and k g  = c5r (11) 

becomes 

and t h i s  equat ion  has  f o u r ,  n o t  f i v e ,  a r b i t r a r y  c o n s t a n t s .  

The preceding d i s c u s s i o n  i s  u s u a l l y  formalized a s  fo l lows.  

Given t h e  s e t  of func t ions  of x  Iu l ,  ..., u,), t h e  s e t  i s  c a l l e d  

l i n e a r l y  dependent i f  a t  l e a s t  one member of t h e  s e t  i s  a l i n e a r  



combination of t h e  o t h e r s .  (Whenever t h i s  happens, it i s  a l s o  t r u e  

t h a t  t h e  one member can be chosen t o  be  a l i n e a r  combination of t h e  

preceding members, no mat t e r  i n  what o r d e r  t h e  members a r e  l i s t e d . )  

I f  t h e  set  i s  not l i n e a r l y  dependent,  then  it i s  c a l l e d  l i n e a r l y  

independent.* 

From an  e s t h e t i c  p o i n t  of view ( i . e .  because t h e  d e f i n i t i o n  d o e s n ' t  

depend on how t h e  set  i s  o r d e r e d ) ,  many au thors  p r e f e r  t o  begin  wi th  

a d e f i n i t i o n  of l i n e a r  independence and then  d e f i n e  {ul, ..., un3 t o  

be  l i n e a r l y  dependent i f  it is n o t  l i n e a r l y  independent.  When t h i s  i s  

done, t h e  u s u a l  d e f i n i t i o n  i s :  

The set {ul, ..., un) is  s a i d  t o  be l i n e a r l y  independent i f  and only  
-i f  clul + ... + cnun = 0 + c1 - ... = c n = O.** That i s ,  {ul, ..., Un 

is l i n e a r l y  independent * t h e  on ly  way a l i n e a r  combination of 

ul, ..., u can b e  0 is  i f  a l l  t h e  c o e f f i c i e n t s  a r e  0 .  n 

T r i v i a l l y ,  i f  c l ,  = ... = c n = 0 ,  t hen  clul + ... CnUn = 0 ,  b u t  t h e  
+ 

converse must a l s o  b e  t r u e  f o r  l i n e a r  independence. 

2 2For example, r e t u r n i n g  t o  ( s i n  x ,  cos x ,  cos  2x1, c l e a r l y  

2 20 s i n  x + 0 cos  x + 0 cos 2x S 0. 

2 2However, t h e  f a c t  t h a t  cos  2x E c o s  x s i n  x means t h a t  

2 s i n x - 2 cos x + c o s  2x E 0 

2 2
From ( 1 2 ) ,  w e  see t h a t  w e  have a l i n e a r  combination of s i n  x ,  cos x ,  

*As  a m a t t e r  o f  s e m a n t i c s ,  one  s o m e t i m e s  s a y s  t h a t  u l ,  u 2  , ..., and u n 

-a r e  l i n e a r l y  i n d e p e n d e n t  ( d e p e n d e n t )  r a t h e r  t h a n  { u l ,  ..., u 1 n 
l i n e a r l y  i n d e p e n d e n t  ( d e p e n d e n t ) .  We s h a l l  n o t  w o r r y  a b o u t  t h e  c h o i c e  
of  w o r d i n g  and  w i l l  u s e  w h a t e v e r  e x p r e s s i o n  seems  more c o m f o r t a b l e  a t  
t h e  g i v e n  t i m e .  
* * R e c a l l  t h a t  u = 0 means u ( x )  E 0 ,  i . e .  u = 0 means u ( x )  = 0 f o r  
e v e r y  x i n  t h e  domain  o f  u .  T h u s ,  w h a t  we r e a l l y  mean i s  t h a t  

c u (x )  + . .. + c u (x)  I 0 + c1 -- .. . -- c = 0. F o r  e x a m p l e ,  x 2  - 4x
1 1  n n n 

2 
3 = 0 * x = 1 o r  x = 3.  H e n c e ,  i f  we l e t  u ( x )  = x 4x 3 ,  we 

-

+ - + 
would  n o t  s a y  t h a t  u = 0 s i n c e  i t  i s  f a l s e  t h a t  x L  - 4x + 3 0 .  

3 . 6  



and cos  2x which i s  i d e n t i c a l l y  zero  b u t  n o t  a l l  t h e  c o e f f i c i e n t s  [ i n  

f a c t ,  i n  t h i s  i l l u s t r a t i o n ,  (12) shows t h a t  none of t h e  c o e f f i c i e n t s ]  
2 2i s  0 .  Hence, { s i n  x ,  cos x ,  cos 2x1 would s t i l l  be  l i n e a r l y  dependent 

under t h e  new d e f i n i t i o n .  

I n  summary, t h e  two methods of d e f i n i n g  l i n e a r  dependence a r e  equiva-

l e n t ,  b u t  by beginning wi th  t h e  one f o r  l i n e a r  independence, we do no t  

have t o  become involved wi th  t h e  d i s c u s s i o n  of t h e  o r d e r  i n  which t h e  

members of t h e  set  a r e  l i s t e d .  

Which ever  d e f i n i t i o n  w e  choose, t h e  p o i n t  i s  t h a t  o u r  cons tan t s  a r e  

"condensable" i n  ( 4 )  i f  and only i f  {ul ,  ..., unl i s  l i n e a r l y  

dependent.  

Of course ,  wi th  our  more s o p h i s t i c a t e d  d e f i n i t i o n  of "genera l  so lu-

t i o n , "  we a r e  s t i l l  n o t  s u r e  t h a t  t h e  m e r e  f a c t  t h a t  {ul ,  ..., u,} i s  

l i n e a r l y  independent i s  enough t o  guarantee  t h a t  w e  can meet t h e  i n i -

t i a l  cond i t ions .  Thus, a t  t h i s  s t a g e  of t h e  game, a l l  we can say  i s  

t h a t  l i n e a r  independence i s  necessary  ( b u t  perhaps n o t  s u f f i c i e n t )  f o r  

( 4 )  t o  be  t h e  g e n e r a l  s o l u t i o n  of ( 3 ) .  W e  s h a l l  t a l k  about t h i s  i n  

t h e  nex t  s e c t i o n ,  b u t  f o r  now, w e  would l i k e  t o  p o i n t  o u t  one very 

major p roper ty  of a  l i n e a r l y  independent s e t .  

Reca l l  t h a t  i n  our  s tudy  of p a r t i a l  f r a c t i o n s ,  w e  o f t e n  invoked t h e  

technique  t h a t  i f  

then  

a = bo, al  = bl,  a = b 2 ,  
0 2 ..., and a -- bn. n 

While t h i s  may seem very  n a t u r a l ,  i t s  v a l i d i t y  depends on t h e  f a c t  
2 t h a t  ( 1 ,  x ,  x , ..., xn)  i s  a  l i n e a r l y  independent s e t .  [ A s  mentioned 

2 i n  P a r t  1, t h e  e a s i e s t  way t o  prove t h a t  (1 ,  x,  x , ..., xn) i s  l i n -

e a r l y  independent i s  by success ive  d i f f e r e n t i a t i o n .  By way of review, 

l e t ' s  analyze  t h e  p a r t i c u l a r  case  n = 3. I f  

then  



and 


From (iv) , a3 = 0. Setting a3 = 0 in (iii) yields that a2 = 0, and 

knowing that both a2 and a3 = 0 implies, from (ii), that al = 0. Once 
al = a2 = a3 = 0, (i) implies that a. is also 0. Hence, we have shown 
that the only linear combination of 1, x, x2, and x3 which is 0 is 

o + ox + ox2 + I 

The crucial point is that we may equate like coefficients if and only 

if Iul, ..., un} is linearly independent. For example, suppose 

2 2 2 2
A sin x + B cos x + C cos 2x E 0 E 0 sin x + 0 cos x + 0 cos 2x. 

If we equate coefficients of like terms, we would conclude that 


A = 0, B = 0, and C = 0, 

but this need not be true! 


2 2
In particular, since cos 2x E cos x - sin x, it follows that 

2 2
sin x - cos x + cos 2x 5 0 

from which we see that 


A sin2 x + B cos 2 x + C cos 2x :0 

if A = 1, B = -1, and C = 1. 

2 2More generally, in this example, since cos 2x E cos x - sin x, we may 

always rewrite 

2 2

A sin x + B cos x + C cos 2x 

2 2 2 2 2 2
A sin x + B cos x + C(cos x - sin x) = (A - C)sin x + (B + C)cos x. 

Consequently, if 




which i s  equ iva len t  t o  A = C = -B, then  

2 2
A s i n  x + B cos  x + C cos 2x z 0. 

That  i s ,  

2 2A ( s i n  x - cos  x + cos  2x) 0 

f o r  any va lue  of A. 

The key p o i n t  i s  t h a t  i f  

alul + + anUn :blul + 
+ bnUn 

then 

r e g a r d l e s s  of whether {ul ,  ..., u 3 i s  l i n e a r l y  independent.  n 

However, s i n c e  (13) r e p r e s e n t s  a l i n e a r  combination of ul,  ..., and un 

which i s  i d e n t i c a l l y  zero ,  then all t h e  c o e f f i c i e n t s  must -be zero  i f

and only  i f  Cult ..., un) i s  l i n e a r l y  independent.  I n  o t h e r  words, 

then ,  w e  conclude from (13) t h a t  

i f  and on ly  i f  (u l ,  ..., unl i s  l i n e a r l y  independent.  

C l e a r l y  ( 1 4 )  i s  e q u i v a l e n t  t o  

a = b l ,  a2  = b2 ,  1 ..., and an = bn. 

Thus, i n  any method invo lv ing  undetermined c o e f f i c i e n t s ,  t h e  success  

of t h e  method hinges  on l i n e a r  independence. In  summary, then ,  i f  

... ... 



-and i f  {ul,  ..., un) i s  l i n e a r l y  independent ,  then  

a l  = b l ,  a2 = b 2 ,  ..., and an -- bn'  

W e  s h a l l  have more t o  say  about  t h i s  a s  a n o t e  a t  t h e  end of t h e  next  

s e c t i o n .  

Appl ica t ion  t o  Linear  D i f f e r e n t i a l  Equations 

Up t o  now, our  d i s c u s s i o n  has  been r a t h e r  g e n e r a l  concerning t h e  con-

c e p t  of l i n e a r  dependence. I n  Block 3 ,  w e  s h a l l  t r y  t o  prove theorems 

about  p r o p e r t i e s  of  l i n e a r l y  independent v e c t o r s ,  and w e  s h a l l  a l s o  

see what o t h e r  p r o p e r t i e s  a r e  possessed by l i n e a r l y  independent sets of 

vec to r s .  For our  p r e s e n t  purposes,  however, such a d i s c u s s i o n  t a k e s  

u s  t o o  f a r  a f i e l d  of o u r  immediate concern of d i f f e r e n t i a l  equat ions .  

Le t  u s ,  t h e r e f o r e ,  r e t u r n  t o  our  s tudy of l i n e a r  homogeneous d i f f e r e n -  

t i a l  equat ions .  

Given t h e  nth-order equat ion  

l e t  us  assume t h a t  y = u l ( x ) ,  ..., and y = u (x) a r e  each p a r t i c u l a r  n 
s o l u t i o n s  of (1). What w e  would l i k e  t o  know i s  whether t h e  set 

(u l ,  ..., u } i s  l i n e a r l y  independent.  n

In  g e n e r a l ,  t h i s  is a very d i f f i c u l t  q u e s t i o n  t o  answer, b u t  i n  t h i s  

p a r t i c u l a r  c a s e ,  w e  have some powerful c a l c u l u s  a t  our  d i s p o s a l .  For 

example, t o  b e  a s o l u t i o n  of ( 1 1 ,  a f u n c t i o n  must possess  a t  l e a s t  i t s  

f i r s t  n d e r i v a t i v e s  ( s i n c e  t h e  t e r m  % o c c u r s ) .  For what w e  have i n  
dx 

mind, even possess ion of t h e  f i r s t  (n-1) d e r i v a t i v e s  would be  

s u f f i c i e n t .  

B r i e f l y  o u t l i n e d ,  our  method of a t t a c k  is  t h e  fol lowing.  

(i) To show t h a t  {ul,  ..., un) i s  l i n e a r l y  independent ,  w e  must prove 

t h a t  i f  clul + ... + cnun = 0 t h e n  cl = ... = c = 0, o r  s t a t e d  i n  n 
t e r m s  of i d e n t i t i e s ,  w e  must prove t h a t  i f  

then  



(ii) W e ,  t h e r e f o r e ,  assume t h a t  

c  u (x)  + c2u2 (x)  + .. . + C U (x)  = 0 .1 1  3 n 

Since  (2)  i s  an i d e n t i t y ,  we may equa te  t h e  d e r i v a t i v e s  of both  s i d e s  

of t h e  equat ion  t o  o b t a i n  

CIUl l  (x)  + c2u2 ' (x) + . . . + c3un1 (x)  - 0 .  

We may cont inue  i n  t h i s  manner u n t i l  w e  o b t a i n  

(n-l) (x) + ... + cnun (n-l) (x)  = 0 ,Clul 

a t  which t i m e  w e  o b t a i n  t h e  system of equat ions  

("-I)(x) + ... + cnun (n-1) (x) = 0
Clul J 
C l e a r l y ,  one s o l u t i o n  of ( 4 )  i s  cl = - - = c n = O - How can we be s u r e  

t h a t  t h e r e  a r e  no o t h e r s ?  

W e l l ,  one t h i n g  w e  could  do is r e p l a c e  x i n  ( 4 )  by some s p e c i f i c  

va lue ,  say ,  x = x If w e  do t h i s ,  ( 4 )  becomes a system of n l i n e a r  
0 ' 

a l g e b r a i c  equat ions  i n  t h e  n unknowns c l ,  ..., and cn. That i s ,  ( 4 )  

becomes 

Since  c l  = ... = c = 0 i s  one s o l u t i o n  of ( 4 ' )  and s i n c e  a l i n e a r  n 
system has  a unique s o l u t i o n  i f  and only i f  t h e  determinant  of c o e f f i -

c i e n t s  i n  (4') i s  n o t  ze ro ,  w e  need on ly  check t h a t  t h e  de terminant  of 

c o e f f i c i e n t s  i n  ( 4 '  ) i s  n o t  zero.  



Now, t h e  determinant  of c o e f f i c i e n t s  i n  ( 4 ' )  i s  

and c l e a r l y  i t s  va lue  depends on xo. 

However, i f  t h e r e  i s  even one number, xo, f o r  which t h i s  de terminant  

i s  n o t  ze ro ,  then f o r  t h i s  va lue  of xo, t h e  system of equat ions  i n  

( 4 ' )  has a  unique s o l u t i o n ,  and s i n c e  c l  = ... = c = 0 is one solu-  n 
t i o n ,  it must,  t h e r e f o r e ,  be  t h e  only  one. But s i n c e  c l ,  ..., and cn 

a r e  c o n s t a n t s ,  t h e  f a c t  t h a t  cl = ... = c = 0 f o r  one va lue  of x 

... n o 
means t h a t  cl = = c = 0 f o r  a l l  x. n 

I n  summary, then ,  i f  y = u l ( x ) ,  ..., and y = un(x)  a r e  each s o l u t i o n s  

of t h e  nth-order l i n e a r  equat ion  

then f u l l  ..., u ) i s  l i n e a r l y  independent a s  soon a s  t h e r e  e x i s t s  n 
l e a s t  one va lue  of  x f o r  which 

The l e f t  s i d e  of  (5)  is  given a very  

..., 
s p e c i a l  name. It i s  c a l l e d  t h e  

Wronskian (determinant)  of {u un) and u s u a l l y  abbrevia ted  a s  1 
W(ul, ..., u,). I n  o t h e r  words, t h e  number W(ul, ..., un) i s  de f ined  

by 



and s i n c e  ul ,  ..., and un a r e  each func t ions  of x ,  s o  a l s o  i s  

W(ul, ..., u,). [For t h i s  reason,  one a l s o  s e e s  t h e  n o t a t i o n  W(x) a s  

w e l l  a s  W (ul ,  ..., un) .] 

Perhaps t h e  b e s t  way t o  d i g e s t  t h e  previous remarks i s  by viewing a 

few examples. 

Example #1 

3Suppose w e  s o l v e  y " ' -  y '  = 0. The a u x i l i a r y  equat ion  i s  r - r = 0 ,  

s o  t h a t  y = 1, y = e 
X , and y = e 

-X 
a r e  each s o l u t i o n s  of t h e  equat ion .  

L e t t i n g  u l ( x )  = 1, u 2 ( x )  = e and u3(x)  = e w e  o b t a i n  ul' = 

ul" = 0, u2 '  (x)  = u2" (x)  = e X , u3' -X -X (x) = -e , and u31a(x) = e . 
Hence, 

Equation (7)  i s  s t r o n g e r  than what i s  a c t u a l l y  needed. A l l  w e  needed 

t o  show was t h e  e x i s t e n c e  of a t  l e a s t  one va lue  of x f o r  which 

W(u1,u2, u3 # 0 and equa t ion  (7)  shows t h a t  f o r  every r e a l  x ,  

W(u1,u2,u3) # 0. 

I n  any even t ,  w e  conclude from (7) t h a t  ( 1 ,  e X , e - X ~i s  l i n e a r l y  

independent.  

A s  a f o o t n o t e  t o  t h i s  e x e r c i s e ,  n o t i c e  t h a t  i n  terms of our d i s c u s s i o n  

X , -X ,

a t  t h e  end of t h e  previous  s e c t i o n ,  we may conclude t h a t  i f ,  f o r  

example, 



then 


since we may equate the coefficients of "like" terms whenever our set 


of functions (in this case, (1, ex, e-X~) is linearly independent. 


Example #2 


Find three linearly independent solutions of 


y'" + y' = 0. 

Solution 

From r3 + r = 0 = s(r2 + 1 , we conclude that three solutions are 
ul(x) = 1, u2(x) = sin x, u (x) = cos x. Hence,3 


and 


ul"(x) = 0, u '(x) = -sin x, u3" (x) = -cos x. 2 


Therefore, 


sin x cos x 


cos x -sin .x 


-sin x -cos x 


cos X I = -sin x 

2 2- -cos x - sin x 



I n  p a r t i c u l a r ,  t h e n ,  W(ul,u2,u3) f 0; hence, C 1 ,  s i n  x ,  cos x1 i s  

l i n e a r l y  independent.  Consequently, y = cl  + c2 s i n  x + c3  cos  x i s  

t h e  g e n e r a l  s o l u t i o n  of y " ' +  y 1  = 0. 

We now want t o  throw i n  a word of cau t ion .  A l l  w e  have shown s o  f a r  

i s  t h a t  -i f  W(ul, ..., un) f 0 ,  then ,  {ul,  ..., u 1 i s  l i n e a r l y  inde- n 
pendent.  W e  have n o t  shown t h a t  i f  W(ul, ..., u,) 0 then 

{ul, ..., u 1 i s  l i n e a r l y  dependent.  One reason we have no t  shown n 
t h i s  i s  t h a t  it need n o t  be  t r u e !  ( Q u i t e  i n  genera l ,  i f  p+q, w e  can-

n o t  conclude t h a t  i f  p i s  f a l s e ,  then  q is  a l s o  f a l s e . )  W e  i l l u s t r a t e  

t h i s  i n  our  nex t  example. 

Example #3 


Let  ul (x)  = x3 and u2 (x)  = 1 x 1 3.  Compute W (ul ,u2)  . 


Solu t ion  


By d e f i n i t i o n ,  


The "major" problem h e r e  i s  t o  compute u 2 ' ( x ) .  Reca l l  t h a t  

Hence, i n  t h i s  example, 

Hence, 

2 Since  u l l ( x )  = 3x f o r  a l l  x ,  w e  may proceed by cases .  



Case 1: x 5 0 

Then 

Case 2 :  x < 0 

Then 

Hence, i n  t h i s  example, 

Yet, {u1,u21 i s  l i n e a r l y  independent! 

That i s ,  1x 1 is  not  a constant mult iple  o f  x 3. P i c t o r i a l l y ,  the  

graph of x3 i s  



while the graph of 1 x 1 is 

m a t  is, for x 5 0. 1x1' = x3 = lcx 
and since 1 # -1, 

and for x < 0, Ix3I = -x3 = -l(x3) 1x13 # kx3 

Example # 4  

2 2Compute w(ul,u2 ,u3) where ul (x) = sin x, u (x) = cos x, and u (x) = 2 3 

cos 2x. 


Solution 

We have 

ul' (XI = 2 sin x cos x = sin 2x; ul" (x) = 2 cos 2x 

u2' (x) = 2 COs X ( - sin x) = - sin 2x; u2" (x) = -2 cos 2x 

u3' (XI = -2 sin 2x; u3"(x) = -4 cos 2x. 

* R e c a l l  t h a t ,  i n  g e n e r a l ,  one o b t a i n s  y = I f ( x ) l  from y = f ( x )  b y  re -
f l e c t i n g  about t h e  x - a x i s  t h e  p o r t i o n  of y = f ( x )  which l i e s  below 
t h e  x - a x i s .  



Hence, 


2 2
sin x cos X cos 2x 


II 	 I 
w(ul,u2 ,u3) = sin 2x - sin 2x - sin 2x1 

12 cos 2x -2 cos 2x -4 cos 2x1 


sin x cos 2 x cos 2x * 

= 2 sin 2x cos 2x 	I -2

-2 

= 2 sin 2x cos 2x [01* 

The interesting thing about Example # 4  is that we have previously seen 

that the functions ul, u 2' and u in this example are linearly depen- 3 
dent. Yet, the faet that the Wronskian is zero does not help us come 

to this conclusion, since in the previous example, we showed that 

even when the Wronskian is identically zero, the functions may be 

linearly independent. 

It would be nice to be able to use the Wronskian as a necessary and 

sufficient condition to determine whether or not functions were lin- 

early independent. Yet Examples # 3  and # 4  show us that this cannot be 

done. However, let us also observe that up to now, nothing in our 

examples has made it necessary for the functions to be solutions of a 

linear homogeneous differential equation. 

Nhat is very interesting is the fact that if {ul, ..., un) is a set 
each of whose elements is a solution of a linear homogeneous differen- 

tial equation, then: 

(1) 	{ul, ..., un) is linearly dependent if and only if 
W(ul, ..., u 5 0; and n 


(2) W(ul, ..., u n 1 is either identically equal to zero or else it is 
never equal to zero. 

*In Block 3 ,  we examine t h e  v a r i o u s  p r o p e r t i e s  of  determinants  i n  
g r e a t e r  d e t a i l  ( such  a s  f a c t o r i n g  o u t  a common f a c t o r  of a row or  thar  
t h e  determinant  i s  0 i f  two rows a r e  t h e  same) .  But ,  i f  you do n o t  
know t h e s e  r e s u l t s ,  t h e  same answer can b e  determined by computing t h e  
3 by  3 determinant  i n  t h e  t r a d i t i o n a l  manner. 



I n  o t h e r  words, a s  long a s  ul ,  ..., u a r e  s o l u t i o n s  of L(y)  = 0 ,  then n 
w e  may t e s t  t h e  l i n e a r  dependence of (u l ,  ..., un) simply by computing 

W(ul, ..., U n )  . I f  W(ul, ..., Un) 
= 0 ,  then ( u l ,  ..., u ) i s  l i n e a r  n 

dependent ,  o the rwise ,  no t .  Moreover, i n  t h i s  c a s e ,  e i t h e r  

W(ul, ..., u ) :0 ,  o r  e l s e  it i s  never equal  t o  0 f o r  any va lue  of x.n 

While any proof of t h e s e  two remarks w i l l  be l e f t  a s  o p t i o n a l  notes  a t  

t h e  end of t h i s  s e c t i o n ,  it should be  pointed  o u t  t h a t  t h e r e  i s  a 

r a t h e r  s t r o n g  connection between t h e  Wronskian determinant  and t h e  

d e f i n i t i o n  of what is meant by a g e n e r a l  s o l u t i o n  of a d i f f e r e n t i a l  

equat ion .  In  p a r t i c u l a r ,  i f  y = c u {x) + ... + c u (x)  i s  t h e  gen-1 1  n n 
e r a 1  s o l u t i o n  of  L(y)  = 0 on some i n t e r v a l  I ,  then f o r  any x €1, w e  

0 
must be  a b l e  t o  determine t h e  c 's  uniquely such t h a t  f o r  given numbers 

yo, ..., and yo {"-", w e  can s a t i s f y  t h e  cond i t ions  t h a t  when x = x
0 ' 

Y = yo, Y '  = y o ' ,  ..., and y - ) - (n-l ' .  ~n t e r m s  of a system of- yo 
equa t ions ,  t h i s  means t h a t  

must have a unique s o l u t i o n  f o r  c l ,  ..., and cn ,  and t h i s  i n  t u r n  

impl ies  t h a t  

where t h e  l e f t  s i d e  of (8)  i s  p r e c i s e l y  W(ul, ..., un) evaluated  a t  

X = X 
0 

Some Opt ional  Notes 

(I)  Suppose t h a t  y = u l ( x ) ,  y = u 2 ( x ) ,  ..., and y = u n ( x )  a r e  so lu-

t i o n s  ( b u t  n o t  n e c e s s a r i l y  l i n e a r l y  independent)  of 



Let  W denote  t h e  Wronskian determinant  of Iul ,  ..., un1. Then W 

s a t i s f i e s  t h e  f i r s t  o r d e r  l i n e a r  equat ion  

Since  w e  have n o t  s t u d i e d  n by n determinants  i n  d e t a i l  a s  y e t ,  

l i m i t  ou r  "proofn  of (1) t o  t h e  c a s e  n = 2, i n  which w e  may use  

fo rce"  computation wi thout  t o o  much inconvenience. 

W e  have t h a t  y = ul(x)  and y = u2 (x) s a t i s f y  

l e t  us  

" b r u t e  

That i s , 

ul" + alull  

Then, s i n c e  

+ soul = U2" + alu2' + aoU2 = 0, 

w e  have from ( 4 )  t h a t  

= ( u ~ u ~ ~ ~+ u1'u2') 

= U1U2" - Ulnu2. 

Using ( 4 )  and (5), w e  

- (u1'u2' + U 1 2I1u ) 

conclude t h a t  

Now, from ( 3 )  



and 

uln + alul l  = -a u 
0 1' 

P u t t i n g  t h e s e  r e s u l t s  i n  (6) y i e l d s  

% +  a w = u (-a u - u2(-a u )  dx 1 1 0 2  o 1 

What (1) impl ies  i s  t h a t  W(x) i s  e i t h e r  i d e n t i c a l l y  zero  o r  e l s e  it i s  

never zero.  Namely, 

i s  an i n t e g r a t i n g  f a c t o r  of (1)whereupon we o b t a i n  

s o  t h a t  

S ince  t h e  exponen t i a l  can never be  ze ro ,  we see from (7)  t h a t  

W(x) = 0 * c = 0 ,  b u t  i f  c = 0, W(x) E 0 .  

Equation (7)  e s t a b l i s h e s  t h e  r e s u l t  t h a t  i f  ul (x)  , . . . , and un (x)  a r e  

s o l u t i o n s  of L(y)  = 0 on [ a r b ]  and i f  W(xo) # 0 f o r  even a  s i n g l e  

p o i n t  xo€ ( a r b )  , then  W(x) = 0 f o r  a l l  X E  ( a r b ). 
(11) In  t h e  s p e c i a l  c a s e  of c o n s t a n t  c o e f f i c i e n t s ,  we have seen t h a t  

k axt h e  only s o l u t i o n s  of L(y)  = 0 a re  those  of t h e  form x  e s i n  Bx o r  

XkeUXcos Bx. I n  f a c t ,  i f  w e  a l low t h e  use  of non-real  numbers, t h e s e  
k r xs o l u t i o n s  have t h e  form x  e . r x  Moreover, i f  L ( e = 0 has no re-  

peated r o o t s ,  a l l  s o l u t i o n s  a r e  of t h e  form erx. 

Suppose, t h e n ,  t h a t  y = e 
r
1

X 

, y = er2X , ..., and y  = e 
r n X 

a r e  a l l  

s o l u t i o n s  of L(y)  = 0 ,  where L(y)  = 0 i s  an nth-order l i n e a r  



homogeneous differential equation with constant coefficients. Then, 

r X
1


W(e , .... e rnx) is given by 

r X 
"Factoring outw e from the kth column of ( 8 )  [where k = 1.2.. ...nl , 
we see that ( 8 )  is equal to 

r x r x  r x r1 
e 1 e 2  ... e n 

2 

'n-l 
r
1 


The determinant 


is given the special name of The Vandemonde Determinant. It can be 


shown that the value of this determinant is given by the product 




While w e  s h a l l  n o t  prove t h i s  r e s u l t  h e r e ,  we s h a l l  a t  l e a s t  v e r i f y  i t  

i n  t h e  c a s e s  n = 2 and n = 3. 

Namely, 

and 

2 2 2 2 2 2- r r - r r + rl r3 + rlr2 - rl r2 (11)= r2r3 1 3  

and a t r i v i a l  check shows t h a t  (11) i s  equa l  t o  

(r3- r2)(r3 - rl) (r2 - rl) 

which i s  fl (ri - r . I .  
i>j 3 

The key p o i n t  is  t h a t  once w e  assume t h e  t r u t h  of ( l o ) ,  ( 9 )  r e v e a l s  

t h a t  

S ince  e 
(rl + . . . + rn)x 

can never be  zero  and s i n c e  n (ri - r . I  = 0 
i>j I 

if and on ly  i f  ri = r ( i . e .  t h e  only way a product  can be zero  i s  i f
j 


n  
* I n  t h e  s a m e  way t h a t  o n e  u s e s  n a k  a s  a n  a b b r e v i a t i o n  f o r  

k =1 
n 

( a l  + . .. + a n ) ,  o n e  u s e s  n ak a s  a n  a b b r e v i a t i o n  f o r  t h e  p r o d u c t  
k =1 



a t  l e a s t  one of t h e  f a c t o r s  i s  z e r o ) ,  w e  conclude from (12) t h a t  

w(e 
lX , . e 

r n X 

1 = 0 * r i  = r f o r  some i # j ;  i , j  = 1, 2 ,  ..., n. 
j


In  o t h e r  words, then ,  i f  rl,  ..., and rn a r e  a l l  d i f f e r e n t ,  

{ erlx , . e 
r n x 

1 i s  a l i n e a r l y  independent set. 

More g e n e r a l l y ,  it can be  shown t h a t  t h e  only  way a set  of terms of 

t h e  form {xkeaxcos 6x1 can be l i n e a r l y  dependent i s  i f  k ,  a ,  & B a r e  

t h e  same f o r  two d i f f e r e n t  t e r m s .  

While w e  a r e  being a b i t  skimpy about  t h e  d e t a i l s ,  our  main aim is t o  

h e l p  you g e t  a b e t t e r  i d e a  of what w e  mean by l i n e a r  independence and 

how t h e  Wronskian -determinant  p lays  a key r o l e  i n  determining whether 

n s o l u t i o n s  of an n th  o r d e r  l i n e a r  equat ion  genera te  t h e  g e n e r a l  

s o l u t i o n .  
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