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SOLUTIONS TO CHAPTER 4

4.1 IRROTATIONAL FIELD REPRESENTED BY SCALAR
POTENTIAL: THE GRADIENT OPERATOR AND
GRADIENT INTEGRAL THEOREM

4..1.1 (a) For the potential

(1)

(2)

(b) The unit normal is

(3)

4..1.2 For ~ = ~zy, we have

(1)

y

(a, a)

-----¥-----...
o

x

Figure 94.1.2

Integration on the path shown in Fig. 84.1.2 can be accomplished using t as a
parameter, where for this curve z = t and y = d so that in

ds = ixdz + iJ'dy (2)

we can replace dz = dt, dy =
(a,a)

dt.

la
Thus,

v.
l E·ds= - ;(ix+iJ').(ix+iJ')dt=-Va (3)

(0,0) t::::::o a

Alternatively, ~(O, 0) = 0 and ~(a, a) = Va and so ~(O, 0) - ~(a, a) = -Va'

1



4-2 Solutions to Chapter 4

4.1.3 (a) The three electric fields are respectively, E = -V~,

E = -(Vo/a)ix (1)

E = -(Vo/a)i), (2)

2Vo ( • • )E = --2 XIx - YI),
a

(3)

(b) The respective equipotentials and lines of electric field intensity are sketched
in the X - Y plane in Figs. S4.1.3a-c.
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Figure 84.1.8

(c) Alternatively, the vertical axis of a three dimensional plot is used to represent
the potential as shown in Figs. S4.1.3d-f.
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4.1.4 (a) In Cartesian coordinates, the grad operator is given by (4.1.12). With (J> de-
fined by (a), the desired field is

(b) Evaluation of the curl gives

ix i)'

VxE= :s :y
Es Ey

11'2 1I'Z 1I'y ~ 1I'Z 1I'y]
= [- cos - cos - - - cos - cos -

ab a b ab a b

=0

so that the field is indeed irrotational.

LL_-I==:=Jt:::==L_...L--.J-.. z

(1)

(2)

Figure 84.1.4

(c) From Gauss' law, the charge density is given by taking the divergence of (1).

(3)

(d) Evalvuation ofthe tantential component from (1) on each boundary givesj at

z = O,Ey = OJ

y=O,Es = OJ

z = a,Ey.= 0

y= a,Es =0
(4)

(e) A sketch of the potential, the charge density and hence of E is shown in Fig.
84.1.5.
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Figure 94.1.5 

(f)	 The integration of E between points (a) and (b) in FIg. P4.1.5 should be the 
same as the difference between the potentials evaluated at these end points 
because of the gradient integral theorem, (16). In this particular case, let 
x = t,Y = (bla)t so that dx = dt and dy = (bla)dt. 

b -P fa 1r 1rt 1rt

f E·ds= [( 1 )2 0 ( Ib)2] [-cos-sin-dt
a f o 1r a + 1r a/2 a a a 

1r • 1rt 1rt]+ -sm-cos- dt 
a a a	 (5)

-Po fa 1r • 21rt d 
= f o[( 1rla)2 + (1r/b)2] a/2 ~ sm -;- t 
_ Po 
- f o[(1rla)2 + (1rlb)2] 

The same result is obtained by taking the difference between the potentials. 

(6) 

(g)	 The net charge follows by integrating the charge density given by (c) over the 
given volume. 

Q = ( pdv = r r r posin(1I"xla) sin(1I"ylb)dxdydz = 4Po:bd (7)1v 101010	 11" 

From Gauss' integral law, it also follows by integrating the flux density foE· n 
over the surface enclosing this volume. 
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(h)	 The surface charge density on the electrode follows from using the normal 
electric field as given by (1). 

(9) 

Thus, the net charge on this electrode is 

(10) 

(i)	 The current i(t) then follows from conservation of charge for a surface S that 
encloses the electrode. 

(11) 

Thus, from (10), 

(12) 

4.1.5	 (a) In Cartesian coordinates, the grad operator is given by (4.1.12). With ~ de
fined by (a), the desired field is 

a~. a~.]E =- [ -Ix+-Iaz ay ., 
Po [1r • 1r 1r. 1r 1r. 1r • ] (1) 

= f [(1r/a)2 + (1r/b}2J ~ sm ~zcos ;;Y1x + ;; cos ~zsm bY1.,
o 

(b) Evaluation of the curl gives 

so that the field is indeed irrotational. 

(e)	 From Gauss'law, the charge density is given by taking the divergence of (1). 

(3) 
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(d)	 The electric field E is tangential to the boundaries only if it has no normal 
component there.


Ez(O,y) = 0, Ez(a,y) = 0

(4)

Ey(:Z:, O) = 0, Ey(:Z:, b) = 0 

(e)	 A sketch of the potential, the charge density and hence of E is shown in Fig. 
84.1.4. 

(f)	 The integration of E between points (a) and (b) in Fig. P4.1.4 should be the 
same as the difference between the potentials evaluated at these end points 
because of the gradient integral theorem, (16). In this particular case, where 
y = (b/a):z: on C and hence dy = (b/a)d:z: 

r(b) E. de = fa {Ez(:Z:, ~:Z:)d:Z:+ EII(:z:, ~:Z:)(b/a)d:Z:} 
ita) a/2 a a

Po fa 21/"	 • 1/" 1/" 
= [( /)2 (/b)2] - sm -:z:cos -:z:d:z:

Eo	 1/" a + 1/" a/2 a a a
-Po 

= -E-:-::[('-1/"/7"a~)2~+':""";-(1/""""7/b:'7)2=:"]
o

The same result is obtained by taking the difference between the potentials. 

(6) 

(g)	 The net charge follows by integra.ting the charge density over the given vol
ume. However, we can see from the function itself that the positive charge is 
balanced by the negative charge, so 

(7) 

From Gauss' integral law, the net charge also follows by integra.ting the fiux 
density foE· n over the surface enclosing this volume. From (d) this normal 
flux is zero, so that the net integral is certainly also zero. 

Q =t foE· nda = 0	 (8) 

The surface charge density on the electrode follows from integrating foE .n 
over the "electrode" surface. Thus, the net charge on the "electrode" is 

q =	t foE· nda = 0 (9) 
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4.1.6 (a) From (4.1.2) 

E ( a~. a~.) 
= - az Ix + ay I)'


= -A[mcosh mzsin klly sin kzzix (1)

+ sinh mzkll cos kllysin kzzi)' 

+ kz sinh mz sin klly cos kzzi.1 sin wt 

(b) Evaluation using (1) gives 

(2) 

=-A sinwt{ix(kllkz sinh mz cos kllycos kzz - kllkz sinh mzcos kllycos kzz) 

+ l)'(mkz cosh mzsin kllycos kzz - kzmcosh mzsin kllycos kzz) 

+ i.(mkll cosh mzcos kllysin kzz - mkll cosh mzcos kllysin kzz) 

=0 
(3) 

(c) From Gauss' law, (4.0.2) 

p = V· foE = -EoA(m2 
- k~ - k~)sinhmzsinkllysinkzzsinwt (5) 

(d) No. The gradient of vector or divergence of scalar are not defined. 

(e) For p = 0 everywhere, make the coefficient in (5) be zero. 

(6) 

4.1.'1 (a) The wall in the first quadrant is on the surface defined by 

y=a-z (1) 

Substitution of this value of y into the given potential shows that on this 
surface, the potential is a linear function of z and hence the desired linear 
function of distance along the surface 

~ = Aa(2z - a) (2) 
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(3)
V

~ = _(z2 - !l)
a2

On the remaining surfaces, respectively in the second, third and fourth quad
rants

y = z + aj y = -a - Zj Y = Z - a (4)

Substitution of these functions into (3) also gives linear functions of z which
respectively satisfy the conditions on the potentials at the end points.

To make this potential assume the correct values at the end points, where
z = 0 and ~ must be -V and where z = a and ~ must be V, make A = V/a2

and hence

(b) Using (4.1.12),

E ( a~. a~l) V( • • )= - -Ix + - = - - 2ZIx - 2ylaz ay ¥ a2 ¥

From Gauss' law, (4.0.2), the charge density is

(5)

(6)

Figure 84.1.7'

(c) The equipotentials and lines of E are shown in Fig. S4.1.7.

4.1.8 (a) For the given E,

ix i¥ i. a a
v x E = a/az a/ay 0 =i.[-(-Cy) - -(Cz)] = 0 (1)

Cz -Cy 0 az ay

so E is irrotationaL To evaluate C, remember that the vector differential
distance ds = ixdz+i¥dy. For ths contour, ds = i¥dy. To let the integral take
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account of the sign naturally, the integration is carried out from the origin to 
(a) (rather than the reverse)	 and set equal to q>(0, 0) - q>(0, h) = -V. 

1
-V = l

h 

-Cydy = --Ch2	 (2) 
o 2


Thus, C = 2V/h2 
•


(b)	 To find the potential, observe from E = -yrq> that 

aq>
-=-Cx·	 (3)ax ' 

Integration of (3a) with respect to x gives 

q> = -"2
1Cx2 + f(y) (4) 

Differentiation of this expression with respect to y and comparison to (3b) 
then shows that 

aq> df 1 
- = - = Cy '* f = _y2 + D	 (5)
ay dy 2


Because q>(0, 0) = 0, D = °so that


1 (2 2)
q> = -"2C x - y (6) 

and, because q>(0, h) = V, it follows that 

q> = _~C(02 _ h2) (7)
2


so that once again, C = 2V/ h2 •


(c) The potential and E are sketched in Fig. S4.1.8a. 
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Figure 84.1.8 
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(d)	 Gauss' integral law is used to compute the charge on the electrode using the 
surface shown in Fig. S4.1.8b to enclose the electrode. There are six surfaces 
possibly contributing to the surface integration. 

t EoE ·nda= q	 (8) 

On the two having normals in the z direction, EoE .n = O. In the region above 
the electrode the field is zero, so there is no contribution there either. On the 
two side surfaces and the bottom surface, the integrals are 

W Jd2+h2 

q =Eo r r E(d, y) . ixdydzJo	 Jh1 

W Jd2 +h2 

+ Eo r r E(-d, y) . (-ix)dydz (9)
Jo Jh1 

w d 

+ Eo r r E(z, hI) . (-i), )dzdz
Jo J- d 

Completion of the integrals gives 

(10) 

4.1.9	 By definition, 
~~ = grad (~) . ~r (1) 

In cylindrical coordinates, 

(2) 

and 
~ifJ = ~(r + ~r, ~ + ~~, z + ~z) - ~(r, ifJ, z) 

a~ a~ a~	 (3) 
= -~r + -~ifJ + -~z 

ar aifJ az 

Thus, 
a~ a~ a~

ar ~r + aifJ ~ifJ + az ~z = grad ~ . (~ril' + r~ifJi", + ~zi.) (4)


and it follows that the gradient operation in cylindrical coordinates is, 

(5) 
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4.1.10 By definition, 
Aw = grad (W) . Ar (1) 

In spherical coordinates, 

Ar = Arir + rA9i8 + rsin9At/>i<f» (2) 

and 
Aw = W(r+ Ar, 9 + A9,t/> + At/» - W(r,9, t/» 

aw aw aw (3) 
= ar Ar + aiA9 + at/> At/> 

Thus, 

and it follows that the gradient operation in spherical coordinates is, 

(5) 

4.2 POISSON'S EQUATION 

4.2.1 In Cartesian coordinates, Poisson's equation requires that 

(1) 

Substitution of the potential 

(2) 

then gives the charge density 

(3) 
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4.2.2 In Cartesian coordinates, Poisson's equation requires that 

o2~ o2~ 

P= -fo ( oz2 + oy2) (1) 

Substitution of the potential 

Po ~ ~ 

~ = f 
o 

[(1l"/a)2 + (1f/b)2] cos ~zcos bY (2) 

then gives the charge density 
1f ~ 

P = Po cos ~zcos bY (3) 

4.2.3 In cylindrical coordinates, the divergence and gradient are given in Table I as 

V. A = !~(rAr) +! oA~ + oA. (1) 
r ar r aq, oz 
au. 1 au. ou.

V u = -1_ + - -1... + -1 (2)ar· r aq,'" az • 
By definition, 

V2u = V. Vu = !~(r ou) + !~(! ou) + ~(ou) (3)
r or or r oq, r oq, oz oz 

which becomes the expression also summarized in Table I. 

2 1 0 (au) 1 02U 02U 
(4)V U = ;:- or r or + r2 oq,2 + oz2 

4.2.4 In spherical coordinates, the divergence and gradient are given in Table I as 

(1) 

(2) 

By definition, 

V2u = V. (Vu) = ..!..~(r2aU) + _~_(! ou sinO) 
r2 or or rsmO roO 

1 0 1 ou (3) 

+ rsinO oq, (ninO oq,) 
which becomes the expression also summarized in Table I. 

V2u = ..!..~(~ou) + _1_~(sinOou) + 1 o2u (4) 
r2 ar or r2 sin 000 00 r2 sin2 0oq,2 
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4.3 SUPERPOSITION PRINCIPLE 

4.3.1 The circuit is shown in Fig. 84.3.1. Alternative solutions Va and Vb must each 

= fa 

= 

satisfy the respective equations 

I(t) 

dVa Va
C---;jj" + R 

dVb Vb
C- + 

dt R 

v 

( ) 
t; (1) 

h(t) (2) 

R 

Figure S4.3.1 

Addition of these two expressions gives 

which, by dint of the linear nature of the derivative operator, becomes 

Thus, if fa => Va and h => Vb then fa + fb => Va + Vb. 

(3) 

(4) 

4.4 FIELDS ASSOCIATED WITH CHARGE SINGULARITIES 

4.4.1 (a) The electric field intensity for a line charge having linear density AI is 

Integration gives 

(1) 

(2) 

where r o is the position at which the potential is defined to be zero. 
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(b)	 In terms of the distances defined in Fig. 84.4.1, the potential for the pair of 
line charges is 

A, ( r+) A, ( r - ) A, ( r _ ) 
~= ---In - + --In - = --In - (3)

211"lOo r o 211"lOo ro 211"lOo r+ 

where 

Thus, 
A [1 + (d/2r)2 + !! cos 4J] (4)~=	 --In r 

411"lOo 1 + (d/2r)2 - ~ cos 4J 

For d <: r, this is expanded in a Taylor series 

1 +:C)In(-- = In(1 + :c) - In(l + 1/) SI:$ :c - 1/ (5)
1+1/ 

to obtain the standard form of a two-dimensional dipole potential. 

(6) 

4.4.2 Feom the solution to Prob. 4.4.1, the potential of the pair of line charges is 

~ = -A-In [1 + (2r/d)2 + ~ cos 4J] (1)
411"lOo 1+(2r/d)2-~cos4J 

For a spacing that goes to infinity, r / d <: 1 and it is appropriate to use the first 
term of a Taylor's expansion 

l+:c
In(--) ~ :c - 1/	 (2)

1+1/ 

Thus, (1) becomes 
2A 

~ = --rcos4J	 (3)
1I"lOod 

In Cartesian coordinates, :c = rcos4J, and (3) becomes 

(4) 

which is the potential of a uniform electric field. 

(5)
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4.4.3 The potential due to a line charge is 

CI> = -.A-In r o 

21r€o r 

where r o is some reference. For the quadrapole, 

(1) 

(2) 

where, from Fig. P4.4.3, 

r~ = r2[1 + (d/2r)2 + (d/r) sin </ll 

With terms in (d/2r)2 neglected, (2) therefore becomes 

(3) 

for d ~ r. 
Now In(l + x) ~ x for small x so In[(l + x)/(l + y)] ~ 

approximately 

CI> = _.A_ [  (d/r)2 cos2 </l + (d/r)2 sin2 </ll 
41r€o 

-.Ad2 

= --2[cos2 </l - sin2 </ll 

x  y. Thus, (3) is 

(4) 
41r€or 

-.Ad2 

= --2 cos2</l 
41r€or 

This is of the form A cos 2</l / ,..r with 

-.Ad
A=--, n=2 (5) 

41r€o 
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4.4.4 (a) For,. <: d, we rewrite the distance functions as 

(la) 

,.~ = (d/2)2 [(d2")2 + 1 + d4,. 
cos 1/>]	 (lb) 

,.~ = (d/2)2[e;)2 + 1 + ~ sin 1/>]	 (Ie) 

,.~ =	 (d/2)2[(2;)2 + 1- ~ cos 1/>] (la) 

With the terms (2,./d)2 neglected, at follows that 

(2) 

Because In(1 + z) !:::! z for z <: 1,ln[(1 + z)/(1 + y)1 ~ z - y and (2) is 
approximately 

>. (4")2[ 2 . 2 I 4>.,.2
~ =-- - cos I/> - sm I/> =--- cos 21/> (3)

411"fo d	 1I"fo d2 

This potential is seen again in Sec. 5.7. With the objective of writing it in 
Cartesian coordinates, (3) is written as 

(4) 

(b) Rotate the quadrapole by 45°. 

4.5	 SOLUTION OF POISSON'S EQUATION FOR SPECIFIED 
CHARGE DISTRIBUTIONS 

4.5.1 (a) With Ir - r'l = .vZ'2 + yl2 + Zl2, (4.5.5) becomes 

(1) 



4-17 Solutions to Chapter 4 

(b) For the particular charge distribution, 

~	 Uo fa fa z'y'dz'dtj 

= a211"fo 11/'=01""=0 Vz,2 + y,2 + Z2 
(2)a 

= ~U l [Va2 + y,2 + z2 y' - Vy,2 + z2 y']dy' 
a 1I"fo 1/'=0 

To complete this second integration, let u2 = tj2 + z2, 2udu = 2tjdy' so that 

Similarly, 

(4) 

so that 

(c) At the origin, 

(6) 

(d)	 For z > a, (5) becomes approximately 

~ ~ uo z
3 

{1 + ea2 
+ 1)3/2 _ 2(a

2 
+ 1)3/2}

3~11"~ ~ ~ 
3 2 2 2 2 (7) 

= 2uo z {1 + (1 + 2a )(1 + 2a )1/2 _ 2(1 + a )(1 + a )1/2}
3a211"f z2 z2 z2 z2o


For a2 /z2 <: 1, we use (1 + zP/2 ~ 1+!z and


(8) 
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Thus, 
2w= 20"0a	 (9)

31rEo Z 

For a point charge Q at the origin, the potential along the z-axis is given by 

Qw=-	 (10)
41rEo Z 

which is the same as the potential given by (9) if 
2

Q = 80"0a (11)
3 

(e)	 From (5), 

E = -VW = - 8W i• = ~lz(2a2 + z2)1/2 + Z2 - 2z(a2 + z2)1/2]i. (12)
8z 1ra2Eo 

4.5.2 (a) Evaluation of (4.5.5) gives 

W_ r fr (fr 0"0 cos ()'R 2sin ()'d4J'd()' 

- 1</>'=0 1(}.=0 41rEo1R2 + z2 - 4Rz cos ()'j1/2 

0"0R2 (fr sin2()'d()' 
(1) 

= 4Eo 1(}.=0 v'R2 + z2 - 2Rzcos()' 

To integrate, let u2 = R2 + z2 - 2Rz cos ()' so that 2udu = 2Rz sin ()' d()' and 
note that cos()' = (R2 + z2 - u2)/2Rz. Thus, (1) becomes 

0" l(R+ll)w= ~ (R2 +z2 -u2)du
4EoZ ll-R 

=	 ~[(R2 + z2)(R + z) _ (R + z)3 
4EoZ2 3 (2) 

-	 (R2 + z2)(Z - R) + (z - R)3 ]
3 

0"0R3 
=	 3E Z 2 

o

(b)	 Inside the shell, the lower limit of (2) becomes (R - z). Then 

W= O"oZ (3)
3Eo 

(c)	 From (2) and (3) 

E = _ t7w = _ 8w i = { ~~:~; i. z > R (4) 
8 Z • -3<01. Z < R.!!.J:I..' 

(d)	 Far away, the dipole potential on the z-axis would be pj41rEoZ2 for the point 
charge dipole. By comparison of (2) to this expression the dipole moment is 

41r0"0R3 
p= W

3 



Solutions to Chapter 4 4-19

4.5.3 (a) To find Q)(O,O,z) we use (4.5.4). For r = (O,O,z) and r' = a point on the
cylinder of charge, Ir - r'l = v(z - z')2 +W. This distance is valid for an
entire "ring" of charge. The incremental charge element is then O'21rRdz so
that (4.5.4) becomes

.....( ) l ' O'0 21rRdz' fO -O'0 21rRdz'
":l" O,O,Z = +

o 41rEoV(Z - Z')2 + W _I 41rEoV(Z - Z')2 + R2

To integrate, let <I = z - z', d<l = -dz' and transform the limits

Q) = O'oR [ -1%-' d<l + 1% dq' ]
2Eo % Vq'2 + W %+1 Vq,2 + R2

R [ 1%-1 1% ]= 0'0 -In q' + VR2 + q'2 + lnlq' + VR2 + q,2
2Eo % %+1

Thus,

(1)

(2)

Q) _ O'oR I [ (z + ..,!R2 + z2)(z + ..,!R2 + z2) ]
- 2Eo n (z -I + VR2 + (z -1)2)(z + 1+ VR2 + (z + 1)2)

= uoR [21n(z + VR2 + z2) -In(z - 1+ VR2 + (z -1)2) (3)
2Eo

-In(z + 1+ VR2 + (z + 1)2)]

z

r' = (x', ,,',z')

r = (O,O,z)

x

Figure S4.5.S
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(b) Due to cylindrical geometry, there is no ix or i)' field on the z axis. 

-2(1+ I) 1+ (I-I!
E __ aCb i _ i.uoR [ yR'J+I'J + ( YR'J+(I_I)'J) 

- az· - 2Eo z + yR2 + z2 Z - 1+ vW + (z - 1)2 

1 + 1+/ 

R'J+(I+I)'J)] (4) 

+ ( z + I + VR2 + (z + 1)2 

• uoR [ -2 1 1]= 1 - + + ~-----,.--= 
• 2Eo yW + z2 V R2 + (z -1)2 W + (z + 1)2 

(c) First normalize all terms in Cb to z 

uoR [ (1+J1+~:)(1+J1+~:) ]
Cb= -In 

2Eo (1- ~ + J(Rlz}2 + (1- ~)2) (1 + ~ + J(Rlz)2 + (1 + ~)2 
(5) 

Then, for z :> I and z :> R, 

uoR , [ (1 + 1)(1 + 1) ] 
~-n / / / /2Eo (1 - :; + 1- i)(1+ :; + 1 + :;) 
_ UoR ,n[ 4 ]

- 2Eo ,.(1 - (IIz)2) (6)


= ~:~ln[1_(~/z)2] ~ ~~ln[1+(llz)2] 
uoR l2 
~-2Eo z2 

The potential of a dipole with dipole moment p is


''1 p cos(J

()dipole = -4- --2 (7)1rEo ,. 

In our case, cos (JI,.2 = 1/z2, so P = 21rR12 (note the p = qd, q = 21rRluo, deJ/ = 
I). 

4.5.4 From (4.5.12), 

l
d

/ 
2 >.d1/'

Cb(:z:, 1/, z) = -:--r:===<=:::====;==~=~ (1) 
,/,=-d/2 41rEoV(:I: - a)2 + (1/ - 1/')2 + z2 

To integrate, let u = 1/' - 1/ so that (1) becomes 

>. j-Y+d/2 du 
()- 

- 41rEo -y-d/2 vu2 + (:I: - a)2 + z2 (2) 

= 4:E In[u + vu 2 + (:I: - a)2 + z2] =:~:~: 
O 

which is the given expression. 
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4.5.5 From (4.5.12), 

A {1' z'dz' Z'dZ'}~ (0, 0, z) = --O - ---;==:;;===;==~ 
4'11'fo1 :z'=o vz'2 + (a - z)2 v z'2 + (a + z)2 

= ~{2z + vl2 + (a - z)2 - vl2 + (a1 + z2)}
4'11'fo1 

4.5.6 From (4.5.12), 

A z'dz' A z
~(O,O,z) = l

a 

0, = _0_ 
l a 

(-1 + --,)dz'
z'=-a 4'11'foa(z - z ) 4'11'foa z'=-a z - Z (1) 

= ~[-a - zln(z - a) - z+ zln(z + a)]
4'11'foa 

Thus, 

-AO [ (z-a)]~(O,O,z) = -4- 2a+z1n -- (2)
'1I'fo , z+ a 

Because of the symmetry about the z axis, the only component of E is in the z 
direction 

a~. Ao [(z-a) {1 1 }].E=--I.=- 1n -- +z ----- I. 
az 4'11'fo z + a z - a z + a 

(3) 
Ao [1 (z-a) 2az].=-n--+ I.

4'11'fo z + a z2 - a2 

4.5.1 Using (4.5.20) 

1b (J' (d- b)l
a 

~ = - 0 Inld - x'ldz'dy'
1/'=0 :z'=-b ~2'11'fo(d - z') 

= _ (J'o(d - b) r 1n(d - z') dz' 
2'11'fo J:z'=-b (d - z') 

= _ (J'o(d - b) { _ ~[ln(d _ z')]2\b }
2'11'fo 2 -b 

= (J'o(d - b) {[In(d _ b)]2 _ [In(d + b)]2}
4'11'fo 
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4.5.8 Feom (4.5.20),

1
2d a lnld - z'l 10 a lnld - z'ldz'

~(d, 0) = _ ° dz' + _0=----"'---_...:.-_
:z'=o 211"Eo :z'=-2d 211"Eo

To integrate let u = d - z' and du = -dz'.

Thus, setting ~(d, 0) = V gives

211"EoV
ao = 3dln3

y

- 2d 2d

Figure 84.5.8

(1)

(2)

(3)

4.5.9 (a) (This problem might best be given while covering Sec. 8.2, where a stick
model is developed for MQS systems.) At the lower end of the charge, ec is
the projection of c on a. This is given by

Similarly,

(1)

(2)

(b) Feom (4.5.20),

(3)
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where 

With (J defined as the angle between a and b, 

Idl = Iblsin(J (4) 

But in terms of a and b, 
. laxbl 

sm(J = lallbl (5) 

so that 
d= laxbl 

lal 
(6) 

and 

(7) 

(c) Integration of (3) using (6) and (7) gives 

(8) 

and hence the given result. 

(d) For a line charge Ao between (z, y, z) = (0,0, d) and (z, y, z) = (d, d, d), 

a = dix + di)'


b = (d - z)ix + (d - y)i)' + (d - z)i.


c = -zix - yi)' + (d - z)i.


b . a = d(d - x) + d(d - y) 

c·a = -xd- yd 

ix iy i. I (9)axb= d d 0Id-x d-y d-z 

= d(d - z)ix - d(d - z)i)' + d(x - y)i. 

la x bl2 = ~[2(d - z)2 + (z _ y)2] 

(b· a)2 = d2[(d - z) + (d - yW 
(c . a)2 = ~(x + y)2 

and evaluation of (c) of the problem statement gives (d). 
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4.5.10	 This problem could be given in connection with covering Sec. 8.2. It illus
trates the steps followed between (8.2.1) and (8.2.7), where the distinction between 
source and observer coordinates is also essential. Given that the potential has been 
found using the superposition integral, the required electric field is found by taking 
the gradient with respect to the observer coordinates, r, not r'. Thus, the gradi
ent operator can be taken inside the integral, where it operates as though r' is a 
constant. 

E = -V~ = - r V[ p(r') ]dv' = _ r p(r') V[_1_]dv' (1)
lv 4'11"£0Ir - r'l lv' 4'11"£0 Ir - r'l 

The arguments leading to (8.2.6) apply equally well here 

1	 1 
V[--] = - ir'r	 (2)

lr -	 r'l Ir - r'12 

The result given with the problem statement follows. Note that we could just as well 
have derived this result by superimposing the electric fields due to point charges 
p(r')dv'. Especially if coordinates other than Cartesian are used, care must be taken 
to recognize how the unit vector ir'r takes into account the vector addition. 

4.5.11	 (a) Substitution of the given charge density into Poisson's equation results in the 
given expression for the potential. 

(b)	 If the given solution is indeed the response to a singular source at the origin, it 
must (i) satisfy the differential equation, (a), at every point except the origin 
and (ii) it must satisfy (c). With the objective of showing that (i) is true, note 
that in spherical coordinates with no 6 or q, dependence, (b) becomes 

(1) 

Substitution of (e) into this expression gives zero for the left hand side at 
every point, r, except the origin. The algebra is as follows. First, 

(2) 

Then, 

1 d (Alt -lCr e- lCr 
) 2 Ae-lCr Ak2 

-lCr Ak2 
-lCr 

---	-e + -- - It -- = -e + -e (3)r2 dr r r2 r r2 r 
= OJ r", 0 

To establish the coefficient, A, integrate Poisson's equation over a spherical 
volume having radius r centered on the origin. By virtue of its being singular 
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there, what is being integrated has value only at the origin. Thus, we take the 
limit where the radius of the volume goes to zero. 

lim { (V.V~dV-1I:2 (~dv}=lim{--!.. (sdv} (4) 
r-O Jv Jv r-O fa Jv 

Gauss' theorem shows that the first integral can be converted to a surface 
integral. Thus, 

lim { 1 V~· da - 11:2 ( ~dv} = lim { - -!.. ( sdv} (5) 
r-O Is Jv r-O fa Jv 

H the potential does indeed have the r dependence of (e), then it follows that 

(6) 

so that in the limit, the second integral on the left in (5) makes no contribution 
and (5) reduces to 

. ( All: -lCr Ae-
lCr 

) 2 Q11m - -e - --- 4'11"r = -4'11"A = -- (7)
r-O r r 2	 fa 

and it follows that A = Q/ 4'11"fo ' 

(c) We have found that a point source, Q, at the origin gives rise to the potential 

(8) 

Arguments similar to those given in Sec. 4.3 show that (b) is linear. Thus, 
given that we have shown that the response to a point source p(r')dv at r = r' 
is 

p(r')dve-1C1r- r '\ 
p(r')dv ~ ~ = 4'11"fo

I r - r'I (9) 

1
it follows by superposition that the response to an arbitrary source distribu
tion is 

p(r')e-lClr-r'l 
~(r) = dv	 (10)

V 4'11"fo(r - r'l 

4.5.12	 (a) A cross-section of the dipole layer is shown in Fig. 84.5.12a. Because the field 
inside the layer is much more intense than that outside and because the layer is 
very thin compared to distances over which the surface charge density varies 
with position in the plane of the layer, the fields inside are as though the 
surface charge density resided on the surfaces of plane parallel planes. Thus, 
Gauss' continuity condition applied to either of the surface charge densities 
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shows that the field inside has the given magnitude and the direction must be
that of the normal vector.

(a)

11

l (oJ

~~! :: + t : ~:J:
d

I

z (b) z+6z

(b)

(1)

Figure 94.5.13

(b) It follows from (4.1.1) and the contour shown in Fig. S4.5.12b having incre
mental length I::1.x in the x direction that

Divided by I::1.x, this expression becomes

_Ea E b d
aE

" = 0",+ ",+ ax

(2)

(3)

The given expression then follows by using (1) to replace E" with -~l and
recognizing that 1/". == u.d. \ho

4.6 ELECTROQUASISTATIC FIELDS IN THE PRESENCE
OF PERFECT CONDUCTORS

4.6.1 In view of (4.5.12),

l
b A(a-*')

~(O, 0, a) = 4 t-c
') dz'

c 1/"Eo a - z
(1)

The z dependence of the integrand cancels out so that the integration amounts to
a multiplication.

The net charge is

~(O,O,a) = 4 ~o ) (b - c)
1/"Eo a-C

1 a-b
Q = -[Ao (-) + Ao](b - c)

2 a - c

(2)

(3)
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Provied that the equipotential surface passing through (0, 0, a) encloses all of the
segment, the capacitance of an electrode having the shape of this surface is then
given by

Qc = ~(O,O,a) = 211"Eo (2a - b - c) (4)

4.6.2 (a) The potential is the sum of the potentials due to the charge producing the
uniform field and the point charges. With r± defined as shown in Fig. 84.6.2a,

where
z = rcos(J

q
(1)

d
r± = r2 + (d/2)2 T 2r2" cos(J

To write (1) in terms of the normalized variables, divide by Eod and multiply
and divide r± by d. The given expression, (b), then follows.

z

5

1

(a) (b) o 1 -r. 2

(2)

Flsure 94.8.2

(b) An implicit expression for the intersection point d/2 < r on the z axis is given
by evaluating (b) with ~ = a and (J = O.

r= i _ q
- (r. - ~) (r. + ~)

The graphical solution of this expression for d/2 < r(I/2 < r.) is shown in
Fig. 84.6.2b. The required intersection point is r. = 1.33. Because the right
hand side of (2) has an asymptote at r. = 0.5, there must be an intersection
between the straight line representing the left side in the range 0.5 < r..
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(c) The plot of the ~ = 0 surface for 0 < (J < 1r/2 is shown in Fig. S4.6.2c.

z

1

(c)

(3)

1

Flpre 94.8.3

(d) At the north pole of the object, the electric field is z-directed. It therefore
follows from (b) as (0.5 < d

E. = - a~ = -Eo a~ = -Eo!.... (- r + i 1 - ~)ar ar. ar r. - 2" r. + 2

= Eo [1 + q 2= q 2]
(r -!) (r +!)

Evauation of this expression at r = 1.33 and i = 2 gives E. = 3.33Eo•

(e) Gauss) integral law, applied to a surface comprised of the equipotential and
the plane z = 0, shows that the net charge on the northern half of the object
is q. For the given equipotential, 9. = 2. It follows from the definition of 9. that

4.6.3 For the disk of charge in Fig. 4.5.3, the potential is given by (4.5.7)

~ = 0'0 (VW + 212 -1211)
2Eo

At (0)0, d),
~(O,O)d) = 0'0 (VW + d2 - d)

2Eo

(4)

(1)

(2)
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and

Thus
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(3)

(4)

4.6.4 (a) Due to the top sphere,

and similarly,

(1)

(2)

At the bottom of the top sphere

while at the top of the bottom sphere

(3)

(4)

The potential difference between the two spherical conductors is therefore

(3)

The maximum field occurs at z = 0 on the axis of symmetry where the
magnitude is the sum of that due to point charges.

(4)

(b) Replace point charge Q at z = h/2 by Ql = Q~ at z = ~ - 1J.2 and Qo =
Q[l- ~l at z = h/2. The potential on the surface of the -top sphere is now

Q (5)

The potential on the surface of the bottom sphere is

() Qo Ql Q
bottom = 411"€o(h - R) + 411"€o(h _ R _ ~2) - -411"-€-oR- (6)
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The potential difference is then, 

For four charges Ql = QR/h at z = h/2 - R2/hj Qo = Q(1- ~) at z = 
h/2j Q2 = -QR/h at z = -h/2 + R2/hj Q3 = -Q(1- ~) at z = -h/2 and 

Cbtop = ~ + Q(l R) + (Q2 R2)
41rfoR 41rfoR 1 - h 41rfo h - R - h 

(7) 
+ Q3 

41rfo(h - R) 

which becomes 

(8) 

Similarly, 
2Cb Q(R/h) Q(R2/h ) 

bottom = 41rfo R + 41rf o R(1 - ~ _ *) 
(9)

QR/h Q(1- R/h) 
41rfo R(1- f) 41rfo 

so that 

(10) 

v Q 2R R/h (R/h)2}
= (11) 21rf

{1
~oR - h + 1 - R/h - 1 -  - (R/h)2 

(12) 
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(1)

4.6.5 (a) The potential is the sum of that given by (a) in Prob. 4.5.4 and a potential due
to a similarly distributed negative line charge on the line at z = -a between
y = -d/2 and y = d/2.

~ =~ln{[~ - y + . /(z - a)2 + (~ - y)2 + z2]
4~ 2 V 2

[ - ~ - y + J(x + a)2 + (~ + y)2 + Z2] /

[ - ~ - y + J(x - a)2 + (~+ y)2 + z2]

[~ - Y + J(x + a)2 + (~- y)2 + z2]}

(b) The equipotential passing through (x, 11, z) = (a/2, 0, 0) is given by evaluating
(1) at that point

(2)

2

~i
1

o 1 2

Figure 84.8.5

(c) In normalized form, (2) becomes

(3)
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where ~ = ~/~(~, 0, 0), e= :&/a,,, = y/a and d = 4a. Thus, ~ = 1 for 
the equipotential passing through (~,O,O). This equipotential can be found 
by writing it in the form f(e, '7) = 0, setting '7 and having a programmable 
calculator determine e. In the first quadrant, the result is as shown in Fig. 
S4.6.5. 

(d)	 The lines of electric field intensity are sketched in Fig. S4.6.5. 

(e)	 The charge on the surface of the electrode is the same as the charge enclosed 
by the equipotential in part (c), Q = Ald. Thus, 

c =	 Aid = 41rE d/ln{ [d + va2 + d2][-d + V9a2 + d2]} (4) 
V 

o
[-d + va2 + d2][d + v9a2 + d2] 

4.7	 METHOD OF IMAGES 

4.7.1 (a)	 The potential is due to Q and its image, -Q, located at z = -d on the z axis. 

(b)	 The equipotential having potential V and passing through the point z = a < 
d, :& = 0, Y = 0 is given by evaluating this expression and taking care in taking 
the square root to recognize that d > a. 

(1) 

In general, the equipotential surface having potential V is 

v--.!L[	 _ 1 ] ()1 
- 41rEo V:&2 + y2 + (z - d)2 V:&2 + y2 + (z + d)2 2 

The given expression results from equating these last two expressions. 

(c)	 The potential is infinite at the point charge and goes to zero at infinity and in 
the plane z = O. Thus, there must be an equipotential contour that encloses 
the point charge. The charge on the electrode having the shape given by (2) 
must be equal to Q so the capacitance follows from (1) as 

Q (~- a2 )
C = - = 21rEo ":"""---<-	 (3)V	 a 

4.7.2	 (a) The line charge and associated square boundaries are shown at the center 
of Fig. S4.7.2. In the absence of image charges, the equipotentials would be 
circular. However, with images that alternate in sign to infinity in each di
rection, as shown, a grid of square equipotentials is established and hence 
the boundary conditions on the central square are met. At each point on the 
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boundary, there is an equal distance to both a positive and a negative line 
charge. Hence, the potential on the boundary is zero. 

- - - - - - - L "i
I- ~- - - - - - - i- - - - - - - ~.I
I I I

I ' I I

I I I I

I I	 I

I + I - : + I

, I I I


'T------- I I I I

I I I I


~----------+- < 

'"--------!~L------ -~I I I

I I I

I I ,


I + I I +

I I I

I I I


I
I I

I I I


~t- ------.± - - --- -- -1-- -- --- -,[-1 

Figure 94.7'.3 

(b)	 The equipotentials close to the line charge are circular. As the other boundary 
is approached, they approach the square shape of the boundary. The lines of 
electric field intensity are as shown, tenninating on negative surface charges 
on the surface of the boundary. 

4.7.3	 (a) The bird acquires the same potential as the line, hence has charges induced 
on it and conserves charge when it flies away. 

(b)	 The fields are those of a charge Q at y = h, z = Ut and an image at y = -h 
and z = Ut. 

(c)	 The potential is the sum of that due to Q and its image -Q. 

~_ Q [1	 1]() 
- 411"Eo y!(z - Ut)2 + (y - h)2 + z2 - y!(z _ Ut)2 + (y + h)2 + z2 1


(d) From this potential 

E a~ Q { y-h

" = - ay = 41l'Eo (z - Ut)2 + (y - h)2 + z 213/ 2


(2) 
y+h } 

- [(z - Ut)2 + (y + h)2 + z213 / 2 

Thus, the surface charge density is 
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U - EEl - QEo [ -h
• - 0 1/ 1/=0 - 411'Eo [(x - Ut)2 + h2 + z213/2

- [(x - Ut)2 : h2 + z213 / 2 ]

-Qh
= 211'[(:Z: - Ut)2 + h2 + z2]3/2

(e) The net charge q on electrode at any given instant is

l
w

{' -Qhd:z:dz
q = .=0 },,,=o 211'[(:Z: - Ut)2 + h2 + z213/2

IT w <: h,
{' -Qhwdx

q = 1z =0 211'[(x - Ut)2 + h2]3/2

For the remaining integration, x' = (x - Ut), d:z:' = dx and

j '-Ut -Qhwdx'
q = -Ut 211'[x'2 + h2]3/2

(3)

(4)

(5)

(6)

Thus

-- -"'---
,/ (2)

"

Qw [ l- Ut Ut]
q = - 211'h V(l - Ut)2 + h2 + V(Ut)2 + h2 (7)

(f) The dabsed curves (1) and (2) in Fig. 84.7.3 are the first· and second terms in
(7), respectively. They sum to give (3)

q

----r-- ...
(\) "",

"--=~--+:--7"T---==--. Ut

(a)

II

(h)

Figure 84..f.S
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(g) The current follows from (7) as 

. dq Qw [-Uh2 Uh
2

] (8),= dt = - 21rh [(l -- Ut)2 + h2]3/2 + [(Ut)2 + h2]3/2 

and the voltage is then tJ = -iR = -Rdq/dt. A sketch is shown in Fig. 
S4.7.3b. 

4..7'.4. For no normal E, we want image charges of the same sign; +.A at (-a, 0) and 
-.A at (-b, 0). The potential in the z = 0 plane is then, 

2.A	 2.A /
~ = --In(a2 + !l)1/2 + -In(b2 + y2)1 2

21rfo 21rfo 

.A a2 + y2 
(1) 

= - 211"f In( b2 + y2 ) 
o 

4..7'.5 (a)	 The image to make the z = 0 plane an equipotential is a line charge -.A at 
(z, y) = (:-d, d). The image of these two line charges that makes the plane 
y = 0 an equipotential is a pair of line charges, +.A at (-d, -d) and -.A at 
(d, -d). Thus 

~ = -_.A-1n[(z - d}2 + (y - d)2] - ~'n[(z + d)2 + (y + d}2]
41rfo	 41rfo 

+ ~ln[(z -- d)2 + (y + d)2] + ~ln[(z + d)2 + (y - d)2] (1)
41rfo 41rfo 

__.A_ { [(z - d)2 + (y + d)2][(z + d)2 + (y - d)2] }
ln 

- 41rfo [(z - d)2 + (y - d)2][(z + d)2 + (y + d)2] 

(b) The surface of the electrode has the potential 

~ a a = _.A_ ln { [(a - d)2 + (a + d)2][(a + d)2 + (a - d)2] } = V (2)( ,) 41rfo [(a - d)2 + (a - d)2][(a + d)2 + (a + d)2] 

Then 

(3) 

4..7'.6 (a)	 The potential of a disk at z = s is given by 4.5.7 with z - z - s 

~(z>s)= {70 [VR2+(z-s)2--lz-sl] (1)2fo 

The ground plane is represented by an image disk at z = -s; (4.5.7) with 
z - z + s. Thus, the total potential is 

http:S4.7.3b
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(b) The potential at z = d < s is

Solutions to Chapter 4

w(z = d < s) = !!!!..[y'R2 + (d - s)2 -Id - sl- y'R2 + (d+ S)2 + \d+ s\]
2Eo

= (To [y'R2+(d-s)2_(s-d)-v'R2+(d+s)2+s+d]
2Eo

= (To [y'R2+(d-s)2+2d-v'R2+(d+s)2] =v
2Eo

(3)
Thus,

4..'1.'1 From (4.5.4),

12'11' lR !!D.rdrdq, 12
'11' lR -!!iJI..rdrdq,W(O, 0, a) = R + _----;~R?=::::====:;::;:

"'=0 r=O 41rEo y'r2 + (h - a)2 "'=0 r=O 41rEo v'r2 + (h + a)2

(To [l R
r2dr l R

r2dr ]
=2EoR r=O y'r2 + (h - a)2 - r=O y'r2 + (h + a)2

= ...!!.2- [R (y'R2 + (h _ a)2
4EoR 2

h-a- yR2 + (h + a)2) + (h - a)21n ( )
y'R2 + (h - a)2

+ (h + a )21n ( R + yr=~::-2+-+-;'a(h:--+~a)=2) ]

The total charge in the disk is

Thus,

0= ~ ={21rR3 Eo}/{ !J[y'R2 + (h - a)2

- y'R2 + (h + a)2]
h-a

+ (h - a)21n ( )
v'R2 + (h - a)2

+ (h + a)21n( R2 + ~~+:}h + a)2) }

(1)
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(1)

4.7.8 Because there is perfectly conducting material at z = °there is the given line
charge and an image from (O,O,-d) to (d,d,-d). Thus, for these respective line
charges

a = dix + di)'

f = (d - xlix + (d - y)i), + (±d - z)i.

c = -xix - yi)' + (±d - z)i.

b· a = d[(d - x) + (d - y)]

c· a = -xd- yd

a x b = d(±d - z)ix - i)'d(±d - z) + i.d[(d - y) - (d - x)]

la x bl = d2(±d - z)2 + d2(±d - z)2 + ~[(d - y) - (d - X)]2

The potential due to the line charge and its image then follows (c) of Prob. 4.5.9.

A {2d - x - y + V2[(d - x)2 + (d - y)2 + (d - z)2]
Cb =--In

41/"Eo -x - Y+ V2[x2 + y2 + (d - z)2]

-x - Y+ V2[x2 + y2 + (d + z)2] }
. 2d - x - y + V2[(d - x)2 + (d - y)2 + (d + z)2]

4.8 CHARGE SIMULATION APPROACH TO BOUNDARY
VALUE PROBLEMS

4.8.1 For the six-segment system, the first two of (4.8.5) are

(2)

Because of the symmetry,

(3)

and so these two expressions reduce to two equations in two unknowns. (The other
four expressions are identical to (4).)

(4)
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Thus, 
V 

0'1 = 2D [(822 - 825) - (812 - 815)] (5) 

V 
0'2 = 2D[(811 + 813 - 814 - 816) - (821 + 823 - 824 - 826)] (6) 

where 

D = (811 + 813 - 814 - 816)(822 - 825) - (821 + 823 - 824 - 826)(812 - 815) 

and from (4.8.3) 

(7) 




