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FOl'Dlolation and calculation of isoparmetric models

LECTURE 6 Formulation and calculation of isoparametric
continuum elements

Truss. plane-stress. plane-strain. axisymmetric
and three-dimensional elements

Variable-number-nodes elements. curved ele­
ments

Derivation of interpolations. displacement and
strain interpolation matrices. the Jacobian
transformation

Various examples: shifting of internal nodes to
achieve stress singularities for fracture me­
chanics analysis

TEXTBOOK: Sections: 5.1. 5.2. 5.3.1. 5.3.3. 5.5.1

Examples: 5.1. 5.2. 5.3. 5.4. 5.5. 5.6. 5.7. 5.8. 5.9.
5.10. 5.11, 5.12. 5.13. 5.14. 5.15. 5.16. 5.17
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FOI'DlDlatiOl ud calculation of isopariUHbic models

FORMULATION AND
CALCULATION OF ISO­
PARAMETRIC FINITE
ELEMENTS

interpolation matrices
and element matrices

-We considered earlier
(lecture 4) generalized
coordinate finite
element models

-We now want to discuss
a more general approach
to deriving the required

isoparametric
elements

lsoparametric Elements
Basic Concept: (Continuum Elements)

Interpolate Geometry

N
x=L

i=l
h. x. ;

I I
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Interpolate Displacements

N
u= 1:

i =1
h. u.

I I

N
v= L

i == 1
h . v .
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w= L

i =1
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N =number of nodes
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Formulation and calculation of isoparametric models

1/0 Element Truss

2/0 Elements Plane stress Continuum
Plane strain Elements
Axisymmetric Analysis

3/0 Elements Three-dimensional
Thick Shell

(a) Truss and cable elements

(b) Two-dimensional elements

Fig. 5.2. Some typical continuum
elements
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FOI'Ilalation and calcalatioD 01 isoparametric models

(c) Three-dimensional elements

Fig. 5.2. Some typical continuum
elements

Consider special geometries first:

~~==-=l======~I=-==r======r==~1

Truss, 2 units long
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F..utioa and calculation of isoparalDebic lDodels
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1 - D Element

2 Nodes:

2/D element, 2x2 units

Similarly 3/D element 2x2x2 units
(r-s-taxes)

-11.0

~~ -+- .. _ h1 = %(1 + r)

2 -r 1
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Formulation ud calculation 01 isoparUletric lIodeis

1.0 --- -... -e_----......:::::...::::=-- -..:...::-:::;. h2 = Y.z(1- r) - Y.z(1- r2)
2 3 1

2 - 0 Element

4 Nodes:

3

Similarly
h2 =%(1- r)(1 + 5)

h3 =%(1- r)(1- 5)

h4 =%(1 + r)(1-s)

/-r-r----+~~-r

h1 =~(1 + r)(1 + 5)

4
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Formulation and calculation of isoparametric models
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3

Construction of S node element
(2 dimensional)

first obtain hS :

....--+-+--+~_..... 1

-+--+-I--I--I---I--------I--.._r

Then obtain h1 and h2 :

tfF--.-~-_-_-~-r~~_------..1L...4. !1.0
1

h1 =%(1 + r)(1 + s)

-%hS

Sim. h2 = %(1- r)(1 + s)

-%hS

4



Formulation and calculation of isoparametric models

r = +1

y

6

3
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r =-1

\
\---;q-----

\
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r =0

s=o
---..
8 r

x

(a) Four to 9 variable-number-nodes
two-dimensional element

Fig. 5.5. Interpolation functions of
four to nine variable-number-nodes
two-dimensional element.

-~hs ·1· . - ~hs

-~hs -;h6

... -~h6 -~h7

Include only if node i is defined

h, = ~(l+r)(l+s)

h 2 = ~(l-r)(l+s)

h 3 = ~(l-r) (1 -s)

h. = ~(1 +r) (l-s)

h s = ~(1 -r2 ) (1 +s)

'h6 = ~ (1 - S2) (1 - r)

h 7 = ~(1 -r2) (1 -s)

h s = i (1 - s2) (1 + r)

h~:: ( 1- r"") (1- S'")

i = 5 i = 6 i = 7 i = 8 I:: r
-~ her

-~ h<j

-ihq

-~hq

-ihq

-1 h<j

-th"
-th<f

(b) Interpolation functions

Fig. 5.5. Interpolation functions of
four to nine variable-number-nodes
two-dimensional element:
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Fonnulation and calculation of isoparametric models

Having obtained the hi we can
construct the matrices Hand !!:

- The elements of H are the· h·
- I

(or zero)
- The elements of B are the
derivatives of thehi (or zero),

Because for the 2x2x2 elements
~we can use 1:;'=~

x==r
y == s
z == t

EXAMPLE 4 node 2 dim. element
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Formulation and calculation of isoparametric models

ah1 0 ah4 0

ar ar
u1

[

Erl ah1 ah4
v1

0 0ESS as as u2
Yrs ah1 ah1 3h4 ah4

as at' as ar v4
\.. Iv-

B

We note again r==x
s=y

GENERAL ELEMENTS

Y,v

s r = +1
s =+1

r---t---4_r •
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Formulation and calculation of isoparametric models

Displacement and geometry inter-
polation as before, but

[:] = [:: :]l~] Aside:as as as ay cannot use

or a a ar--- ax + ...ax ar
a a- = J ax (in general)ar -

a _ J-1 a
(5.25)a-x- ar

Using (5.25) we can find the matrix
.!!. of general elements

The !:! and J! matrices are a
function of r, s , t ; for the
integration thus use

dv = det J dr ds dt

6·12



FOI'Dlalation ud calculation of isoparmebic .odels

Fig. 5.9. Some two-dimensional elements

Element 1
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Formulation and calculation of isoparametric models

Element 3

\c.1V\

(1 +5)]
(3+r)

2 c l"l1

2.

I •

-+---~~- -,c
: '3,.~'t' .....,..

.I.
...L...3-"'

1
------14--,

1c.W'I

3

r=-I

Natural space

3
•
I I
,-. -I'

L/4

Actual physical space

Fig. 5.23. Quarter-point one­
dimensional element.
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Formulation and calculation of isoparametric models

Here we have

3

x=L:
i =1

hence

L 2h.x. 9 x =-4(1+r )
1 1

J = [!:.. + !'- LJ- 2 2

and

or

Since

r = 2.Jf- 1

We note

1 singularity at X = 0 !
/x
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Formulation and calculation of isoparaDlebic Dlodels

Numerical Integration

Gauss Integration
Newton-Cotes Formulas

K = '" a··k F··k- !:J IJ -IJ
I,J,k

x

x
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