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"pi_entation of metllods in computer prograDlS; examples SIP, ADlRA

LECTURE 5 Implementation of the finite element method

The computer programs SAP and ADINA

Details of allocation of nodal point degrees of
freedom. calculation of matrices. the assem
blage process

Example analysis of a cantilever plate

Out-of-core solution

Eff&ctive nodal-point numbering

Flow chart of total solution process

Introduction to different effective finite elements
used in one. two. three-dimensional. beam.
plate and shell analyses

TEXTBOOK: Appendix A, Sections: 1.3. 8.2.3

Examples: A.I. A.2. A.3. A.4. Example Program
STAP
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l_pIg_talioa of _ethods in CODIpDter program; mDlples SAP, ADINA

N = no. of d.o.f.

of total structure

T
K(m) = 1. B(m) C(m)B(m) dV(m)
- V(m)- --

R(m) = 1. H(m)T fB(m) dV (m)
-B v(m) - -

H(m) B(m)
- -
kxN .hN

IMPLEMENTATION OF

THE FINITE ELEMENT

METHOD

We derived the equi
librium equations

where
In practice, we calculate compacted
element matrices.

K = ~ K(m) ; R = ~ R ( m)
- m- -B m!..!B ~ , ~B'

nxn nxl

n = no. of
element d.o.f.

tl ~

kxn R,xn

The stress analysis process can be
understood to consist of essentially
three phases:

1. Calculation of structure matrices
K , M , C , and R, whichever are
applicable.

2. Solution of equilibrium equations.

3. Evaluation of element stresses.
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IDlpl_81taliol of Dlethods in toDlpuler progrw; mDlples SAP, ADIlI

The calculation of the structure
matrices is performed as follows:

1. The nodal point and element in
formation are read and/or generated.

2. The element stiffness matrices,
mass and damping matrices, and
equivalent nodal loads are calculated.

3. The structure matrices K, M ,
C , and R, whichever are
applicable, are assembled.

l Sz :: 6

t W:: 3

Z

x
/U:: 1

/Sx:: 4

r-----y V::2 Sy:: 5

Fig. A.1. Possible degrees of
freedom at a nodal point.

I
- nodal point_. -...

- ....i

ID(I,J) =

Degree of
freedom
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....taIiOi of IIeIWs in coapler P.... UUlples SIP, ABilA

Temperature at top face a l00"C

aOem

<D ®
E = l(Jl1 N/cm2 2 E = 2 x l(Jl1 N Icm2 t
., - 0.15 t" =0.20 8

4 _1 7 -7
~

\
Temperature at Degree of
bottom face = 70'C freedom

number

a t 6 5 9 t~l1
@ 4 Element

E. 2 x l(Jl1 Nlem2 number
E· lOS N/em

2 t4 II'" 0.20 t10
.,-0.15 3 82 5 __ -9

Node

Fig. A.2. Finite element cantilever
idealization.

1n this case the 10 array is
given by

1 1 1 0 0 0 0 0 0

1 1 1 0 0 0 0 0 0

10 = 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 ] 1
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0.0 40.0 80.0]

0.0 0.0 0.0]

70.0 85.0 100.0]

IJDpleDIeDtatiOD of methods in CODIpater.programs; examples SAP, ADIIA

and then

0 0 0 1 3 5 7 9 11

0 0 0 2 4 6 8 10 12

10= 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

Also

XT = [ 0.0 0.0 0 . 0 60.0 60.0 60.0 120.0 120.0 120.0]

TY = [ 0.0 40.0 80.0 0.0 40.0 80.0

TZ =[0.0 0.0 0.0 0.0 0.0 0.0

TT =[70.0 85.0 100.0 70.0 85.0 100.0
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Implementation of methods in computer programs; examples SAP, ADINA

For the elements we have

Element 1: node numbers: 5,2,1,4;
material property set: 1

Element 2: node numbers: 6325·I , , ,

material property set: 1

Element 3: node numbers: 8547·, , , ,
material property set: 2

Element 4: node numbers: 9658-, , , ,
material property set: 2

CORRESPONDING COLUMN AND ROW NUMBERS

For compacted I
matrix 1 2 3 4 5 6 7 8

For !1
.., 4 0 0 0 0 1 2oJ

LMT = [3 4 0 0 0 0 1 2]
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Implementation of methods in computer programs; examples SAP, ADINA

Similarly, we can obtain the LM
arrays that correspond to the
elements 2,3, and 4. We have for
element 2,

L MT = [5 6 0 0 0 0 3 4]

for element 3,

L MT = [9 10 3 4 1 2 7 8]

and for element 4,

LMT = [11 12 5 6 3 4 9 10]

J
SkYline

.~ 0 0 0

"o 0 0 0

" ------m =3o k 36 '0 0 6

'-
k 45 k46 0" 0

(a) Actual stiffness matrix

kss kS6

k66
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A(21) stores kS8

Fig. A.3. Storage scheme used for a
typical stiffness matrix.
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A(16)

A(15t

A(14)

A(13)
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A(91

A(8)

A(7)

A(6) A(lll

A(lO)

Symmetric

(b) Array A storing elements
of K.

A(l) A(3)

A(2) A(S)

A(4)

,. mK =3

·1"kll k 12 0 k 14

k n k 23 0

k 33 k 34

K=
k 44
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_pl••taiioo of lDeIJaods in COIDpater prograJDS; eDIIIples SAP, ADINA

x =NONZERO ELEMENT
0= ZERO ELEMENT

.--, COLUMN HEIGHTS
I I I

X 0 0 0 10 0 10
o 0 0 0:0 0:0
xix x 010 0 x
XIX 0 010 0 0
XIX 0 0 X 0 0

X 0 X 10 0 0
I xxlxXIO

xix XiX

SYMMETRIC IX X lX
XIX

IX

ELEMENTS IN ORIGINAL STIFFNESS MATRIX

Fig. 10. Typical element pattern in
a stiffness matrix using block storage.

BLOCK 1

BLOCK 2~---~

I
X 0
X 0
XIX
XiX
XiXI

X

~_BLOCK 4

ELEMENTS IN DECOMPOSED STIFFNESS MATRIX

Fig. 10. Typical element pattern in
a stiffness matrix using block storage.
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IIIlpl••tation of methods in computer programs; examples SAP, ABilA

20

3~ 1 2 3 4 5 6 7 8 9 10 11 12 1,

14 15 16 17 18 19

~ 21 22 23 24 25 26 27 28 29 30 31 32 33

32

2283033

(b) Good nodal point numbering,
mk + 1 = 16.

Fig. A.4. Bad and good nodal point
numbering for finite element
assemblage.

(a) Bad nodal point numbering,
mk + 1 = 46.

9 11 14 16 19 21 24 26 29 3164

5
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~,

, 3 8 10 13 15 18 20 23 5
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"pI••tation of Ilethods in cOIlpuler program; exallples SAP, ADINA

START

READ NEXT DATA CASE

Read nodal point data
(coordinates, boundary
conditions) and establish
equation numbers in the
10 array.

Calculate and store load
vecton for all load cases.

Read. generate. and store
element data. Loop over all
element groups.

Read element group data, and
assemble global structure
stiffness matrix. Loop over
all element groups.

Calculate .b..Q..!:.T factorization
of global stiffness matrix(·)

FOR EACH LOADCASE

Read load vector and calculate
nodal point displacements. ~---1

Read element group data and
calculate element stresses.
Loop over all element groups.

END

Fig. A.5. Flow chart of program
STAP. *See Section 8.2.2.
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Implementation of methods in computer programs; examples SAP, ADINA

z

ONE - DIMENSIONAL
ELEMENT

I
-'-------4

! RING ELEMENT

x

;--.-------------... y

Fig. 12. Truss element
p. A.42.
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z 2

3

Fig. 13. Two-dimensional plane
stress, plane strain and axisymmetric
elements.
p ..A.43.
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Implementation of metbods in computer programs; examples SAP, ADINA

2

---5

x
~------ Fig. 14. Three-dimensional solid -------....~

and thick shell element
p. A.44.

z

y

Fig. 15. Three-dimensional beam
element
p A.45.
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Implementation of methods in computer programs; examples SAP, ADINA

3-16 NODES

TRANSITION
ELEMENT

•

•

-- --. __e_

---L~-----
•

y

x

Fig. 16. Thin shell element
(variable-number-nodes)
p. A.46.
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